OT60pOoYHbLIN 3Tan (OHNanH-3Tan) onMMmnuabl
«Phystech.International» 2016/17 no matemaTunke

PacnpeseneHve 3aga4 rno Knaccam

11 knacc 10 knacc 9 knacc
1 1 15
2 11 17
3 3 1
4 4 3
5 5 11
6 6 16
7 7 6
8 8 14
9 12 12
10 13 13

1. Haingute HaMMeHbLUee HaTypaslbHOEe a Takoe, YTO BblpaKeHue paraml feimTcs Ha param?2.

Find the smallest positive integer a such that param1 is divisible by paramz2.

paraml param2
a(a+2)(a+4)(a+6)(a+8) 108
a(a+6)(a+12)(a+18)(a+24) 107
a(a+14)(a+28)(a+42)(a+56) 108
a(a+18)(a+36)(a+54)(a+72) 10’

YcnoBue.

HaingnTe HaMeHbLUIee HaTypasibHOEe a TakKoe, YT BblpakeHue a(a+2)(a+4)(a+6)(a+8) genutcs
Ha 10°.




2. /13BecTHO, uTO X +y = param1. Kakoe Hanb0sbLIee 3Ha4eHEe MOXET NPUHUMATL BblpaKeHue

48Xy (x* +y%)?

It is known that x + y = param1. What is the maximum possible value of #8x°y*(x*+y?) ?

paraml

11

13

15

17

YcnoBue.
3BeCTHO, uTo X +y = 9. Kakoe Hanb0/bLLee 3HaYeHNE MOXKET NPUHUMATb BbIPaXXEHUNEe

48xPy* (x* +y%)?

3. /3BeCTHO, UTO ANS NONOXKUTENBHBIX YACEN @, b, C KaXKA0€e 13 TPEX YPaBHEHNI
ax?+param1bx+c=0,

bx?+paramlcx+a=0,

cx?+paramlax+b=0

MMeeT XOTA Obl OMH AeACTBUTE/IbHbIN KOPEHb.

KakoBO HaviMeHbLLIee 3Ha4eHWe NPON3BELEHNS KOPHEN BTOPOro YpaBHEHWS, eCNY NPOM3BeLEHMe
KOpHeli NepBoro ypaBHeHUs paBHO param2? (Ecnn ypaBHEHVE MEET ABa COBMaAatoLLMX KOPHS,
TO NPOU3BEAEHNE CUMTAETCA PaBHLIM KBALPAaTy 3TOr0 KOPHS).

Let a, b, ¢ be positive numbers. Each of the equations
ax?+param1bx+c=0,

bx?+paramlcx+a=0,

cx?+paramlax+b=0

has at least one real root.



What is the smallest possible value for the product of roots of the second equation if the product
of roots of the first equation is equal to param2? (If the equation has only one root let the product
be equal to this root squared.)

paraml param2
10 6
20 7
12 9
8 14
15 18

YcnoBue.

A3BECTHO, YTO A/151 MONIOXKMUTENBbHBLIX YKCeN a, b, ¢ Kaaoe U3 Tpex ypaBHeHWM

ax?+10bx+c=0,

bx?+10cx+a=0,

cx?+10ax+b=0

MMeeT XOTA Obl OMH AeCTBUTE/IbHbLIN KOPEHb.

KakoBO HaviMeHbLLIee 3Ha4YeHMe NPOn3BeLeHNS KOPHel BTOPOro YpaBHEHWS, eCN NPOU3BeLEHMe
KOpHeli NepBoro ypaBHeHUs paBHO 6? (Ecn ypaBHeHWe UMeET Ba COBMafatoLLmMX KOPHS, TO
NPON3BeEHNE CUNTAETCA PaBHbIM KBafpaTy 3TOr0 KOPHS).

4. BecKoHeYHas reomMeTpmyecKas nporpeccus COCTOMT M3 HaTypasibHbIX Yncen. OKasanoch, YTo
Npoun3BeAeHNe NePBbIX YeTbIPEX eé UneHoB paBHO paraml. Haingute KOMYecTBO Takmx
MPOrpeccuid.

The infinite geometric progression consists of positive integers. It turned out that the product of
the first four terms equals param1. Find the number of such progressions.

paraml

22003300

22005400

32005600

23007600

33007500

YcnoBue.




BecKOHeYHas reoMeTpuyeckKas Nporpeccust COCTOUT U3 HATYPasibHbIX uncen. OKasanoch, YTO
NPOV3BEefeHNE NePBbIX YETbIPEX eé uneHoB paBHO 229933, HaiignTte KOMYECTBO TaKMX
MPOrpeccuid.

5. AaHa pyHKkumsa f o —» 1 Takad, yto f(1) = 1, n and NobbIX X i, v el BbINOJHAETCA
paBeHcTBO f(x) + f(y) + xy + 1 = f(x +y). HailamTe BCe Lenble ynucna n, Ans KOTopbIX

BbINO/IHAETCS paBeHCTBO f(n)=paraml. B 0TBET 3anuLunTe CyMMY Ky60B HaliieHHbIX 3Ha4eHWA
n

Function f :11 — 1 such that f(1) = 1 satisfies the equality f(x) + f(y) + xy + 1 = f(x +y) for any
real x, y. Find all integers n for which f(n)=paraml. In the answer write down the sum of cubes
of all such values of n.

paraml
2n%-10 _
3n°-6n-11 ]
2n°-9n+14 ]
3n*+19n+29 ]
Ycnosue.
HaHa pyHkumsa f i —» 1 Takas, uto f(1) = 1, n gna nobbIX X €11, Vel BbiMONHAETCA

paBeHcTBO f(x) + f(y) + xy + 1 = f(x +y). HailamTe BCe Lenble ynucna n, Ans KOTopbIX
BbIMOIHAETCA PaBeHCTBO f(n)= 2n?~10. B 0TBET 3annLIMTe CyMMY KY60B HaiiieHHbIX 3HAUeHWii
n.



6. B anasute nnemenn ABEbIPBAJIT paraml 6yKB, a C/IOBOM CUMTAETCH /lt06ast
nocnefoBaTe/lbHOCTb U3 HECKONbKUX OYKB. BOX/b Hanmcan o4HO CoBo U3 param2 6yks. /13
CKONbKWUX CNOB, COCTOALLMX M3 param3 GYKB, €ro MOXXHO NOYyYUTb Bbl4ePKMBAHWEM OLHOM
OYKBbI?

The alphabet of a tribe ABYRVALG contains paraml letters. An arbitrary sequence of these
letters is called a word. The tribe’s chieftain has written a word of param2 letters. From how
many words consisting of param3 letters can we obtain this word by crossing out one letter?

paraml param2 param3
20 10 11
19 11 12
18 12 13
17 13 14
16 14 15
Ycnosue.

B andasute nnemeHn ABEbIPBAIJIT 20 6ykB, a C/IOBOM CUMTaeTca Ntobas nocnefoBaTe/lbHOCTb
13 HECKOMbKMX BYKB. BOoXab Hanmcan oaHO €noBo 13 10 6ykB. V13 CKOMbKUX CN0B, COCTOALLMNX
13 11 6yKB, ero MOXHO MOMYYNTb BblYEPKMBAHWNEM OAHOM OYKBbI?

7. B Bbinykniom natuyronsHnke ABCDE Ha cTopoH AE B3dTa Touka M, a Ha cTopoHe DE B3aTa
Touka N. Otpe3kn CM n BN nepecekarotcsa B Touke P. Kakyto HaMEHbLLYH NI0LWWaAb MOXKET




nmeTb NATUyronbHUK ABCDE, ecniv U3BECTHO, YTO YeTbipexyronbHukn ABPM 1 DCPN —
napasinenorpaMmmsl, a X NI0LaAM paBHbl COOTBETCTBEHHO paraml u param?2?

Point M is chosen on the side AE and point N is chosen on the side DE of a convex pentagon
ABCDE. Segments CM and BN intersect at point P. What is the smallest possible area of ABCDE
if it is given that ABPM and DCPN are parallelograms with areas param1 and param2
respectively?

paraml param2
8 9
10 45
9 50
6 75
8 49

Ycnosue.
B Bbinyknom natuyronsHke ABCDE Ha cTopoH AE B3ATa Touka M, a Ha cTopoHe DE B3aTa
Touka N. Otpe3kn CM n BN nepecekarotcsa B Touke P. Kakyto HaMEHbLLYHO NI0LWaab MOXKET

nmeTb NATUyronbHUK ABCDE, ecniv U3BECTHO, YTO YeTbipexyroibHnkn ABPM 1 DCPN —
napasinenorpaMmmsl, a X NoLaan paBHbl COOTBETCTBEHHO 8 1 9?

8. MycTb paraml. Kakoe HanbonbLUee 3Ha4YeHVe MOXET NPUHUMATL param2?

It is given that paraml. Find the largest possible value of paramz2.

paraml param2

9c0s? Xx—7+12sin x
— =3 .
16— 9sin? x + 6+/5 cos x 6sin x

25sin® x—37+40C0S X
35-25c0s* x—30sin x 10cos X




33-16c0s’ x—24sinx )
16sin? x—19—8+/7 cos X 12sin x
15-9cos® x+6sinx 1
9sin? x—7+12y/2cosx 2 6sin x
Ycnosue.
2 _ -
MycTb 905" X~ 7+12sinx = 3. Kakoe HanbosbLLee 3HaYeHre MOXeT NpuHMUMaTb 6sin x ?

16— 9sin? x + 6+/5 cos X

9. B npsmoyronsHom TpeyronbHuke ABC (yron C — npsiMoii) npoBefeHbl buccekTpuca AL
mMeanaHa BM, nepecekaroLimecst B Touke P. HaiauTte nnowanb TpeyronsHuka ABC, ecnu
13BECTHO, 4uTo AP = paraml, LP = param2. OTBeT OKpYyrnuTe 4o 6/vKaiLIero Lesioro Yncna.

Bisector AL and median BM of right triangle ABC (angle C is right) intersect at point P. Find the
area of triangle ABC if AP=param1, LP=param2. Round the answer to closest integer.

param1 param2 ]
49 29 )
25 13 ]
16 10 )
36 26 O
25 17

Ycnosue.

B npsmoyronsHom TpeyronbHuke ABC (yron C — npsimoit) npoBeaeHbl 6uccekTpuca AL un
mMeanaHa BM, nepecekaroLimecs B Touke P. HailauTte nnowanb TpeyronsHuka ABC, ecnu
M3BECTHO, UTO AP =49, LP = 29. OTBeT OKpYyrnnTe Ao 6/vkaLlero Lesioro Ymcna.



10. CTpenka yacoB CTOUT Ha 12 Yyacax. Baca B CTPOKY NULLET Noc/efoBaTe/IsHOCTb U3 3HAKOB
«MKOC» NN KMUHYC», CYMMapHOEe KOIMYECTBO KOTOPbIX paBHO paraml. [locsne Yyero oH gaet
3Ty NocneaoBaTeNibHOCTL pob0oTYy. POGOT unTaeT NocneaoBaTeNbHOCTb CripaBa HaneBo. Ecnu emy
BCTPEeYaeTCs 3HaK «M/IHC», TO OH NOBOPaYMBaeT CTPesKy Ha 120° no 4acoBOW CTPenKe, a ecu
eMy BCTPEYaeTCs 3HaK «MUHYC», TO OH NMOBOpaYMBaeT CTPenkKy Ha 120° npoTuB 4acoBOiA
CTPenKu. HaingmTe KONMYeCTBO TaKMUX MOC/eA0BaTENbHOCTEN, NOC/E BbIMOHEHNS KOTOPbIX
CTpesika 6yaeT nokasbiBaTb Ha 12 4acos.

A clock hand points to 12. Jack writes a sequence consisting of param1 symbols, each symbol
being plus or minus. After that he gives this sequence to a robot. The robot reads it from right to
left. If he sees a plus he turns the clock hand 120° clockwise and if he sees a minus he turns it
120° counterclockwise. Find the number of sequences such that after the robot finishes the
program the clock hand still points to 12.

paraml

11

12

13

14

15

YcnoBue.

CTpe/ika YacoB CTOMUT Ha 12 yacax. Bacs B CTPOKY NuLLET NOC/eA0BaTelbHOCTb U3 3HAKOB
«T/IHOC» WU «MUHYC», CYMMapPHOE KOMIMYECTBO KOTOPbIX paBHO 11. Moc/ie Yero oH fJaet aTy
MocneaoBaTeNlbHOCTb POGOTY. POGOT UMTaeT Noc/efoBaTelbHOCTb CripaBa HaneBo. Ecim emy
BCTPEYAETCS 3HAK «M/OC», TO OH NOBOPAYMBAET CTPENKY Ha 120° Nno YacoBoii CTPenKe, a ecnu
eMy BCTPeYaeTCcs 3HaK «MUHYC», TO OH NMOBOPaYMBaET CTPEKY Ha 120° NPOTHB YacoBOIA
CTPenku. HaiiauTe KONMYecTBO TakMX NocneoBaTelbHOCTEN, MOC/E BbINOMHEHUS KOTOPbIX
cTpesika 6yeT NokasbiBaTb Ha 12 Yacos.



11. O603Haumm yepe3 S(k) cymmy uudp uncna k. MycTb N — HAMMEHbLLEE HaTypabHOE YMCO0
Takoe, 4Yto S(n) + S(n+1) = paraml1. B 0TBeT 3anuwnTe NATU3HAYHOE YMC/IO0, NEepPBble ABe LMdpbl
KOTOPOro COBMajatoT C NepsbIMU ABYMSA Lpamy Yncna n, a nocnegHue Tpy — ¢ NnociegHuMm
Tpems yndpamm uncna n. Hanpumep, ecnm n=1234567890, To B OTBET HYXXHO 3anmncarb Y1C/o
12890.

Let S(k) denote the sum of all the digits in decimal representation of a positive integer k. Let n be
the smallest positive integer satisfying the condition S(n) + S(n+1) = param1. As the answer to
the problem write down a five-digit number such that its first two digits coincide with first two
digits of n and its last three digits coincide with the last three digits of n. For example, if
n=1234567890, then the answer must be 12890.

paraml

2016

664

1580

4000

Ycnosue.

O603Ha4mMm yepe3 S(k) cymmy umdp umcna k. MycTb N — HaMMeHbLLEee HaTypa/lbHOE YMC/IO0
Takoe, 4to S(n) + S(n+1) = 2016. B 0TBET 3anuLLNTe NATU3HAYHOE YMC/O0, MEPBbIe 4Be LUPpbI
KOTOPOro COBMajaroT C NepsbIMU ABYMS LiMdpamu Ynicna n, a nocrefHne Tpy — ¢ NocnegHuMm
Tpemsa undpamm ymncna n. Hanpumep, ecnv n=1234567890, To B OTBET HY>XHO 3anucaTb YUCNo
12890.

12. NMycTtb AC — HambobLas cTopoHa TpeyronbHka ABC. Ha oTpeske AC BblbpaHbl TOUKM K 1
M TaK, uto AM = AB 1 CK = CB. V3BeCTHO, 4TO panyc OKPY>KHOCTW, ONUCAHHOM OKO/O0



TpeyronbHUKa KBM, paBeH paraml, pagnyc OKpy>KHOCTK, BMIUCaHHOM B TpeyronbHUK ABC,
paBeH param2, 1 3Ta OKPY>KHOCTb KacaeTcsi CTOpoHbl BC B Touke T. HailanTe KBagpaTt A/MHbI
oTpeska BT.

Let AC be the largest side of triangle ABC. Points K and M are chosen on side AC so that AM =
AB and CK = CB. It is given that the radius of the circumcircle of the triangle KBM equals to
param1, and radius of the incircle of the triangle ABC equals to param2. Find the length of BT
squared if T is the point where the incircle of ABC touches its side BC.

paraml param2
7 5
8 5
9 7
11 8
13 9

YcnoBue.

MycTb AC — HanbonbLuas ctopoHa TpeyronbHuka ABC. Ha oTpeske AC BblbpaHbl TOUKUM K M
Tak, 4To AM = AB 1 CK = CB. /3BeCTHO, YTO pagnyc OKPYXXHOCTU, OMUCAHHOW OKOJI0
TpeyronbHmka KBM, paBeH 7, pagnyc OKpPY>XHOCTW, BNNCaHHO B TpeyronbHNK ABC, paBeH 5, 1
3Ta OKPY>KHOCTb KacaeTcsi CTOPOHbl BC B Touke T. HailauTe KBagpaTt A/MHbl 0Tpe3ka BT.

13. Ha nnaHeTe cuctembl Anba LieHTaBpa thnar KaXk4oro rocyfapcrsa — TPEXLBETHBIIA.
3BECTHO, YTO A/151 NHOOBIX 4BYX FOCYAapCTB HAabOPbI LBETOB B UX (pnarax MMeHT POBHO OAWH
06w UBeT. Kakoe MakCMMa/lbHOE YMCI0 FOCYapCTB MOXET ObITb Ha 3TO NaHeTe, ecin
KO/IMYEeCTBO LBETOB, BCTPeYaroLLMXCa Ha hiarax paBHo paraml1?




On a planet in Alpha Centauri system each state has a three-coloured flag. For any two states
their flags have exactly one common colour. What is the maximum possible number of states on
this planet given that param1 different colours can be encountered on the flags?

paraml

1225

715

1843

1745

1463

YcnoBue.

Ha nnaHeTte cuctembl Anba LieHTaBpa thnar Kaxaoro rocyaapcTaa — TPEXLBETHBIN. 13BeCTHO,
YTO ANsA NObIX ABYX rocyaapcTs Habopbl LIBETOB B UX (priarax MMEHT POBHO OAMH O6LLWIA LIBET.
Kakoe MakcvmManibHOe YMC/Oo rocyAapCTB MOXET ObiTb Ha 3TOI MaHETe, eCNM KOMYECTBO
LIBETOB, BCTPEYatoLLMXCA Ha (priarax paBHo 12257

14. B Bbinyknom natnyronsHnuke ABCDE Ha cTopoH AE B3aTa TouKa M, a Ha cTopoHe DE B3aTa
Touka N. OTpe3kn CM 1 BN nepecekatoTcs B Touke P. HailgmTe nnowanb NATUYroNbHUKa
ABCDE, ecnu n3BecTHO, YT0 YeTbipexyronbHukn ABPM n DCPN — napannenorpammel, nx
MNoLLaAN paBHbI COOTBETCTBEHHO paraml n param2, a naolafb TpeyronsHuka BCP paBHa
param3.

Point M is chosen on the side AE and point N is chosen on the side DE of a convex pentagon
ABCDE. Segments CM and BN intersect at point P. Find the area of ABCDE if it is given that
ABPM and DCPN are parallelograms with areas param1 and param2 respectively and the area of
triangle BCP equals param3?



paraml param2 param3
5 8 10
6 10 3
7 9 7
8 11 20
9 12 4
Ycnosue.

B Bbinyknom natuyronsHke ABCDE Ha cTopoH AE B3ATa Touka M, a Ha cTopoHe DE B3aTa
Touka N. OTpe3kun CM 1 BN nepecekatoTcs B Touke P. HailgmTe nnowanb NATUYroNbHUKa
ABCDE, ecnu n3BecTHO, YT0 YeTbipexyronsHukn ABPM n DCPN — napannenorpammsl, Ux
naoLaan paBHbl COOTBETCTBEHHO 5 1 8, a nnowaas TpeyronbHuka BCP pasHa 10.

15. B Knacce Bce 4eTh pa3HOro pocTa. YuuTesb r3KybTypbl XOUET NOCTPOUTL BCEX AeTel
Knacca B LUepeHry Tak, YToObI B LLEpeHre BCe MaslbUMKM CTOSAN MO POCTY (CeBa — caMblit
BbICOKMI Ma/ibuuK), 1 BCE [A€BOUKM TaKXKe CTOSA/IN MO POCTY (C/ieBa — camas BbICOKas [AeBOYKa).
CKOMbKUMY Criocobamm yunTesib MOXET 3TO CLeN1aTh, ecv B Kacce paraml MaibymKoB U1
param2 feBoyek?

In a class all children are of pairwise different height. Physical education teacher wants to
arrange them in a row so that all the boys would stand in increasing order of height (from left to
right) and all the girls would stand in increasing order of height (from left to right). Find the
number of ways to arrange the children under this condition if there are param1 boys and param2
girls in this class.

paraml param2

12 9

11 8




9 13
8 12
11 11

Ycnosue.

B Knacce Bce 4eTV pa3HOro pocTa. Yumutesb (n3KyNbTypbl XOUET NOCTPOUTL BCEX AETEN Knacca
B LUEPEHTY TaK, YTOObI B LLIEPEHTE BCE Ma/lbYMKM CTOSNN NO POCTY (CneBa — CaMblli BbICOKWIA
Ma/IbunK), 1 BCE [€BOUKM TaKXe CTOSNN MO POCTY (CneBa — caMasi BbICOKas 4eBOYKa).
CKO/bKMMK cnocobamu yunTenb MOXET 3TO CAenaTb, eC/in B Knacce 12 Manibunmkos 1 9

[leBOYeK?

16. HaingmTe HaTypanbHOE YMCno N, A7 KOTOPOro BbIMO/HAETCA paBeHCTBO paraml.

Find a positive integer n that satisfy equation paraml.

paraml

2°-13-1 n’-1 601
241 341 " nP+1 900
2°-13-1 n*-1 703
241341 " n*+1 1053
2°-13-1 n’-1 757
2241 341 " nf+l 1134
2-13-1 n’-1_ 871
241 341 " n®+1 1305
2°-13-1 n’-1 331
241 341 T n+1 496

YcnoBue.
HaVI,ﬂ,VITe HaTypa/ibHOE YNCNO n, [NA KOTOPOro BbINO/THAETCA PaBEHCTBO
2°-13-1 n’-1_ 601

2°+1 3*+1  n®+1 900




17. Pa3HOCTb KBapaTOB ABYX Pa3/IMyHbIX AeNCTBUTENbHBIX Yncen B paraml pa3 60/bLue
Pa3HOCTW 3TUX YWCES, & Pa3HOCTb KyOOB 3TUX Ynces B param2 pa3 60/bLue pasHOCTM 3TUX
yuncen. Bo CKO/bKO pa3 pasHOCTb YETBEPTbIX CTeMNeHel aTUX Ynces 60/bLue pa3HOCTY KBaApaToB
3aTNX uncen?

The difference between the squares of two different real numbers is param1 times greater than
the difference between these numbers. The difference between the cubes of these numbers is
param2 times greater than the difference between these numbers. Find the ratio of difference
between the fourth powers of these numbers to the difference between squares of these numbers.

paraml param2
37 1069 ]
40 1209 ]
37 1039 ]
40 1201 |
31 741 B

YcnoBue.

Pa3HOCTb KBAApaTOB [BYX Pa3/IMYHbIX AENCTBUTE/bHBIX Yncen B 37 pa3 60/bLUe pa3HOCTU 3TUX
yuces, a pa3HOCTb Ky60B aTux ymcen B 1069 pa3 60/bLUe pasHOCTM 3TUX Ymncen. Bo CKonbko pa3
Pa3HOCTb YETBEPTBIX CTEMEHEN 3TUX Ymcen 60/bLUe Pa3HOCTY KBaapaToB 3TUX Yncen?



