
�«¨¬¯¨ ¤  èª®«ì¨ª®¢ �Ǒ¡�� ¯® ¬ â¥¬ â¨ª¥.� ª«îç¨â¥«ìë© íâ ¯. 2021/2022 ãç¥¡ë© £®¤. 10 { 11 ª« ááë.� à¨ â 11. �  ª àâ¨ª¥  à¨á®¢ ® ¥áª®«ìª® ªàã�®çª®¢, á®¥¤¨¥ëå ®âà¥§ª ¬¨. � è  ¢ë¡¨à ¥â  -âãà «ì®¥ ç¨á«® n ¨ à ááâ ¢«ï¥â ¢ ªàã�®çª å à §«¨çë¥  âãà «ìë¥ ç¨á«  â ª, çâ®¡ë ¤«ï¢á¥å íâ¨å ç¨á¥« ¢ë¯®«ï«®áì á¢®©áâ¢®:¥á«¨ ç¨á«  a ¨ b ¥ á®¥¤¨¥ë ®âà¥§ª®¬, â® áã¬¬  a + b ¤®«�  ¡ëâì ¢§ ¨¬® ¯à®áâ  á n,  ¥á«¨ á®¥¤¨¥ë, â® ç¨á«  a+ b ¨ n ¤®«�ë ¨¬¥âì ®¡é¨©  âãà «ìë© ¤¥«¨â¥«ì, ¡®«ìè¨© 1.Ǒà¨ ª ª®¬  ¨¬¥ìè¥¬ n áãé¥áâ¢ã¥â â ª ï à ááâ ®¢ª ?
�â¢¥â: n = 35.�¥è¥¨¥. �¤¥« ¥¬ ¤¢  § ¬¥ç ¨ï.1) n ¥ç¥â®. �¥©áâ¢¨â¥«ì®, ¯ãáâì n ç¥â®. �à¥¤¨ á¥¬¨ ç¨á¥« ¢á¥£¤  ¥áâì âà¨ ç¨á«  ®¤®©ç¥â®áâ¨, ¨ ¯® ãá«®¢¨î ®¨ ¤®«�ë ¡ëâì ¯®¯ à® á®¥¤¨¥ë. �®   ª àâ¨ª¥ ¥â æ¨ª«®¢ ¤«¨ë 3.2) �á«¨ q | ¯à®áâ®© ¤¥«¨â¥«ì n, â® áà¥¤¨ ç¥âëà¥å ¯®á«¥¤®¢ â¥«ì® á®¥¤¨¥ëå ç¨á¥« áãé¥-áâ¢ã¥â ¯ à  á®á¥¤¨å, áã¬¬  ª®â®àëå ¥ ªà â  q. �®§ì¬¥¬ æ¥¯®çªã (a, b, c, d) ¯®á«¥¤®¢ â¥«ì®á®¥¤¨¥ëå ç¨á¥«. Ǒ® ãá«®¢¨î

a+ d = (a+ b)− (b+ c) + (c+ d) ... p.�®£¤  ç¨á«  a ¨ d â®�¥ á®¥¤¨¥ë, â® ¥áâì   ª àâ¨ª¥ ¯®«ãç¨«áï æ¨ª« ¤«¨ë 4, ª®â®à®£® â ¬ ¥â.�§ 1) ¨ 3) ¢ëâ¥ª ¥â, çâ® ç¨á«® n ¨¬¥¥â ¯® ªà ©¥© ¬¥à¥ ¤¢  à §«¨çëå ¥ç¥âëå ¯à®áâëå ¤¥«¨-â¥«ï. Ǒãáâì ¨å à®¢® ¤¢  (áª �¥¬, p ¨ q). Ǒ®ª �¥¬, çâ® ®¨ ®â«¨çë ®â 3. �®¯ãáâ¨¬,  ¯à¨¬¥à,çâ® p = 3. �¥ ¡®«¥¥ ¤¢ãå ç¨á¥« ¤¥«ïâáï   3 (¥á«¨ ¨å âà¨, â® ®¨ ®¡à §ãîâ æ¨ª«). �áâ «ìë¥ç¨á«  à §®¡ì¥¬   ¤¢¥ £àã¯¯ë, ¤ îé¨¥ ¯à¨ ¤¥«¥¨¨   3 ®áâ âª¨ 1 ¨ 2. �¤  ¨§ íâ¨å £àã¯¯ ¯ãáâ ,¨ ç¥ «î¡®¥ ç¨á«® ¨§ ¬¥ìè¥© £àã¯¯ë ¡ã¤¥â á®¥¤¨¥® ¯® ªà ©¥© ¬¥à¥ á âà¥¬ï ç¨á« ¬¨ ¨§ ¤àã£®©£àã¯¯ë, çâ® ¥¢®§¬®�®. �ã¬¬  ç¨á¥« ¨§ ®¤®© £àã¯¯ë   3 ¥ ¤¥«¨âáï. Ǒ®íâ®¬ã áãé¥áâ¢ã¥â âà¥å-§¢¥ ï æ¥¯®çª , ¢ ª®â®à®© áã¬¬  «î¡®© ¯ àë á®¥¤¨¥ëå ç¨á¥« ¥ ªà â  3 ¨, § ç¨â, ¤¥«¨âáï  q. �® íâ® ¯à®â¨¢®à¥ç¨â 2).� ª¨¬ ®¡à §®¬, ¥á«¨ n ¨¬¥¥â à®¢® ¤¢  à §«¨çëå ¥ç¥âëå ¯à®áâëå ¤¥«¨â¥«ï, â® n > 5 ·7 = 35.�á«¨ �¥ â ª¨å ¤¥«¨â¥«¥© ¡®«ìè¥ ¤¢ãå, â® n > 3 ·5 ·7 = 105 > 35. � ááâ ®¢ª  ¤«ï n = 35 ¯à¨¢¥¤¥   à¨áãª¥. �
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332. Ǒà¨ x, y, z ∈ (0, 2℄  ©¤¨â¥ ¬ ªá¨¬ «ì®¥ § ç¥¨¥ ¢ëà �¥¨ï
A = (x3 − 6) 3√x+ 6 + (y3 − 6) 3√y + 6 + (z3 − 6) 3√z + 6

x2 + y2 + z2 .



�â¢¥â: 1.�¥è¥¨¥. Ǒà¨ x ∈ (0, 2℄ á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢  3√x+ 6 6 2 ¨ x3 6 2x2, ®âªã¤ (x3 − 6) 3√
x+ 6 6 2 (2x2 − 6).� «®£¨çë¬ ®¡à §®¬ ®æ¥¨¢ îâáï ¤¢  ¤àã£¨å á« £ ¥¬ëå ¢ ç¨á«¨â¥«¥ A. Ǒ®íâ®¬ã

A 6 2 · 2x2 − 6 + 2y2 − 6 + 2z2 − 6
x2 + y2 + z2 = 4− 36

x2 + y2 + z2 6 4− 3612 = 1.� ¢¥áâ¢® à¥ «¨§ã¥âáï ¯à¨ x = y = z = 2. �3. �¨ £® «¨ ¢¯¨á ®£® ç¥âëà¥åã£®«ì¨ª  ABCD ¯¥à¥á¥ª îâáï ¢ â®çª¥ O. �ãâà¨ âà¥ã£®«ì¨-ª  AOB ¢ë¡à   â ª ï â®çª  K, çâ® ¯àï¬ ï KO ï¢«ï¥âáï ¡¨áá¥ªâà¨á®© ã£«  CKD. �ãç DK¢â®à¨ç® ¯¥à¥á¥ª ¥â ®¯¨á ãî ®ªàã�®áâì âà¥ã£®«ì¨ª  COK ¢ â®çª¥ L,   «ãç CK ¢â®-à¨ç® ¯¥à¥á¥ª ¥â ®¯¨á ãî ®ªàã�®áâì âà¥ã£®«ì¨ª  DOK ¢ â®çª¥ M . � ©¤¨â¥ ®â®è¥¨¥¯«®é ¤¥© âà¥ã£®«ì¨ª®¢ ALO ¨ BMO.�â¢¥â: 1.
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�¥è¥¨¥. Ǒãáâì r1 ¨ r2 | à ¤¨ãáë ®ªàã�®áâ¥©, ®¯¨á ëå ®ª®«® âà¥ã£®«ì¨ª®¢ COK ¨ DOKá®®â¢¥âáâ¢¥®. � ¬¥â¨¬, çâ®
∠LKO = 180◦ − ∠DKO = 180◦ − ∠CKO = ∠MKO,®âªã¤  LO

MO
= r1

r2 . �à®¬¥ â®£®, ¨§ ¢¯¨á ®áâ¨ ABCD ¢ëâ¥ª ¥â, çâ® âà¥ã£®«ì¨ª¨ AOD ¨ BOC¯®¤®¡ë ¯® ¤¢ã¬ ã£« ¬. �®£¤ 
AO

BO
= OD

OC
= r2

r1 ,â ª ª ª å®à¤ë OD ¨ OC á®®â¢¥âáâ¢ãîâ ®¤¨ ª®¢ë¬ ¢¯¨á ë¬ ã£« ¬. Ǒ®íâ®¬ã
LO

MO
· AO
BO

= 1 ⇐⇒ LO ·AO = MO · BO.Ǒ®áª®«ìªã ∠KMO = ∠KDO ¨ ∠KLO = ∠KCO, âà¥ã£®«ì¨ª¨ MCO ¨ DLO ¯®¤®¡ë, ®âªã¤ 
∠AOL = ∠AOM + ∠LOM = 180◦ − ∠COM + ∠LOM == 180◦ − ∠DOL+ ∠LOM = ∠BOL+ ∠LOM = ∠BOM.� ª¨¬ ®¡à §®¬,

SAOL = 12 · LO · AO · sin∠AOL = 12 ·MO ·BO · sin∠BOM = SBOM . �



4. � âãà «ì®¥ ç¨á«® x ¢ á¨áâ¥¬¥ áç¨á«¥¨ï á ®á®¢ ¨¥¬ r (r 6 36) ¨¬¥¥â ¢¨¤ ppqq, ¯à¨ç¥¬2q = 5p. �ª § «®áì, çâ® r-¨ç ï § ¯¨áì ç¨á«  x2 ¯à¥¤áâ ¢«ï¥â á®¡®© á¥¬¨§ çë© ¯ «¨¤à®¬á ã«¥¢®© áà¥¤¥© æ¨äà®©. (Ǒ «¨¤à®¬®¬  §ë¢ ¥âáï ç¨á«®, ª®â®à®¥ ç¨â ¥âáï ®¤¨ ª®¢® á«¥¢  ¯à ¢® ¨ á¯à ¢   «¥¢®). � ©¤¨â¥ áã¬¬ã r-¨çëå æ¨äà ç¨á«  x2.�â¢¥â: 36.�¥è¥¨¥. �®£®¢®à¨¬áï ¯¨á âì u ≡ v
(mod w

), ¥á«¨ (u − v) ... w. Ǒãáâì p = 2s, q = 5s. �®£¤ 
x = ppqqr = (pr2 + q)(r + 1) = s (2r2 + 5)(r + 1). �§ ãá«®¢¨ï   x2 ¢ëâ¥ª ¥â à ¢¥áâ¢®

s2(2r2 + 5)2(r2 + 2r + 1) = a
(1 + r6)+ b

(

r + r5)+ c
(

r2 + r4), (∗)£¤¥ a, b, c | ¥ª®â®àë¥ r-¨çë¥ æ¨äàë. �¤¥« ¥¬ ¤¢   ¡«î¤¥¨ï.1) Ǒà¨ «î¡®¬  âãà «ì®¬ n

rn = (1 + r − 1)n ≡ (−1)n (1− n(1 + r)) (mod (1 + r)2).Ǒà ¢ ï ç áâì (∗) ªà â  (1 + r)2, ®âªã¤ 0 ≡ a
(2− 6(1 + r))− b

(2− 6(1 + r))+ c
(2− 6(1 + r)) = 2 (1− 3(1 + r))(a− b+ c) (mod (1 + r)2).Ǒ®áª®«ìªã 1 − 3(1 + r) ¢§ ¨¬® ¯à®áâ® á (1 + r)2,   (1 + r)2 ¤¥«¨âáï 2 (a − b + c). �® íâ® ç¨á«®«¥�¨â ¢ ¨â¥à¢ «¥ (−2r, 4r) ⊂ (

−(1 + r)2, (1 + r)2), ®âªã¤  b = a+ c.2) Ǒà¨à ¢ï¥¬ ®áâ âª¨ «¥¢®© ¨ ¯à ¢®© ç áâ¥© (∗) ®â ¤¥«¥¨ï   1 + r2:18s2r ≡ br(1 + r4) ≡ 2br (mod (1 + r2)).Ǒ®áª®«ìªã r ¢§ ¨¬® ¯à®áâ® á 1 + r2,   1 + r2 ¤¥«¨âáï 2 (9s2 − b). � ¬¥â¨¬, çâ® 4s2 6 r − 1, ¨ ç¥ç¨á«® x2 ¡ã¤¥â ¢®áì¬¨§ çë¬. �à®¬¥ â®£®, r > 5s+ 1 > 6. Ǒ®íâ®¬ã2 (9s2 − b) < 18s2 6 92 (r − 1) < 6r < 1 + r2, 2 (9s2 − b) > −2b > −2r > −1− r2.� ª¨¬ ®¡à §®¬, b = 9s2.Ǒ®áª®«ìªã b | r-¨ç ï æ¨äà , ¨§ 2) ¢ëâ¥ª ¥â, çâ® 9s2 < r 6 36, ®âªã¤  s2 < 4. � ª ª ª s > 0,¬ë ¯®«ãç ¥¬ s = 1 ¨ b = 9. � á¨«ã 1) áã¬¬  æ¨äà x2 à ¢  2 (a+ b+ c) = 4b = 36. �� ¬¥ç ¨¥. Ǒàï¬ë¬ ¢ëç¨á«¥¨¥¬ ¯à®¢¥àï¥âáï, çâ® 2255221 = 495059421. � ª¨¬ ®¡à §®¬, ®¯¨-á  ï ¢ ãá«®¢¨¨ á¨âã æ¨ï à¥ «¨§ã¥âáï.5. Ǒà¨ ª ª¨å n ª«¥âç âãî ¤®áªã n × n ¬®�® à §¡¨âì ¯® ª«¥â®çª ¬   ®¤¨ ª¢ ¤à â 2 × 2 ¨¥ª®â®à®¥ ª®«¨ç¥áâ¢® ¯®«®á®ª ¨§ ¯ïâ¨ ª«¥â®ª â ª, çâ® ª¢ ¤à â ¡ã¤¥â ¯à¨¬ëª âì ª áâ®à®¥¤®áª¨?�â¢¥â: ¯à¨ ¢á¥å n, ¤ îé¨å ®áâ â®ª 2 ®â ¤¥«¥¨ï   5.�¥è¥¨¥. �á«¨ ¤®áªã n×n ã¤ «®áì à §à¥§ âì   ®¤¨ ª¢ ¤à â 2×2 ¨ ¥ª®â®à®¥ ª®«¨ç¥áâ¢® ¯®-«®á®ª ¨§ ¯ïâ¨ ª«¥â®ª, â® n2 = 22+5m, ®âªã¤  n ¤ ¥â ®áâ â®ª 2 ¨«¨ 3 ®â ¤¥«¥¨ï   5. Ǒà¥¤¯®«®�¨¬,çâ® n = 5k + 3 ¨ ¤®áªã ã¤ «®áì à §à¥§ âì âà¥¡ã¥¬ë¬ ®¡à §®¬. � §¢¥à¥¬ ¥¥ â ª, çâ®¡ë ª¢ ¤à â¯à¨¬ëª « ª ¢¥àå¥© áâ®à®¥ ¤®áª¨. � ¯¨è¥¬ ¢ ª«¥âª å ¢¥àå¥© áâà®ª¨ ¥¤¨¨æë, ¢ ª«¥âª å á«¥¤ã-îé¥© §  ¥© áâà®ª¨ | ¤¢®©ª¨, ¨ â ª ¤ «¥¥. � ¬¥â¨¬, çâ® áã¬¬  ç¨á¥« ¢ ¯ïâ¨ ¯®á«¥¤®¢ â¥«ìëåáâà®ª å ªà â  5, ¯®áª®«ìªã
ni+ n (i+ 1) + n (i+ 2) + n (i+ 3) + n (i+ 4) = 5n (i+ 2) ... 5.Ǒ®íâ®¬ã ®áâ â®ª ®â ¤¥«¥¨ï   5 áã¬¬ë ¢á¥å à ááâ ¢«¥ëå ç¨á¥« à ¢¥(n+ 2n+ 3n)mod 5 = 6 (5k + 3)mod 5 = 3.� ¤àã£®© áâ®à®ë, ¢ ª �¤®© ¯®«®áª¥ áã¬¬  ç¨á¥« ªà â  ¯ïâ¨,   ¢ ª¢ ¤à â¥ áã¬¬  ç¨á¥« à ¢ 1 + 1 + 2 + 2 = 6. � ç¨â, ®áâ â®ª ®â ¤¥«¥¨ï   5 áã¬¬ë ¢á¥å à ááâ ¢«¥ëå ç¨á¥« à ¢¥ 1, ¨ ¬ë¯®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥.�á«¨ n = 5k+2, â® ¬®�® ¢ëà¥§ âì ã£«®¢®© ª¢ ¤à â 2× 2, ¢¥àåîî ¯®«®áªã 2× 5k à §à¥§ âì  £®à¨§®â «ìë¥ ¯®«®áª¨ ¨§ ¯ïâ¨ ª«¥â®ª,   ¯àï¬®ã£®«ì¨ª 5k× (5k+2) à §à¥§ âì   ¢¥àâ¨ª «ìë¥¯®«®áª¨ ¨§ ¯ïâ¨ ª«¥â®ª. �



� à¨ â 21. �  ª àâ¨ª¥  à¨á®¢ ® ¥áª®«ìª® ªàã�®çª®¢, á®¥¤¨¥ëå ®âà¥§ª ¬¨. � è  ¢ë¡¨à ¥â  -âãà «ì®¥ ç¨á«® n ¨ à ááâ ¢«ï¥â ¢ ªàã�®çª å à §«¨çë¥  âãà «ìë¥ ç¨á«  â ª, çâ®¡ë ¤«ï¢á¥å íâ¨å ç¨á¥« ¢ë¯®«ï«®áì á¢®©áâ¢®:¥á«¨ ç¨á«  a ¨ b ¥ á®¥¤¨¥ë ®âà¥§ª®¬, â® áã¬¬  a + b ¤®«�  ¡ëâì ¢§ ¨¬® ¯à®áâ  á n,  ¥á«¨ á®¥¤¨¥ë, â® ç¨á«  a+ b ¨ n ¤®«�ë ¨¬¥âì ®¡é¨©  âãà «ìë© ¤¥«¨â¥«ì, ¡®«ìè¨© 1.Ǒà¨ ª ª®¬  ¨¬¥ìè¥¬ n áãé¥áâ¢ã¥â â ª ï à ááâ ®¢ª ?
�â¢¥â: n = 35.�¥è¥¨¥. �¤¥« ¥¬ ¤¢  § ¬¥ç ¨ï.1) n ¥ç¥â®. �¥©áâ¢¨â¥«ì®, ¯ãáâì n ç¥â®. �à¥¤¨ ¢®áì¬¨ ç¨á¥« ¢á¥£¤  ¥áâì âà¨ ç¨á«  ®¤®©ç¥â®áâ¨, ¨ ¯® ãá«®¢¨î ®¨ ¤®«�ë ¡ëâì ¯®¯ à® á®¥¤¨¥ë. �®   ª àâ¨ª¥ ¥â æ¨ª«®¢ ¤«¨ë 3.2) �á«¨ q | ¯à®áâ®© ¤¥«¨â¥«ì n, â® áà¥¤¨ ç¥âëà¥å ¯®á«¥¤®¢ â¥«ì® á®¥¤¨¥ëå ç¨á¥« áãé¥-áâ¢ã¥â ¯ à  á®á¥¤¨å, áã¬¬  ª®â®àëå ¥ ªà â  q. �®§ì¬¥¬ æ¥¯®çªã (a, b, c, d) ¯®á«¥¤®¢ â¥«ì®á®¥¤¨¥ëå ç¨á¥«. Ǒ® ãá«®¢¨î

a+ d = (a+ b)− (b+ c) + (c+ d) ... p.�®£¤  ç¨á«  a ¨ d â®�¥ á®¥¤¨¥ë, â® ¥áâì   ª àâ¨ª¥ ¯®«ãç¨«áï æ¨ª« ¤«¨ë 4, ª®â®à®£® â ¬ ¥â.�§ 1) ¨ 3) ¢ëâ¥ª ¥â, çâ® ç¨á«® n ¨¬¥¥â ¯® ªà ©¥© ¬¥à¥ ¤¢  à §«¨çëå ¥ç¥âëå ¯à®áâëå ¤¥«¨-â¥«ï. Ǒãáâì ¨å à®¢® ¤¢  (áª �¥¬, p ¨ q). Ǒ®ª �¥¬, çâ® ®¨ ®â«¨çë ®â 3. �®¯ãáâ¨¬,  ¯à¨¬¥à,çâ® p = 3. �¥ ¡®«¥¥ ¤¢ãå ç¨á¥« ¤¥«ïâáï   3 (¥á«¨ ¨å âà¨, â® ®¨ ®¡à §ãîâ æ¨ª«). �áâ «ìë¥ ç¨á« (¨å ¥ ¬¥¥¥ 6) à §®¡ì¥¬   ¤¢¥ £àã¯¯ë, ¤ îé¨¥ ¯à¨ ¤¥«¥¨¨   3 ®áâ âª¨ 1 ¨ 2. Ǒ®ª �¥¬, çâ®®¤  ¨§ íâ¨å £àã¯¯ ¯ãáâ . �á«¨ íâ® ¥ â ª, â® ª �¤®¥ ç¨á«® ¨§ ®¤®© £àã¯¯ë á®¥¤¨¥® á «î¡ë¬ç¨á«®¬ ¨§ ¤àã£®©. �® â®£¤  ¢ ®¤®© £àã¯¯¥ ¥ ¡®«¥¥ âà¥å ç¨á¥«,   ¢ ¤àã£®© | ¥ ¡®«¥¥ ¤¢ãå, çâ®¥¢®§¬®�®. �ã¬¬  ç¨á¥« ¨§ ®¤®© £àã¯¯ë   3 ¥ ¤¥«¨âáï. Ǒ®íâ®¬ã áãé¥áâ¢ã¥â âà¥å§¢¥ ïæ¥¯®çª , ¢ ª®â®à®© áã¬¬  «î¡®© ¯ àë á®¥¤¨¥ëå ç¨á¥« ¥ ªà â  3 ¨, § ç¨â, ¤¥«¨âáï   q. �®íâ® ¯à®â¨¢®à¥ç¨â 2).� ª¨¬ ®¡à §®¬, ¥á«¨ n ¨¬¥¥â à®¢® ¤¢  à §«¨çëå ¥ç¥âëå ¯à®áâëå ¤¥«¨â¥«ï, â® n > 5 ·7 = 35.�á«¨ �¥ â ª¨å ¤¥«¨â¥«¥© ¡®«ìè¥ ¤¢ãå, â® n > 3 ·5 ·7 = 105 > 35. � ááâ ®¢ª  ¤«ï n = 35 ¯à¨¢¥¤¥   à¨áãª¥. �
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132. Ǒà¨ x, y, z > 3  ©¤¨â¥ ¬¨¨¬ «ì®¥ § ç¥¨¥ ¢ëà �¥¨ï
A = (x3 − 24) 3√x+ 24 + (y3 − 24) 3√y + 24 + (z3 − 24) 3√z + 24

xy + yz + zx
.�â¢¥â: 1.



�¥è¥¨¥. Ǒà¨ x > 3 á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢  3√x+ 24 > 3 ¨ x3 > 3x2, ®âªã¤ (x3 − 24) 3√
x+ 24 > 3 (3x2 − 24).� «®£¨çë¬ ®¡à §®¬ ®æ¥¨¢ îâáï ¤¢  ¤àã£¨å á« £ ¥¬ëå ¢ ç¨á«¨â¥«¥ A. Ǒ®íâ®¬ã

A > 3 · 3x2 − 24 + 3y2 − 24 + 3z2 − 24
xy + yz + zx

= 9( x2 + y2 + z2
xy + yz + zx

− 24
xy + yz + zx

)

> 9(1− 2427) = 1.� ¢¥áâ¢® à¥ «¨§ã¥âáï ¯à¨ x = y = z = 3. �3. �  áâ®à® å AB ¨ AC ®áâà®ã£®«ì®£® âà¥ã£®«ì¨ª  ABC ®â¬¥ç¥ë á®®â¢¥âáâ¢¥® â ª¨¥â®çª¨ K ¨ L, çâ® ç¥âëà¥åã£®«ì¨ª BKLC ï¢«ï¥âáï ¢¯¨á ë¬. �ãâà¨ íâ®£® ç¥âëà¥å-ã£®«ì¨ª  ¢ë¡à   â®çª  M â ª, çâ® ¯àï¬ ï AM ï¢«ï¥âáï ¡¨áá¥ªâà¨á®© ã£«  BMC. �ãç
BM ¢â®à¨ç® ¯¥à¥á¥ª ¥â ®¯¨á ãî ®ªàã�®áâì âà¥ã£®«ì¨ª  AMC ¢ â®çª¥ P ,   «ãç CM¢â®à¨ç® ¯¥à¥á¥ª ¥â ®¯¨á ãî ®ªàã�®áâì âà¥ã£®«ì¨ª  AMB ¢ â®çª¥ Q. � ©¤¨â¥ ®â®-è¥¨¥ ¯«®é ¤¥© âà¥ã£®«ì¨ª®¢ ALP ¨ AKQ.�â¢¥â: 1.

M

A

B
C

P
Q

K
L

�¥è¥¨¥. Ǒãáâì r1 ¨ r2 | à ¤¨ãáë ®ªàã�®áâ¥©, ®¯¨á ëå ®ª®«® âà¥ã£®«ì¨ª®¢ AMB ¨
AMC á®®â¢¥âáâ¢¥®. � ª ª ª AM | ¡¨áá¥ªâà¨á  ã£«  BMC, á¯à ¢¥¤«¨¢ë à ¢¥áâ¢ 

∠AMB = ∠AMC ¨ ∠AMP = ∠AMQ,®âªã¤  AB

AC
= r1

r2 = AQ

AP
. �à®¬¥ â®£®, ¨§ ¢¯¨á ®áâ¨ BKLC ¢ëâ¥ª ¥â, çâ®

∠ALK = 180◦ − ∠KLC = ∠ABC.� ç¨â, âà¥ã£®«ì¨ª¨ ALK ¨ ABC ¯®¤®¡ë ¯® ¤¢ã¬ ã£« ¬. Ǒ®íâ®¬ã
AL

AK
= AB

AC
= AQ

AP
=⇒ AL · AP = AK ·AQ.�§ à ¢¥áâ¢ ∠ABM = ∠AQM ¨ ∠APM = ∠ACM ¢ëâ¥ª ¥â, çâ® ∠BAP = ∠CAQ, ®âªã¤ 

∠LAP = ∠CAP = ∠BAP − ∠BAC = ∠CAQ − ∠BAC = ∠BAQ = ∠KAQ.� ª¨¬ ®¡à §®¬,
SALP = 12 · AL ·AP · sin∠LAP = 12 ·AK · AQ · sin∠KAQ = SAKQ. �



4. � âãà «ì®¥ ç¨á«® x ¢ á¨áâ¥¬¥ áç¨á«¥¨ï á ®á®¢ ¨¥¬ r (r 6 400) ¨¬¥¥â ¢¨¤ ppqq, ¯à¨ç¥¬7q = 17p. �ª § «®áì, çâ® r-¨ç ï § ¯¨áì ç¨á«  x2 ¯à¥¤áâ ¢«ï¥â á®¡®© á¥¬¨§ çë© ¯ «¨¤à®¬á ã«¥¢®© áà¥¤¥© æ¨äà®©. (Ǒ «¨¤à®¬®¬  §ë¢ ¥âáï ç¨á«®, ª®â®à®¥ ç¨â ¥âáï ®¤¨ ª®¢® á«¥¢  ¯à ¢® ¨ á¯à ¢   «¥¢®). � ©¤¨â¥ áã¬¬ã r-¨çëå æ¨äà ç¨á«  x2.�â¢¥â: 400.�¥è¥¨¥. �®£®¢®à¨¬áï ¯¨á âì u ≡ v
(mod w

), ¥á«¨ (u − v) ... w. Ǒãáâì p = 7s, q = 17s. �®£¤ 
x = ppqqr = (pr2 + q)(r + 1) = s (7r2 + 17)(r + 1). �§ ãá«®¢¨ï   x2 ¢ëâ¥ª ¥â à ¢¥áâ¢®

s2(7r2 + 17)2(r2 + 2r + 1) = a
(1 + r6)+ b

(

r + r5)+ c
(

r2 + r4), (∗)£¤¥ a, b, c | ¥ª®â®àë¥ r-¨çë¥ æ¨äàë. �¤¥« ¥¬ ¤¢   ¡«î¤¥¨ï.1) Ǒà¨ «î¡®¬  âãà «ì®¬ n

rn = (1 + r − 1)n ≡ (−1)n (1− n(1 + r)) (mod (1 + r)2).Ǒà ¢ ï ç áâì (∗) ªà â  (1 + r)2, ®âªã¤ 0 ≡ a
(2− 6(1 + r))− b

(2− 6(1 + r))+ c
(2− 6(1 + r)) = 2 (1− 3(1 + r))(a− b+ c) (mod (1 + r)2).Ǒ®áª®«ìªã 1 − 3(1 + r) ¢§ ¨¬® ¯à®áâ® á (1 + r)2,   (1 + r)2 ¤¥«¨âáï 2 (a − b + c). �® íâ® ç¨á«®«¥�¨â ¢ ¨â¥à¢ «¥ (−2r, 4r) ⊂ (

−(1 + r)2, (1 + r)2), ®âªã¤  b = a+ c.2) Ǒà¨à ¢ï¥¬ ®áâ âª¨ «¥¢®© ¨ ¯à ¢®© ç áâ¥© (∗) ®â ¤¥«¥¨ï   1 + r2:200s2r ≡ br (1 + r4) ≡ 2br (mod (1 + r2)).Ǒ®áª®«ìªã r ¢§ ¨¬® ¯à®áâ® á 1 + r2,   1 + r2 ¤¥«¨âáï 2 (100s2 − b). � ¬¥â¨¬, çâ® 49s2 6 r − 1,¨ ç¥ ç¨á«® x2 ¡ã¤¥â ¢®áì¬¨§ çë¬. �à®¬¥ â®£®, r > 17s+ 1 > 18. Ǒ®íâ®¬ã2 (100s2 − b) < 200s2 6 20049 (r − 1) < 5r < 1 + r2, 2 (100s2 − b) > −2b > −2r > −1− r2.� ª¨¬ ®¡à §®¬, b = 100s2.Ǒ®áª®«ìªã b | r-¨ç ï æ¨äà , ¨§ 2) ¢ëâ¥ª ¥â, çâ® 100s2 < r 6 400, ®âªã¤  s2 < 4. � ª ª ª s > 0,¬ë ¯®«ãç ¥¬ s = 1 ¨ b = 100. � á¨«ã 1) áã¬¬  æ¨äà x2 à ¢  2 (a+ b+ c) = 4b = 100. �� ¬¥ç ¨¥. Ǒàï¬®¥ ¢ëç¨á«¥¨¥ ¯®ª §ë¢ ¥â, çâ® (7, 7, 17, 17)2120 = (49, 100, 51, 0, 51, 100, 49)120.� ª¨¬ ®¡à §®¬, ®¯¨á  ï ¢ ãá«®¢¨¨ á¨âã æ¨ï à¥ «¨§ã¥âáï.5. Ǒà¨ ª ª¨å n ª«¥âç âãî ¤®áªã n × n ¬®�® à §¡¨âì ¯® ª«¥â®çª ¬   ®¤¨ ª¢ ¤à â 3 × 3 ¨¥ª®â®à®¥ ª®«¨ç¥áâ¢® ¯®«®á®ª ¨§ á¥¬¨ ª«¥â®ª â ª, çâ® ª¢ ¤à â ¡ã¤¥â ¯à¨¬ëª âì ª áâ®à®¥¤®áª¨?�â¢¥â: ¯à¨ ¢á¥å n, ¤ îé¨å ®áâ â®ª 3 ®â ¤¥«¥¨ï   7.�¥è¥¨¥. �á«¨ ¤®áªã n×n ã¤ «®áì à §à¥§ âì   ®¤¨ ª¢ ¤à â 3×3 ¨ ¥ª®â®à®¥ ª®«¨ç¥áâ¢® ¯®-«®á®ª ¨§ á¥¬¨ ª«¥â®ª, â® n2 = 32+7m, ®âªã¤  n ¤ ¥â ®áâ â®ª 3 ¨«¨ 4 ®â ¤¥«¥¨ï   7. Ǒà¥¤¯®«®�¨¬,çâ® n = 7k + 4 ¨ ¤®áªã ã¤ «®áì à §à¥§ âì âà¥¡ã¥¬ë¬ ®¡à §®¬. � §¢¥à¥¬ ¥¥ â ª, çâ®¡ë ª¢ ¤à â¯à¨¬ëª « ª ¢¥àå¥© áâ®à®¥ ¤®áª¨. � ¯¨è¥¬ ¢ ª«¥âª å ¢¥àå¥© áâà®ª¨ ¥¤¨¨æë, ¢ ª«¥âª å á«¥¤ã-îé¥© §  ¥© áâà®ª¨ | ¤¢®©ª¨, ¨ â ª ¤ «¥¥. � ¬¥â¨¬, çâ® áã¬¬  ç¨á¥« ¢ á¥¬¨ ¯®á«¥¤®¢ â¥«ìëåáâà®ª å ªà â  7, ¯®áª®«ìªã
ni+ n (i+ 1) + n (i+ 2) + n (i+ 3) + n (i+ 4) + n (i+ 5) + n (i+ 6) = 7n (i+ 3) ... 7.Ǒ®íâ®¬ã ®áâ â®ª ®â ¤¥«¥¨ï   7 áã¬¬ë ¢á¥å à ááâ ¢«¥ëå ç¨á¥« à ¢¥(n+ 2n+ 3n+ 4n)mod 7 = 10 (7k + 4)mod 7 = 5.� ¤àã£®© áâ®à®ë, ¢ ª �¤®© ¯®«®áª¥ áã¬¬  ç¨á¥« ªà â  á¥¬¨,   ¢ ª¢ ¤à â¥ áã¬¬  ç¨á¥« à ¢ 3+6+9 = 18. � ç¨â, ®áâ â®ª ®â ¤¥«¥¨ï   7 áã¬¬ë ¢á¥å à ááâ ¢«¥ëå ç¨á¥« à ¢¥ 18mod 7 = 4,¨ ¬ë ¯®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥.�á«¨ n = 7k+3, â® ¬®�® ¢ëà¥§ âì ã£«®¢®© ª¢ ¤à â 3× 3, ¢¥àåîî ¯®«®áªã 3× 7k à §à¥§ âì  £®à¨§®â «ìë¥ ¯®«®áª¨ ¨§ á¥¬¨ ª«¥â®ª,   ¯àï¬®ã£®«ì¨ª 7k× (7k+3) à §à¥§ âì   ¢¥àâ¨ª «ìë¥¯®«®áª¨ ¨§ á¥¬¨ ª«¥â®ª. �



� à¨ â 31. �  ª àâ¨ª¥  à¨á®¢ ® ¥áª®«ìª® ªàã�®çª®¢, á®¥¤¨¥ëå ®âà¥§ª ¬¨. � ï ¢ë¡¨à ¥â  âã-à «ì®¥ ç¨á«® n ¨ à ááâ ¢«ï¥â ¢ ªàã�®çª å à §«¨çë¥  âãà «ìë¥ ç¨á«  â ª, çâ®¡ë ¤«ï¢á¥å íâ¨å ç¨á¥« ¢ë¯®«ï«®áì á¢®©áâ¢®:¥á«¨ ç¨á«  a ¨ b ¥ á®¥¤¨¥ë ®âà¥§ª®¬, â® áã¬¬  a2+ b2 ¤®«�  ¡ëâì ¢§ ¨¬® ¯à®áâ  á n,  ¥á«¨ á®¥¤¨¥ë, â® ç¨á«  a2+ b2 ¨ n ¤®«�ë ¨¬¥âì ®¡é¨©  âãà «ìë© ¤¥«¨â¥«ì, ¡®«ìè¨© 1.Ǒà¨ ª ª®¬  ¨¬¥ìè¥¬ n áãé¥áâ¢ã¥â â ª ï à ááâ ®¢ª ?
�â¢¥â: n = 65.�¥è¥¨¥. �¤¥« ¥¬ ¢ ç «¥ âà¨ § ¬¥ç ¨ï.1) n ¥ç¥â®. �¥©áâ¢¨â¥«ì®, ¯ãáâì n ç¥â®. �à¥¤¨ ¯ïâ¨ ç¨á¥« ¢á¥£¤  ¥áâì âà¨ ç¨á«  ®¤®©ç¥â®áâ¨, ¨ ¯® ãá«®¢¨î ®¨ ¤®«�ë ¡ëâì ¯®¯ à® á®¥¤¨¥ë. �®   ª àâ¨ª¥ ¥â æ¨ª«®¢ ¤«¨ë 3.2) �á«¨ d | ¤¥«¨â¥«ì n, â® ¥ ¡®«¥¥ ¤¢ãå ç¨á¥« ªà âë d. Ǒãáâì  è«®áì âà¨ â ª¨å ç¨á« .�®£¤  ®¨ ¤®«�ë ¡ëâì ¯®¯ à® á®¥¤¨¥ë ¨, § ç¨â, ®¡à §ãîâ âà¥å§¢¥ë© æ¨ª«.3) �á«¨ q | ¯à®áâ®© ¤¥«¨â¥«ì n, â® áà¥¤¨ ç¥âëà¥å ¯®á«¥¤®¢ â¥«ì® á®¥¤¨¥ëå ç¨á¥« áã-é¥áâ¢ã¥â ¯ à  á®á¥¤¨å, áã¬¬  ª¢ ¤à â®¢ ª®â®àëå ¥ ªà â  q. Ǒãáâì  è« áì â ª ï æ¥¯®çª (a, b, c, d) ¯®á«¥¤®¢ â¥«ì® á®¥¤¨¥ëå ç¨á¥«, çâ® áã¬¬  ª¢ ¤à â®¢ «î¡®© ¯ àë á®á¥¤¨å ç¨á¥«ªà â  q. �®£¤ 

a2 + d2 = (

a2 + b2)− (

b2 + c2)+ (

c2 + d2) ... q.� ç¨â, ç¨á«  a ¨ d á®¥¤¨¥ë, â® ¥áâì   ª àâ¨ª¥ ¯®«ãç¨«áï æ¨ª« ¤«¨ë 4, ª®â®à®£® â ¬ ¥â.�§ 1) ¨ 3) ¢ëâ¥ª ¥â, çâ® ç¨á«® n ¨¬¥¥â ¯® ªà ©¥© ¬¥à¥ ¤¢  à §«¨çëå ¥ç¥âëå ¯à®áâëå¤¥«¨â¥«ï. Ǒãáâì ¨å à®¢® ¤¢  (áª �¥¬, p ¨ q). Ǒ®ª �¥¬, çâ® ®¨ ®â«¨çë ®â 3, 7, 11. �®¯ãáâ¨¬, ¯à¨¬¥à, çâ® p ∈ {3, 7, 11}. � ¬¥â¨¬, çâ® ¤«ï «î¡®£®  âãà «ì®£® a

a2mod 3 ∈ {0, 1}, a2mod 7 ∈ {0, 1, 2, 4}, a2mod 11 ∈ {0, 1, 3, 4, 5, 9}.Ǒ®íâ®¬ã a2+ b2 ªà â® p â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤    p ¤¥«ïâáï a2 ¨ b2,   § ç¨â, a ¨ b. � á¨«ã 2)íâ®¬ã ãá«®¢¨î ¬®�¥â ã¤®¢«¥â¢®àïâì «¨èì ®¤  ¯ à . �§ ®áâ «ìëå ç¥âëà¥å ¯ à á®¥¤¨¥ëåç¨á¥« ¬®�® á®áâ ¢¨âì âà¥å§¢¥ãî æ¥¯®çªã, ¢ ª®â®à®© áã¬¬  ª¢ ¤à â®¢ ª �¤®© ¯ àë á®á¥¤¨åç¨á¥« ªà â  q. �® íâ® ¯à®â¨¢®à¥ç¨â 3).� ª¨¬ ®¡à §®¬, ¥á«¨ n ¨¬¥¥â à®¢® ¤¢  à §«¨çëå ¥ç¥âëå ¯à®áâëå ¤¥«¨â¥«ï, â® n > 5·13 = 65.�á«¨ �¥ â ª¨å ¤¥«¨â¥«¥© ¡®«ìè¥ ¤¢ãå, â® n > 3 ·5 ·7 = 105 > 65. � ááâ ®¢ª  ¤«ï n = 65 ¯à¨¢¥¤¥   à¨áãª¥. �
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2. Ǒà¨ x, y, z > 1  ©¤¨â¥ ¬¨¨¬ «ì®¥ § ç¥¨¥ ¢ëà �¥¨ï
A = √3x4 + y +√3y4 + z +√3z4 + x− 3

xy + yz + zx
.



�â¢¥â: 1.�¥è¥¨¥. � ¬¥â¨¬, çâ® ¯à¨ x, y > 1
√3x4 + y − 1 = √

x4 + 2x4 + y − 1 >
√

x4 + 2x2 + 1− 1 = x2.� «®£¨çë¬ ®¡à §®¬ ¤®ª §ë¢ ¥âáï, çâ®
√3y4 + z − 1 > y2, √3z4 + x− 1 > z2.Ǒ®íâ®¬ã

A >
x2 + y2 + z2
xy + yz + zx

> 1.� ¢¥áâ¢® à¥ «¨§ã¥âáï ¯à¨ x = y = z = 1. �3. �  ¢¯¨á ë© ç¥âëà¥åã£®«ì¨ª ABCD á ¯¥à¯¥¤¨ªã«ïàë¬¨ ¤¨ £® «ï¬¨. �  ®¯¨á ®© ¢®-ªàã£ ¥£® ®ªàã�®áâ¨ ®â¬¥ç¥  â®çª  E, ¤¨ ¬¥âà «ì® ¯à®â¨¢®¯®«®� ï D, ¯à¨ç¥¬ ®âà¥§ª¨
AB ¨ DE ¥ ¯¥à¥á¥ª îâáï. � ©¤¨â¥ ®â®è¥¨¥ ¯«®é ¤¥© âà¥ã£®«ì¨ª  BCD ¨ ç¥âëà¥åã£®«ì-¨ª  ABED.�â¢¥â: 1.

A

B

C

D

E

N

H

�¥è¥¨¥. ǑãáâìN |â®çª  ¯¥à¥á¥ç¥¨ï AC ¨BD, H | ®á®¢ ¨¥ ¯¥à¯¥¤¨ªã«ïà , ®¯ãé¥®£®¨§ â®çª¨ E   ¯àï¬ãî AC. Ǒ® ãá«®¢¨î DE | ¤¨ ¬¥âà ®ªàã�®áâ¨. �®£¤  ∠DBE = 90◦, ®âªã¤ 
BE ‖ AC. �à®¬¥ â®£®, ∠DCE = 90◦ ¨

∠CDE = 90◦ − ∠DEC = 90◦ − ∠DAC = ∠ADB,®âªã¤  CE = AB. � ç¨â, ABEC | à ¢®¡¥¤à¥ ï âà ¯¥æ¨ï, ¨
CN = AC −AN = AC − CH = AH.�áâ «®áì § ¬¥â¨âì, çâ®2 · SABED = BD · AN +BD ·BE = BD ·AH = BD · CN = 2 · SBCD. �4. �  ¤®áª¥  ¯¨á ® ç¨á«® x = 9999 ¢ á¨áâ¥¬¥ áç¨á«¥¨ï á ç¥âë¬ ®á®¢ ¨¥¬ r. � áï ¢ëïá¨«,çâ® r-¨ç ï § ¯¨áì x2 ¯à¥¤áâ ¢«ï¥â á®¡®© ¢®áì¬¨§ çë© ¯ «¨¤à®¬, ã ª®â®à®£® áã¬¬  ¢â®-à®© ¨ âà¥âì¥© æ¨äà à ¢  24. (Ǒ «¨¤à®¬®¬  §ë¢ ¥âáï ç¨á«®, ª®â®à®¥ ç¨â ¥âáï ®¤¨ ª®¢®á«¥¢   ¯à ¢® ¨ á¯à ¢   «¥¢®). Ǒà¨ ª ª¨å r â ª®¥ ¢®§¬®�®?�â¢¥â: r = 26.



�¥è¥¨¥. �®£®¢®à¨¬áï ¯¨á âì u ≡ v
(mod w

), ¥á«¨ (u− v) ... w. Ǒ® ãá«®¢¨î áãé¥áâ¢ãîâ â ª¨¥
r-¨çë¥ æ¨äàë a, b, c, d, çâ® b+ c = 24 ¨81 (r + 1)2(r2 + 1)2 = a (r7 + 1) + b (r6 + r) + c (r5 + r2) + d (r4 + r3). (∗)�¤¥« ¥¬ ¥ª®â®àë¥  ¡«î¤¥¨ï.1) � ª ª ª r6 ≡ −1 (mod (r2 + 1)), á¯à ¢¥¤«¨¢ë à ¢¥áâ¢ 

r7 + 1 ≡ 1− r
(mod (r2 + 1)) ¨ r6 + r ≡ r − 1 (mod (r2 + 1)).�à®¬¥ â®£®, r4 ≡ 1 (mod (r2 + 1)), ®âªã¤ 

r5 + r2 ≡ r − 1 (mod (r2 + 1)) ¨ r4 + r3 ≡ 1− r
(mod (r2 + 1)).�®£¤  ¢ á¨«ã (∗) 0 ≡ (a− b− c+ d)(1− r) (mod (r2 + 1)).� ¬¥â¨¬, çâ® r2+1+(1−r)(r+1) = 2,   ç¨á«  1−r ¨ r2+1 ¥ç¥âë. Ǒ®íâ®¬ã ®¨ ¢§ ¨¬® ¯à®áâë,®âªã¤  a− b− c+ d

... (r2 + 1). �®
∣

∣(a+ d)− (b+ c)∣∣ 6 2(r − 1) < 2r < r2 + 1.� ç¨â, a+ d = b+ c = 24.2) � ª ª ª rn ≡ 1 (mod (r − 1)) ¯à¨ «î¡®¬  âãà «ì®¬ n, ¨§ (∗) ¨ 1) ¢ëâ¥ª ¥â, çâ®81 · 16 ≡ 2 (a+ b+ c+ d) = 96 = 16 · 6 (mod (r − 1)).Ǒ®áª®«ìªã r−1 ¥ç¥â®,   r−1 ¤¥«¨âáï ç¨á«® 81−6 = 75 = 3 ·52. Ǒ® ãá«®¢¨î r > 9, â® ¥áâì ¤«ï r¢®§¬®�ë â®«ìª® § ç¥¨ï 16, 26, 76. � á«ãç ¥ r = 16 á ãç¥â®¬ 1)
a = 81 mod 16 = 1 ¨ d = 24− a = 23 > r,çâ® ¥¢®§¬®�®. �á«¨ r = 76, â® a = 81 mod 76 = 5, ®âªã¤  ¨ áâ àè ï æ¨äà  x2 à ¢  5. �® íâ®¥¢®§¬®�®, ¯®áª®«ìªã 9999276 < 102 · 766 < 2 · 767. � ç¨â, r = 26. �� ¬¥ç ¨¥. �á«¨ r = 26, â® ¢ á¨«ã 1)

a = 81 mod 26 = 3, d = 24−a = 21 = L26, b = (81 ·2+[8126]) mod 26 = 9, c = 24−b = 15 = F26.� ¢¥áâ¢® 9999226 = 39FLLF9326 ¯à®¢¥àï¥âáï ¯àï¬ë¬ ¢ëç¨á«¥¨¥¬.5. �   ª¢ ¤à â ï â ¡«¨æ  2021×2021. � �¤ ï ¥¥ ª«¥âª  ®ªà è¥  ¢ ®¤¨ ¨§ n æ¢¥â®¢. �§¢¥áâ-®, çâ® ¤«ï «î¡ëå ç¥âëà¥å ª«¥â®ª ®¤®£® æ¢¥â , à á¯®«®�¥ëå ¢ ®¤®¬ áâ®«¡æ¥, á¯à ¢  ®â¢¥àå¥© ¨§ ¨å ¨ á«¥¢  ®â ¨�¥© ¨§ ¨å ¥â ª«¥â®ª â®£® �¥ æ¢¥â . Ǒà¨ ª ª®¬  ¨¬¥ìè¥¬
n â ª®¥ ¢®§¬®�®?�â¢¥â: 506.�¥è¥¨¥. � áá¬®âà¨¬ ª ª®©-â® ª®ªà¥âë© æ¢¥â (áª �¥¬, á¨¨©). � ª �¤®¬ áâ®«¡æ¥ âà¨¨�¨¥ á¨¨¥ ª«¥âª¨ ®â¬¥â¨¬ ªà¥áâ¨ª®¬, ®áâ «ìë¥ | ®«¨ª®¬ (¥á«¨ á¨¨å ª«¥â®ª ¢ áâ®«¡æ¥¬¥ìè¥ ç¥âëà¥å, â® ªà¥áâ¨ª®¬ ¯®¬¥ç ¥¬ ¢á¥ ª«¥âª¨). � ¬¥â¨¬, çâ® ¢ «î¡®© áâà®ª¥ ¥áâì ¥ ¡®«¥¥®¤®© á¨¥© ª«¥âª¨ á ®«¨ª®¬ (¢ ¯à®â¨¢®¬ á«ãç ¥ ¤«ï á ¬®© «¥¢®© ¨§ ¨å  àãè ¥âáï ãá«®¢¨¥§ ¤ ç¨). � ç¨â, ¢á¥£® ¨¬¥¥âáï ¥ ¡®«ìè¥ 2021 á¨¨å ª«¥â®ª á ®«¨ª®¬. �à®¬¥ â®£®, ç¨á«® á¨¨åª«¥â®ª á ªà¥áâ¨ª®¬ ¥ ¡®«ìè¥, ç¥¬ 3 · 2021. � ª¨¬ ®¡à §®¬, ®¡é¥¥ ª®«¨ç¥áâ¢® á¨¨å ª«¥â®ª ¥



¯à¥¢®áå®¤¨â 2021 + 3 · 2021 = 4 · 2021. �â¨ à ááã�¤¥¨ï á¯à ¢¥¤«¨¢ë ¤«ï «î¡®£® æ¢¥â . Ǒ®íâ®¬ã®¡é¥¥ ç¨á«® æ¢¥â®¢ ¥ ¬¥ìè¥, ç¥¬ 202124 · 2021 = 20214 = 505, 25.� ç¨â, n > 506.Ǒ®ª �¥¬, çâ® n = 506 à¥ «¨§ã¥âáï. Ǒ®á«¥¤®¢ â¥«ì® § ã¬¥àã¥¬ á¨§ã ¢¢¥àå ¢á¥ ¤¨ £® «¨,¨¤ãé¨¥ á á¥¢¥à®-§ ¯ ¤    î£®-¢®áâ®ª, ç¨á« ¬¨ ®â 1 ¤® 4041. Ǒ¥à¢ë¥ ç¥âëà¥ ¤¨ £® «¨ ¯®ªà á¨¬ ¢¯¥à¢ë© æ¢¥â, á«¥¤ãîé¨¥ ç¥âëà¥ | ¢® ¢â®à®©, ¨ â ª ¤ «¥¥ ¯® æ¨ª«ã (â® ¥áâì §  506-¬ æ¢¥â®¬ á®¢ ¡ã¤¥â á«¥¤®¢ âì ¯¥à¢ë©). Ǒà®¢¥à¨¬, çâ® íâ  à áªà áª  ã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨. � ¬¥â¨¬,çâ® ¨ ®¤¨ æ¢¥â ¥ ¨á¯®«ì§ã¥âáï ¡®«¥¥ ¤¢ãå à §, ¯®áª®«ìªã 506 · 4 · 2 = 4048 > 4041. Ǒãáâì k-©æ¢¥â ¢áâà¥â¨«áï ¤¢  à § . � ¯¥à¢®¬ ¡«®ª¥ á ¬ ï ¢¥àåïï ª«¥âª  íâ®£® æ¢¥â  ®ª �¥âáï ¢ áâà®ª¥ á®¬¥à®¬ 4k. �® ¢â®à®¬ ¡«®ª¥ á ¬ ï ¨�ïï ª«¥âª  íâ®£® æ¢¥â   å®¤¨âáï ¢ áâà®ª¥ á ®¬¥à®¬4 (506 + k − 1) + 1− 2020 = 4k + 1.� ç¨â, ª«¥âª¨ ®¤®£® æ¢¥â  ¨§ à §ëå ¡«®ª®¢ ¥ ¬®£ãâ ®ª § âìáï ¢ ®¤®© áâà®ª¥. �



� à¨ â 41. �  ª àâ¨ª¥  à¨á®¢ ® ¥áª®«ìª® ªàã�®çª®¢, á®¥¤¨¥ëå ®âà¥§ª ¬¨. � ï ¢ë¡¨à ¥â  âã-à «ì®¥ ç¨á«® n ¨ à ááâ ¢«ï¥â ¢ ªàã�®çª å à §«¨çë¥  âãà «ìë¥ ç¨á«  â ª, çâ®¡ë ¤«ï¢á¥å íâ¨å ç¨á¥« ¢ë¯®«ï«®áì á¢®©áâ¢®:¥á«¨ ç¨á«  a ¨ b ¥ á®¥¤¨¥ë ®âà¥§ª®¬, â® áã¬¬  a2+ b2 ¤®«�  ¡ëâì ¢§ ¨¬® ¯à®áâ  á n,  ¥á«¨ á®¥¤¨¥ë, â® ç¨á«  a2+ b2 ¨ n ¤®«�ë ¨¬¥âì ®¡é¨©  âãà «ìë© ¤¥«¨â¥«ì, ¡®«ìè¨© 1.Ǒà¨ ª ª®¬  ¨¬¥ìè¥¬ n áãé¥áâ¢ã¥â â ª ï à ááâ ®¢ª ?
�â¢¥â: n = 65.�¥è¥¨¥. �¤¥« ¥¬ ¢ ç «¥ âà¨ § ¬¥ç ¨ï.1) n ¥ç¥â®. �¥©áâ¢¨â¥«ì®, ¯ãáâì n ç¥â®. �à¥¤¨ è¥áâ¨ ç¨á¥« ¢á¥£¤  ¥áâì âà¨ ç¨á«  ®¤®©ç¥â®áâ¨, ¨ ¯® ãá«®¢¨î ®¨ ¤®«�ë ¡ëâì ¯®¯ à® á®¥¤¨¥ë. �®   ª àâ¨ª¥ ¥â æ¨ª«®¢ ¤«¨ë 3.2) �á«¨ d | ¤¥«¨â¥«ì n, â® ¥ ¡®«¥¥ ¤¢ãå ç¨á¥« ªà âë d. Ǒãáâì  è«®áì âà¨ â ª¨å ç¨á« .�®£¤  ®¨ ¤®«�ë ¡ëâì ¯®¯ à® á®¥¤¨¥ë ¨, § ç¨â, ®¡à §ãîâ âà¥å§¢¥ë© æ¨ª«.3) �á«¨ q | ¯à®áâ®© ¤¥«¨â¥«ì n,   ¢ æ¥¯®çª¥ (a, b, c, d) ¯®á«¥¤®¢ â¥«ì® á®¥¤¨¥ëå ç¨á¥«áã¬¬  ª¢ ¤à â®¢ «î¡®© ¯ àë á®á¥¤¨å ç¨á¥« ªà â  q, â® (a, b, c, d) ®¡à §ã¥â æ¨ª«. �¥©áâ¢¨â¥«ì®,

a2 + d2 = (

a2 + b2)− (

b2 + c2)+ (

c2 + d2) ... q.â® ¥áâì ç¨á«  a ¨ d â®�¥ á®¥¤¨¥ë.�§ 1) ¨ 3) ¢ëâ¥ª ¥â, çâ® ç¨á«® n ¨¬¥¥â ¯® ªà ©¥© ¬¥à¥ ¤¢  à §«¨çëå ¥ç¥âëå ¯à®áâëå¤¥«¨â¥«ï. Ǒãáâì ¨å à®¢® ¤¢  (áª �¥¬, p ¨ q). Ǒ®ª �¥¬, çâ® ®¨ ®â«¨çë ®â 3, 7, 11. �®¯ãáâ¨¬, ¯à¨¬¥à, çâ® p ∈ {3, 7, 11}. � ¬¥â¨¬, çâ® ¤«ï «î¡®£®  âãà «ì®£® a

a2mod 3 ∈ {0, 1}, a2mod 7 ∈ {0, 1, 2, 4}, a2mod 11 ∈ {0, 1, 3, 4, 5, 9}.Ǒ®íâ®¬ã a2+ b2 ªà â® p â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤    p ¤¥«ïâáï a2 ¨ b2,   § ç¨â, a ¨ b. � á¨«ã 2)íâ®¬ã ãá«®¢¨î ¬®�¥â ã¤®¢«¥â¢®àïâì «¨èì ®¤  ¯ à . �§ ®áâ «ìëå è¥áâ¨ ¯ à á®¥¤¨¥ëå ç¨á¥«¬®�® á®áâ ¢¨âì âà¥å§¢¥ãî ¥æ¨ª«¨ç¥áªãî æ¥¯®çªã ( ¯à¨¬¥à, ¯à®å®¤ïéãî ¯® «¥¢®© ¨ ¢¥àå¥©¨«¨ ¯® ¯à ¢®© ¨ ¨�¥© áâ®à® ¬ ¡®«ìè®£® ¯àï¬®ã£®«ì¨ª ). � íâ®© æ¥¯®çª¥ áã¬¬  ª¢ ¤à â®¢ª �¤®© ¯ àë á®á¥¤¨å ç¨á¥« ªà â  q, çâ® ¯à®â¨¢®à¥ç¨â 3).� ª¨¬ ®¡à §®¬, ¥á«¨ n ¨¬¥¥â à®¢® ¤¢  à §«¨çëå ¥ç¥âëå ¯à®áâëå ¤¥«¨â¥«ï, â® n > 5·13 = 65.�á«¨ �¥ â ª¨å ¤¥«¨â¥«¥© ¡®«ìè¥ ¤¢ãå, â® n > 3 ·5 ·7 = 105 > 65. � ááâ ®¢ª  ¤«ï n = 65 ¯à¨¢¥¤¥   à¨áãª¥. �

6 2 10

517

2. Ǒà¨ x, y, z ∈ (0, 1℄  ©¤¨â¥ ¬ ªá¨¬ «ì®¥ § ç¥¨¥ ¢ëà �¥¨ï
A = √8x4 + y +√8y4 + z +√8z4 + x− 3

x+ y + z
.�â¢¥â: 2.



�¥è¥¨¥. � ¬¥â¨¬, çâ® ¯à¨ x, y ∈ (0, 1℄
√8x4 + y − 1 = √4x4 + 4x4 + y − 1 6

√4x2 + 4x+ 1− 1 = 2x.� «®£¨çë¬ ®¡à §®¬ ¤®ª §ë¢ ¥âáï, çâ®
√3y4 + z − 1 6 2y, √3z4 + x− 1 6 2z.Ǒ®íâ®¬ã

A 6
2x+ 2y + 2z
x+ y + z

= 2.� ¢¥áâ¢® à¥ «¨§ã¥âáï ¯à¨ x = y = z = 1. �3. �¨ £® «ì AC ¢¯¨á ®£® ç¥âëà¥åã£®«ì¨ª  ABCD ï¢«ï¥âáï ¤¨ ¬¥âà®¬ ®¯¨á ®© ¢®ªàã£¥£® ®ªàã�®áâ¨ ω. �§ â®çª¨ D ¯à®¢¥«¨ ¯àï¬ãî, ¯¥à¯¥¤¨ªã«ïàãî ®âà¥§ªã BC, ®  ¢â®-à¨ç® ¯¥à¥á¥ª«  ®ªàã�®áâì ω ¢ â®çª¥ E. � ©¤¨â¥ ®â®è¥¨¥ ¯«®é ¤¥© âà¥ã£®«ì¨ª  BCD¨ ç¥âëà¥åã£®«ì¨ª  ABEC.�â¢¥â: 1.
A

B

C

D

E

N

H

�¥è¥¨¥. Ǒãáâì N | â®çª  ¯¥à¥á¥ç¥¨ï BC ¨ DE, H | ®á®¢ ¨¥ ¯¥à¯¥¤¨ªã«ïà , ®¯ãé¥-®£® ¨§ â®çª¨ A   ¯àï¬ãî DE. Ǒ® ãá«®¢¨î AC | ¤¨ ¬¥âà ®ªàã�®áâ¨. �®£¤  ∠ABC = 90◦,®âªã¤  AB ‖ DE. �à®¬¥ â®£®, ∠ADC = 90◦ ¨
∠ACD = 90◦ − ∠DAC = 90◦ − ∠DEC = 90◦ − ∠NEC = ∠ECB,®âªã¤  AD = BE. � ç¨â, DABE | à ¢®¡¥¤à¥ ï âà ¯¥æ¨ï, ¨

DN = DE − EN = DE −DH = EH.�áâ «®áì § ¬¥â¨âì, çâ®2 · SABEC = BC · EN +BC ·AB = BC · EH = BC ·DN = 2 · SBCD. �4. �  ¤®áª¥  ¯¨á ® ç¨á«® 5555 ¢ á¨áâ¥¬¥ áç¨á«¥¨ï á ç¥âë¬ ®á®¢ ¨¥¬ r (r > 18). Ǒ¥âï¢ëïá¨«, çâ® r-¨ç ï § ¯¨áì x2 ¯à¥¤áâ ¢«ï¥â á®¡®© ¢®áì¬¨§ çë© ¯ «¨¤à®¬, ã ª®â®à®£®à §®áâì ç¥â¢¥àâ®© ¨ âà¥âì¥© æ¨äà à ¢  2. (Ǒ «¨¤à®¬®¬  §ë¢ ¥âáï ç¨á«®, ª®â®à®¥ ç¨-â ¥âáï ®¤¨ ª®¢® á«¥¢   ¯à ¢® ¨ á¯à ¢   «¥¢®). Ǒà¨ ª ª¨å r â ª®¥ ¢®§¬®�®?�â¢¥â: r = 24.



�¥è¥¨¥. �®£®¢®à¨¬áï ¯¨á âì u ≡ v
(mod w

), ¥á«¨ (u− v) ... w. Ǒ® ãá«®¢¨î áãé¥áâ¢ãîâ â ª¨¥
r-¨çë¥ æ¨äàë a, b, c, d, çâ® d− c = 2 ¨25 (r + 1)2(r2 + 1)2 = a (r7 + 1) + b (r6 + r) + c (r5 + r2) + d (r4 + r3). (∗)�¤¥« ¥¬ ¥ª®â®àë¥  ¡«î¤¥¨ï.1) � ª ª ª r6 ≡ −1 (mod (r2 + 1)), á¯à ¢¥¤«¨¢ë à ¢¥áâ¢ 

r7 + 1 ≡ 1− r
(mod (r2 + 1)) ¨ r6 + r ≡ r − 1 (mod (r2 + 1)).�à®¬¥ â®£®, r4 ≡ 1 (mod (r2 + 1)), ®âªã¤ 

r5 + r2 ≡ r − 1 (mod (r2 + 1)) ¨ r4 + r3 ≡ 1− r
(mod (r2 + 1)).�®£¤  ¢ á¨«ã (∗) 0 ≡ (a− b− c+ d)(1− r) (mod (r2 + 1)).� ¬¥â¨¬, çâ® r2+1+(1− r)(r+1) = 2,   ç¨á«  1− r ¨ r2+1 ¥ç¥âë. � ç¨â, ®¨ ¢§ ¨¬® ¯à®áâë,®âªã¤  a− b− c+ d

... (r2 + 1). �®
|a− b− c+ d| 6 2(r − 1) < 2r < r2 + 1.� ç¨â, b− a = d− c = 2.2) � ª ª ª rn ≡ 1 (mod (r − 1)) ¯à¨ «î¡®¬  âãà «ì®¬ n, ¨§ (∗) ¨ 1) ¢ëâ¥ª ¥â, çâ®25 · 16 ≡ 2 (a+ b+ c+ d) = 4 (b+ c) (mod (r − 1)).Ǒ®áª®«ìªã r − 1 ¥ç¥â®,   r − 1 ¤¥«¨âáï ç¨á«® 100− (b+ c).3) Ǒà¨ «î¡®¬  âãà «ì®¬ n

rn = (r + 1− 1)n ≡ (−1)n (1− n(r + 1)) (mod (r + 1)2).Ǒà ¢ ï ç áâì (∗) ªà â  (r + 1)2, ®âªã¤ 0 ≡ (7a− 5b+ 3c− d)(r + 1) (mod (r + 1)2).� ç¨â,   r + 1 ¤¥«¨âáï ç¨á«®7a− 5b+ 3c− d = 7(b− 2)− 5b+ 3c− (c+ 2) = 2 (b+ c)− 16.�®£¤  b+ c− 8 ... (r +1) ¢¢¨¤ã ¥ç¥â®áâ¨ r + 1. Ǒ®íâ®¬ã b+ c = 8 ¨«¨ b+ c = 8+ r +1. �® ¢â®à®¬á«ãç ¥ 0 ≡ 92− (r + 1) ≡ 90 (mod (r − 1)).� ª ª ª r ç¥â® ¨ r − 1 > 17, ¬ë ¯®«ãç ¥¬ r = 46. �®£¤  a = 25 ¨ b = 27, çâ® ¥¢®§¬®�®, â ª ª ª
b = 50 mod 46 = 4. � ç¨â, b+ c = 8. � á¨«ã 2) 92 ... (r − 1), ®âªã¤  r = 24. �� ¬¥ç ¨¥. �á«¨ b+ c = 8 ¨ r = 24, â®

a = 25 mod 24 = 1, b = a+ 2 = 3, c = 8− b = 5, d = c+ 2 = 7.� ¢¥áâ¢® 5555224 = 1357753124 ¯à®¢¥àï¥âáï ¯àï¬ë¬ ¢ëç¨á«¥¨¥¬.5. �   ª¢ ¤à â ï â ¡«¨æ  2023× 2023. � �¤ ï ¥¥ ª«¥âª  ®ªà è¥  ¢ ®¤¨ ¨§ n æ¢¥â®¢. �§-¢¥áâ®, çâ® ¤«ï «î¡ëå è¥áâ¨ ª«¥â®ª ®¤®£® æ¢¥â , à á¯®«®�¥ëå ¢ ®¤®© áâà®ª¥, á¢¥àåã ®â



á ¬®© «¥¢®© ¨§ ¨å ¨ á¨§ã ®â á ¬®© ¯à ¢®© ¨§ ¨å ¥â ª«¥â®ª â®£® �¥ æ¢¥â . Ǒà¨ ª ª®¬ ¨¬¥ìè¥¬ n â ª®¥ ¢®§¬®�®?�â¢¥â: 338.�¥è¥¨¥. � áá¬®âà¨¬ ª ª®©-â® ª®ªà¥âë© æ¢¥â (áª �¥¬, á¨¨©). � ª �¤®© áâà®ª¥ ¯ïâì «¥¢ëåá¨¨å ª«¥â®ª ®â¬¥â¨¬ ªà¥áâ¨ª®¬, ®áâ «ìë¥ | ®«¨ª®¬ (¥á«¨ á¨¨å ª«¥â®ª ¢ áâà®ª¥ ¬¥ìè¥ è¥áâ¨,â® ªà¥áâ¨ª®¬ ¯®¬¥ç ¥¬ ¢á¥ ª«¥âª¨). � ¬¥â¨¬, çâ® ¢ «î¡®¬ áâ®«¡æ¥ ¥áâì ¥ ¡®«¥¥ ®¤®© á¨¥©ª«¥âª¨ á ®«¨ª®¬ (¢ ¯à®â¨¢®¬ á«ãç ¥ ¤«ï á ¬®© ¢¥àå¥© ¨§ ¨å  àãè ¥âáï ãá«®¢¨¥ § ¤ ç¨).� ç¨â, ¢á¥£® ¨¬¥¥âáï ¥ ¡®«ìè¥ 2023 á¨¨å ª«¥â®ª á ®«¨ª®¬. �à®¬¥ â®£®, ç¨á«® á¨¨å ª«¥â®ª áªà¥áâ¨ª®¬ ¥ ¡®«ìè¥, ç¥¬ 5 · 2023. � ª¨¬ ®¡à §®¬, ®¡é¥¥ ª®«¨ç¥áâ¢® á¨¨å ª«¥â®ª ¥ ¯à¥¢®áå®¤¨â2023 + 5 · 2023 = 6 · 2023. �â¨ à ááã�¤¥¨ï á¯à ¢¥¤«¨¢ë ¤«ï «î¡®£® æ¢¥â . Ǒ®íâ®¬ã ®¡é¥¥ ç¨á«®æ¢¥â®¢ ¥ ¬¥ìè¥, ç¥¬ 202326 · 2023 = 20236 = 337 16 .� ç¨â, n > 338.Ǒ®ª �¥¬, çâ® n = 338 à¥ «¨§ã¥âáï. Ǒ®á«¥¤®¢ â¥«ì® § ã¬¥àã¥¬ á¢¥àåã ¢¨§ ¢á¥ ¤¨ £® «¨,¨¤ãé¨¥ á î£®-§ ¯ ¤    á¥¢¥à®-¢®áâ®ª, ç¨á« ¬¨ ®â 1 ¤® 4045. Ǒ¥à¢ë¥ è¥áâì ¤¨ £® «¥© ¯®ªà á¨¬¢ ¯¥à¢ë© æ¢¥â, á«¥¤ãîé¨¥ è¥áâì | ¢® ¢â®à®©, ¨ â ª ¤ «¥¥ ¯® æ¨ª«ã (â® ¥áâì §  338-¬ æ¢¥â®¬ á®¢ ¡ã¤¥â á«¥¤®¢ âì ¯¥à¢ë©). Ǒà®¢¥à¨¬, çâ® íâ  à áªà áª  ã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨. � ¬¥â¨¬,çâ® ¨ ®¤¨ æ¢¥â ¥ ¨á¯®«ì§ã¥âáï ¡®«¥¥ ¤¢ãå à §, ¯®áª®«ìªã 338 · 6 · 2 = 4056 > 4045. Ǒãáâì k-©æ¢¥â ¢áâà¥â¨«áï ¤¢  à § . � ¯¥à¢®¬ ¡«®ª¥ á ¬ ï ¯à ¢ ï ª«¥âª  íâ®£® æ¢¥â  ®ª �¥âáï ¢ áâ®«¡æ¥ á®¬¥à®¬ 6k. �® ¢â®à®¬ ¡«®ª¥ á ¬ ï «¥¢ ï ª«¥âª  íâ®£® æ¢¥â   å®¤¨âáï ¢ áâ®«¡æ¥ á ®¬¥à®¬6 (338 + k − 1) + 1− 2022 = 6k + 1.� ç¨â, ª«¥âª¨ ®¤®£® æ¢¥â  ¨§ à §ëå ¡«®ª®¢ ¥ ¬®£ãâ ®ª § âìáï ¢ ®¤®¬ áâ®«¡æ¥. �



� à¨ â 51. �  ª àâ¨ª¥  à¨á®¢ ® ¥áª®«ìª® ªàã�®çª®¢, á®¥¤¨¥ëå ®âà¥§ª ¬¨. � áâï ¢ë¡¨à ¥â  -âãà «ì®¥ ç¨á«® n ¨ à ááâ ¢«ï¥â ¢ ªàã�®çª å à §«¨çë¥  âãà «ìë¥ ç¨á«  â ª, çâ®¡ë ¤«ï¢á¥å íâ¨å ç¨á¥« ¢ë¯®«ï«®áì á¢®©áâ¢®:¥á«¨ ç¨á«  a ¨ b ¥ á®¥¤¨¥ë ®âà¥§ª®¬, â® à §®áâì a− b ¤®«�  ¡ëâì ¢§ ¨¬® ¯à®áâ  á n,  ¥á«¨ á®¥¤¨¥ë, â® ç¨á«  a− b ¨ n ¤®«�ë ¨¬¥âì ®¡é¨©  âãà «ìë© ¤¥«¨â¥«ì, ¡®«ìè¨© 1.Ǒà¨ ª ª®¬  ¨¬¥ìè¥¬ n áãé¥áâ¢ã¥â â ª ï à ááâ ®¢ª ?
�â¢¥â: n = 5 · 7 · 11 = 385.�¥è¥¨¥. �¤¥« ¥¬ ¤¢  § ¬¥ç ¨ï.1) n ¥ ¤¥«¨âáï   2 ¨ 3. �à¥¤¨ á¥¬¨ ç¨á¥« ¢á¥£¤  ¥áâì âà¨ ç¨á«  ®¤®© ç¥â®áâ¨. �á«¨ n ç¥â®,â® ®¨ ¤®«�ë ¡ëâì ¯®¯ à® á®¥¤¨¥ë. �à®¬¥ â®£®, áà¥¤¨ á¥¬¨ ç¨á¥«  ©¤ãâáï âà¨ ç¨á« , ¤ îé¨¥®¤¨ ª®¢ë¥ ®áâ âª¨ ¯à¨ ¤¥«¥¨¨   3. �á«¨ n ªà â® 3, â® íâ¨ ç¨á«  â®�¥ ®¡à §ãîâ âà¥å§¢¥ë©æ¨ª«. �® â ª¨å æ¨ª«®¢   ª àâ¨ª¥ ¥â.2) �á«¨ p | ¯à®áâ®© ¤¥«¨â¥«ì n, â® áà¥¤¨ âà¥å ¯®á«¥¤®¢ â¥«ì® á®¥¤¨¥ëå ç¨á¥« áãé¥-áâ¢ã¥â ¯ à  á®á¥¤¨å, à §®áâì ª®â®àëå ¥ ªà â  p. Ǒãáâì (a, b, c) | æ¥¯®çª  ¯®á«¥¤®¢ â¥«ì®á®¥¤¨¥ëå ç¨á¥«, ¢ ª®â®à®© a − b ¨ b − c ªà âë p. �®£¤  a − c = (a − b) + (b − c) ... p. � ç¨â,(a, b, c) ®¡à §ã¥â âà¥å§¢¥ë© æ¨ª«, çâ® ¥¢®§¬®�®.Ǒ®ª �¥¬, çâ® ç¨á«® n ¨¬¥¥â ¥ ¬¥¥¥ âà¥å à §«¨çëå ¯à®áâëå ¤¥«¨â¥«¥©. Ǒãáâì p | ¯à®áâ®©¤¥«¨â¥«ì n. �¬¥¥âáï ¥ ¡®«¥¥ âà¥å à §«¨çëå ¯ à (a, b), ¤«ï ª®â®àëå a − b

... p. �á«¨ ¡ë â ª¨å¯ à ¡ë«® 4, â® ª ª¨¥-â® ¤¢¥ ¨§ ¨å ¯¥à¥á¥ª «¨áì ¡ë, çâ® ¯à®â¨¢®à¥ç¨â 2). �® ¢á¥£® ®âà¥§ª ¬¨á®¥¤¨¥® 7 ¯ à ç¨á¥«, ¯®íâ®¬ã n ¨¬¥¥â ¥ ¬¥¥¥ âà¥å à §«¨çëå ¯à®áâëå ¤¥«¨â¥«¥©. � á¨«ã 1)¬¨¨¬ «ì® ¢®§¬®�ë¥ § ç¥¨ï ¤«ï ¨å | 5, 7, 11, â® ¥áâì n > 5 · 7 · 11 = 385. � ááâ ®¢ª  ¤«ï
n = 385 ¯à¨¢¥¤¥    à¨áãª¥. �
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2. Ǒà¨ x, y ∈ (0, 1℄  ©¤¨â¥ ¬ ªá¨¬ «ì®¥ § ç¥¨¥ ¢ëà �¥¨ï
A = (x2 − y)√y + x3 − xy + (y2 − x)√x+ y3 − xy + 1(x− y)2 + 1 .�â¢¥â: 1.�¥è¥¨¥. � ¬¥â¨¬, çâ®

y + x3 − xy − x2 = (

y − x2)(1− x).�á«¨ y > x2, â®
√

y + x3 − xy > x ¨ (x2 − y) (√y + x3 − xy − x
)

6 0,



  ¯à¨ y < x2
√

y + x3 − xy 6 x ¨ (x2 − y) (√y + x3 − xy − x
)

6 0.� ®¡®¨å á«ãç ïå á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® (x2 − y)√y + x3 − xy 6 x3 − xy. �æ¥¨¢ ï   «®£¨çë¬®¡à §®¬ ¢â®à®¥ á« £ ¥¬®¥ ¢ ç¨á«¨â¥«¥ A, ¬ë ¯®«ãç¨¬
A 6

x3 + y3 − 2xy + 1(x− y)2 + 1 6
x2 + y2 − 2xy + 1(x− y)2 + 1 = 1.� ¢¥áâ¢® à¥ «¨§ã¥âáï ¯à¨ x = y = 1. �3. �  áâ®à®¥ AB ®áâà®ã£®«ì®£® âà¥ã£®«ì¨ª  ABC ®â¬¥ç¥  â®çª  M . �ãâà¨ âà¥ã£®«ì¨ª ¢ë¡à   â®çª  D. �ªàã�®áâ¨ ωA ¨ ωB ®¯¨á ë ¢®ªàã£ âà¥ã£®«ì¨ª®¢ AMD ¨ BMD á®®â-¢¥âáâ¢¥®. �â®à®  AC ¢â®à¨ç® ¯¥à¥á¥ª ¥â ®ªàã�®áâì ωA ¢ â®çª¥ P ,   áâ®à®  BC¢â®à¨ç® ¯¥à¥á¥ª ¥â ®ªàã�®áâì ωB ¢ â®çª¥ Q. �ãç PD ¢â®à¨ç® ¯¥à¥á¥ª ¥â ®ªàã�®áâì

ωB ¢ â®çª¥ R,   «ãç QD ¢â®à¨ç® ¯¥à¥á¥ª ¥â ®ªàã�®áâì ωA ¢ â®çª¥ S. � ©¤¨â¥ ®â®è¥¨¥¯«®é ¤¥© âà¥ã£®«ì¨ª®¢ ACR ¨ BCS.�â¢¥â: 1.
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∠PAM = 180◦ − ∠PDM = ∠RDM = ∠RBM,®âªã¤  BR ‖ AC. � ç¨â, à ááâ®ï¨ï ®â â®ç¥ª B ¨ R ¤® ¯àï¬®© AC ®¤¨ ª®¢ë. �®£¤  âà¥ã£®«ì-¨ª¨ ABC ¨ ACR ¨¬¥îâ ®¡é¥¥ ®á®¢ ¨¥ AC ¨ ®¤¨ ª®¢ë¥ ¢ëá®âë, ®¯ãé¥ë¥   AC. Ǒ®íâ®¬ã¯«®é ¤¨ íâ¨å âà¥ã£®«ì¨ª®¢ à ¢ë. �à®¬¥ â®£®,

∠QBM = 180◦ − ∠QDM = ∠MDS = 180◦ − ∠MAS,®âªã¤  AS ‖ BC. � ç¨â, à ááâ®ï¨ï ®â â®ç¥ª A ¨ S ¤® ¯àï¬®© BC ®¤¨ ª®¢ë. �®£¤  âà¥ã£®«ì-¨ª¨ ABC ¨ BCS ¨¬¥îâ ®¡é¥¥ ®á®¢ ¨¥ BC ¨ ®¤¨ ª®¢ë¥ ¢ëá®âë, ®¯ãé¥ë¥   BC. Ǒ®íâ®¬ã¯«®é ¤¨ íâ¨å âà¥ã£®«ì¨ª®¢ â®�¥ à ¢ë. � à¥§ã«ìâ â¥ ¯®«ãç ¥¬ SACR = SABC = SBCS. �4. � á¨áâ¥¬¥ áç¨á«¥¨ï á ®á®¢ ¨¥¬ r (r 6 100)  âãà «ì®¥ ç¨á«® x ï¢«ï¥âáï ¤¢ã§ çë¬á ®¤¨ ª®¢ë¬¨ æ¨äà ¬¨. �ª § «®áì, çâ® r-¨ç ï § ¯¨áì ç¨á«  x2 ç¥âëà¥å§ ç ï, ¯à¨ç¥¬ªà ©¨¥ æ¨äàë ®¤¨ ª®¢ë,   áà¥¤¨¥ à ¢ë ã«î. Ǒà¨ ª ª¨å r â ª®¥ ¢®§¬®�®?�â¢¥â: r = 2 ¨«¨ r = 23.�¥è¥¨¥. � ¯¨è¥¬ ãá«®¢¨¥ ¢ ¢¨¤¥ a2(1+ r)2 = b (1+ r3), £¤¥ a, b | r-¨çë¥ æ¨äàë. �®ªà é ï  1 + r, ¬ë ¯®«ãç¨¬
a2(1 + r) = b (1− r + r2) = b

((1 + r)(r − 2) + 3). (∗)



� ¬¥â¨¬, çâ® ��� (1+r, (1+r)(r−2)+3) à ¢¥ 1 ¨«¨ 3. � ¯¥à¢®¬ á«ãç ¥ b ... (r+1), çâ® ¥¢®§¬®�®,â ª ª ª 0 < b 6 r − 1. � ç¨â, (1 + r) ... 3 ¨ b
... 1 + r3 . �®£¤  b = k (1 + r)3 , £¤¥ k à ¢® 1 ¨«¨ 2.Ǒ®«®�¨¬ 1 + r = 3s. � á¨«ã (∗)3a2s = ks

(3s (3s− 3) + 3) ⇐⇒ a2 = k
(3s (s− 1) + 1).� ª ª ª s (s− 1) ç¥â®, ¯à¨ k = 2 ¬ë ¯®«ãç¨¬ a2 mod 4 = 2, çâ® ¥¢®§¬®�®. � ç¨â, k = 1 ¨4a2 = 3 (4s2 − 4s) + 4 = 3 (2s− 1)2 + 1 ⇐⇒ (2a− 1)(2a+ 1) = 3 (2s− 1)2.�¨á«  2a − 1 ¨ 2a + 1 ¢§ ¨¬® ¯à®áâë, ¯®áª®«ìªã ®¨ ¥ç¥âë ¨ à §«¨ç îâáï   2. �à®¬¥ â®£®,®¤® ¨§ íâ¨å ç¨á¥« ªà â® 3. � ç¨â, 2a− 13 ¨ 2a + 1 ¨«¨ 2a+ 13 ¨ 2a − 1 | â®çë¥ ª¢ ¤à âë.� áá¬®âà¨¬ ¤¢  á«ãç ï.1) 2a − 1 = 3m2. �®£¤  ç¨á«® 3m2 + 2 ¡ã¤¥â â®çë¬ ª¢ ¤à â®¬. �® íâ® ¥¢®§¬®�®, â ª ª ª(3m2 + 2) mod 3 = 2,   ®áâ â®ª ®â ¤¥«¥¨ï   3 ª¢ ¤à â   âãà «ì®£® ç¨á«  ¬®�¥â ¡ëâì à ¢¥â®«ìª® 0 ¨«¨ 1.2) 2a+1 = 3m2. � ª ª ª ç¨á«® 2a+1 ¥ç¥â® ¨ ¥ ¯à¥¢®áå®¤¨â 199, ¤«ï ¥£® ¢®§¬®�ë § ç¥¨ï3, 27, 75, 147. � ¯¥à¢®¬ á«ãç ¥

m = 1, a = 1, 2a− 1 = 1, 2s− 1 = m
√2a− 1 = 1, s = 1, r = 3s− 1 = 2, b = 1,çâ® ã¤®¢«¥â¢®àï¥â ãá«®¢¨î, ¯®áª®«ìªã 1122 = 10012. �® ¢â®à®¬ á«ãç ¥

m = 3, a = 13, 2a− 1 = 25, 2s− 1 = m
√2a− 1 = 15, s = 8, r = 3s− 1 = 23, b = 8,çâ® ã¤®¢«¥â¢®àï¥â ãá«®¢¨î, â ª ª ª DD223 = 800823. � ª¨¬ ®¡à §®¬, r = 2 ¨ r = 23  ¬ ¯®¤å®¤ïâ.�¢  ¯®á«¥¤¨å § ç¥¨ï ¥ £®¤ïâáï, ¯®áª®«ìªã 2a − 1 ¡ã¤¥â à ¢® 73 ¨«¨ 145,   íâ¨ ç¨á«  ¥ï¢«ïîâáï â®çë¬¨ ª¢ ¤à â ¬¨. �5. � ¯ à ««¥«¥¯¨¯¥¤  a × b × c £à ¨ à §¡¨âë   ¥¤¨¨çë¥ ª«¥âª¨. �¬¥¥âáï â ª�¥ ¡®«ìè®¥ª®«¨ç¥áâ¢® âà¥åª«¥â®çëå ¯®«®á®ª, ª®â®àë¥ ¬®�® ¯¥à¥£¨¡ âì ¯® £à ¨æ ¬ ª«¥â®ª. Ǒà¨ ª -ª¨å a, b ¨ c âà¨ £à ¨ ¯ à ««¥«¥¯¨¯¥¤ , ¨¬¥îé¨¥ ®¡éãî ¢¥àè¨ã, ¬®�® ¯®«®áâìî ®¡ª«¥¨âì¯®«®áª ¬¨ ¡¥§  «®�¥¨© ¨ § §®à®¢ â ª, çâ®¡ë ª«¥âª¨ £à ¥© ¨ ¯®«®á®ª á®¢¯ ¤ «¨?�â¢¥â: ¨§ ç¨á¥« a, b, c ¥ ¬¥¥¥ ¤¢ãå ¤¥«ïâáï   3.�¥è¥¨¥. Ǒãáâì ã ¯ à ««¥«¥¯¨¯¥¤  å®âï ¡ë ¤¢  ¨§¬¥à¥¨ï ¤¥«ïâáï   3. �®£¤  ã «î¡®© £à ¨¯ à ««¥«¥¯¨¯¥¤  ¥áâì áâ®à® , ªà â ï 3. � ç¨â, ¬ë ¬®�¥¬ ¯®«®áâìî ®¡ª«¥¨âì £à ì ¯®«®áª ¬¨, ª« ¤ë¢ ï ¨å ¯ à ««¥«ì® íâ®© áâ®à®¥ ¨ ¥ § ¤¥¢ ï ¤àã£¨å £à ¥©. Ǒ®íâ®¬ã â ª ï á¨âã æ¨ïã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨.Ǒãáâì â¥¯¥àì   3 ¤¥«¨âáï ¬¥¥¥ ¤¢ãå ¨§¬¥à¥¨© ¯ à ««¥«¥¯¨¯¥¤ . Ǒ®ª �¥¬, çâ® ®¡ª«¥¨âì¯ à ««¥«¥¯¨¯¥¤ âà¥¡ã¥¬ë¬ ®¡à §®¬ ¥ ã¤ áâáï. � áá¬®âà¨¬ ¤¢  á«ãç ï.1) �®¢® ®¤® ¨§¬¥à¥¨¥ ¯ à ««¥«¥¯¨¯¥¤  ªà â® 3. Ǒãáâì,  ¯à¨¬¥à, a ¤¥«¨âáï   3,   b ¨ c |¥â. �¡é¥¥ ç¨á«® ª«¥â®ª   âà¥å ¢ë¤¥«¥ëå £à ïå à ¢® ab+ bc+ ca, ¨ ®® ¥ ªà â® 3 (ªà ©¨¥á« £ ¥¬ë¥ ¤¥«ïâáï   3, áà¥¤¥¥ | ¥â). Ǒ®íâ®¬ã ¯®«®áâìî ®¡ª«¥¨âì íâ¨ £à ¨ âà¥åª«¥â®çë¬¨¯®«®áª ¬¨ ¥¢®§¬®�®.2) �¨ ®¤® ¨§ ç¨á¥« a, b, c ¥ ¤¥«¨âáï   3. Ǒà®ã¬¥àã¥¬ áâà®ª¨ ¨ áâ®«¡æë   âà¥å ¢ë¤¥«¥ëå£à ïå,  ç¨ ï ®â à¥¡¥à, ®¡é¨å á ¤àã£¨¬¨ ¢ë¤¥«¥ë¬¨ £à ï¬¨. Ǒ®ªà á¨¬ ¢ ç¥àë© æ¢¥â áâà®ª¨¨ áâ®«¡æë á ®¬¥à ¬¨ 2, 5, 8, . . . ,   ®áâ «ìë¥ ª«¥âª¨ | ¢ ¡¥«ë© æ¢¥â. �®£¤    ª �¤®© £à ¨ ¡¥«ë¬¨¡ã¤ãâ ã£«®¢®© ª¢ ¤à â¨ª 1× 1,   â ª�¥ ¥ª®â®à®¥ ª®«¨ç¥áâ¢® ¯àï¬®ã£®«ì¨ª®¢ 2× 1 ¨ ª¢ ¤à â®¢2 × 2. � ç¨â, ç¨á«® ¡¥«ëå ª«¥â®ª   ª �¤®© £à ¨ ¥ç¥â®. Ǒ®íâ®¬ã ¥ç¥âë¬ ¡ã¤¥â ¨ ®¡é¥¥ª®«¨ç¥áâ¢® ¡¥«ëå ª«¥â®ª. � ¤àã£®© áâ®à®ë, «î¡ ï âà¥åª«¥â®ç ï ¯®«®áª  ¯®ªàë¢ ¥â ç¥â®¥ç¨á«® ¡¥«ëå ª«¥â®ª. �®£¤  ®¡é¥¥ ª®«¨ç¥áâ¢® ¡¥«ëå ª«¥â®ª ¤®«�® ¡ëâì ç¥âë¬. Ǒ®«ãç¥®¥¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â, çâ® á«ãç © 2) â ª�¥ ¥¢®§¬®�¥. �



� à¨ â 61. �  ª àâ¨ª¥  à¨á®¢ ® ¥áª®«ìª® ªàã�®çª®¢, á®¥¤¨¥ëå ®âà¥§ª ¬¨. � áâï ¢ë¡¨à ¥â  -âãà «ì®¥ ç¨á«® n ¨ à ááâ ¢«ï¥â ¢ ªàã�®çª å à §«¨çë¥  âãà «ìë¥ ç¨á«  â ª, çâ®¡ë ¤«ï¢á¥å íâ¨å ç¨á¥« ¢ë¯®«ï«®áì á¢®©áâ¢®:¥á«¨ ç¨á«  a ¨ b ¥ á®¥¤¨¥ë ®âà¥§ª®¬, â® à §®áâì a− b ¤®«�  ¡ëâì ¢§ ¨¬® ¯à®áâ  á n,  ¥á«¨ á®¥¤¨¥ë, â® ç¨á«  a− b ¨ n ¤®«�ë ¨¬¥âì ®¡é¨©  âãà «ìë© ¤¥«¨â¥«ì, ¡®«ìè¨© 1.Ǒà¨ ª ª®¬  ¨¬¥ìè¥¬ n áãé¥áâ¢ã¥â â ª ï à ááâ ®¢ª ?
�â¢¥â: n = 3 · 5 · 7 = 105.�¥è¥¨¥. �¤¥« ¥¬ ¤¢  § ¬¥ç ¨ï.1) n ¥ç¥â®. �¥©áâ¢¨â¥«ì®, ¯ãáâì n ç¥â®. �à¥¤¨ è¥áâ¨ ç¨á¥« ¢á¥£¤  ¥áâì âà¨ ç¨á«  ®¤®©ç¥â®áâ¨, ¨ ¯® ãá«®¢¨î ®¨ ¤®«�ë ¡ëâì ¯®¯ à® á®¥¤¨¥ë. �®   ª àâ¨ª¥ ¥â æ¨ª«®¢ ¤«¨ë 3.2) �á«¨ p | ¯à®áâ®© ¤¥«¨â¥«ì n, â® áà¥¤¨ âà¥å ¯®á«¥¤®¢ â¥«ì® á®¥¤¨¥ëå ç¨á¥« áãé¥-áâ¢ã¥â ¯ à  á®á¥¤¨å, à §®áâì ª®â®àëå ¥ ªà â  p. Ǒãáâì (a, b, c) | æ¥¯®çª  ¯®á«¥¤®¢ â¥«ì®á®¥¤¨¥ëå ç¨á¥«, ¢ ª®â®à®© a − b ¨ b − c ªà âë p. �®£¤  a − c = (a − b) + (b − c) ... p. � ç¨â,(a, b, c) ®¡à §ã¥â âà¥å§¢¥ë© æ¨ª«, çâ® ¥¢®§¬®�®.Ǒ®ª �¥¬, çâ® ç¨á«® n ¨¬¥¥â ¥ ¬¥¥¥ âà¥å à §«¨çëå ¯à®áâëå ¤¥«¨â¥«¥©. Ǒãáâì p | ¯à®áâ®©¤¥«¨â¥«ì n. �¬¥¥âáï ¥ ¡®«¥¥ âà¥å à §«¨çëå ¯ à (a, b), ¤«ï ª®â®àëå a − b

... p. �á«¨ ¡ë â ª¨å¯ à ¡ë«® 4, â® ª ª¨¥-â® ¤¢¥ ¨§ ¨å ¯¥à¥á¥ª «¨áì ¡ë, çâ® ¯à®â¨¢®à¥ç¨â 2). �® ¢á¥£® ®âà¥§ª ¬¨á®¥¤¨¥® 7 ¯ à ç¨á¥«, ¯®íâ®¬ã n ¨¬¥¥â ¥ ¬¥¥¥ âà¥å à §«¨çëå ¯à®áâëå ¤¥«¨â¥«¥©. � á¨«ã 1)¬¨¨¬ «ì® ¢®§¬®�ë¥ § ç¥¨ï ¤«ï ¨å | 3, 5, 7, â® ¥áâì n > 3 · 5 · 7 = 105. � ááâ ®¢ª  ¤«ï
n = 105 ¯à¨¢¥¤¥    à¨áãª¥. �
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2. Ǒà¨ x, y ∈ [1, 3℄  ©¤¨â¥ ¬¨¨¬ «ì®¥ § ç¥¨¥ ¢ëà �¥¨ï
A = (3xy + x2)√3xy + x− 3y + (3xy + y2)√3xy + y − 3x

x2y + y2x .�â¢¥â: 4.�¥è¥¨¥. � ¬¥â¨¬, çâ® 3xy + x− 3y − x2 = (3y − x)(x − 1) > 0,¯®áª®«ìªã x > 1 ¨ x 6 3 6 3y. �®£¤ 
(3xy + x2)√3xy + x− 3y > 3x2y + x3 ¨,   «®£¨ç®, (3xy + y2)√3xy + y − 3x > 3y2x+ y3.�à®¬¥ â®£®, ¯® ¥à ¢¥áâ¢ã �®è

ẍ2y + y2x = xy (x+ y) 6 14 (x + y)3.Ǒ®íâ®¬ã
A >

3xy (x+ y) + x3 + y314 (x+ y)3 = 4 · (x+ y)3(x+ y)3 = 4.



� ¢¥áâ¢® à¥ «¨§ã¥âáï ¯à¨ x = y = 1. �3. �  áâ®à®¥ BC âà¥ã£®«ì¨ª  ABC á âã¯ë¬ ã£«®¬ C ®â¬¥ç¥  â®çª  M . �®çª  D ¢ë¡à  â ª, çâ® âà¥ã£®«ì¨ª BCD ®áâà®ã£®«ìë©,   â®çª¨ A ¨ D «¥� â ¯® à §ë¥ áâ®à®ë ®â ¯àï-¬®© BC. �ªàã�®áâ¨ ωB ¨ ωC ®¯¨á ë ¢®ªàã£ âà¥ã£®«ì¨ª®¢ BMD ¨ CMD á®®â¢¥âáâ¢¥®.�â®à®  AB ¢â®à¨ç® ¯¥à¥á¥ª ¥â ®ªàã�®áâì ωB ¢ â®çª¥ P ,   «ãç AC ¢â®à¨ç® ¯¥à¥á¥ª -¥â ®ªàã�®áâì ωC ¢ â®çª¥ Q. �âà¥§®ª PD ¢â®à¨ç® ¯¥à¥á¥ª ¥â ®ªàã�®áâì ωC ¢ â®çª¥
R,   «ãç QD ¢â®à¨ç® ¯¥à¥á¥ª ¥â ®ªàã�®áâì ωB ¢ â®çª¥ S. � ©¤¨â¥ ®â®è¥¨¥ ¯«®é ¤¥©âà¥ã£®«ì¨ª®¢ ABR ¨ ACS.�â¢¥â: 1.
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�¥è¥¨¥. � ¬¥â¨¬, çâ®
∠SBM = 180◦ − ∠SDM = ∠MDQ = 180◦ − ∠MCQ,®âªã¤  SB ‖ AC. � ç¨â, à ááâ®ï¨ï ®â â®ç¥ª B ¨ S ¤® ¯àï¬®© AC ®¤¨ ª®¢ë. �®£¤  âà¥ã£®«ì¨ª¨

ABC ¨ ASC ¨¬¥îâ ®¡é¥¥ ®á®¢ ¨¥ AC ¨ à ¢ë¥ ¢ëá®âë, ®¯ãé¥ë¥   AC. Ǒ®íâ®¬ã ¯«®é ¤¨íâ¨å âà¥ã£®«ì¨ª®¢ à ¢ë. �à®¬¥ â®£®,
∠PBM = ∠PDM = ∠RDM = ∠RCM,®âªã¤  BP ‖ RC. � ç¨â, à ááâ®ï¨ï ®â â®ç¥ª R ¨ C ¤® ¯àï¬®© AB ®¤¨ ª®¢ë. �®£¤  âà¥ã£®«ì¨ª¨

ABC ¨ ABR ¨¬¥îâ ®¡é¥¥ ®á®¢ ¨¥ AB ¨ à ¢ë¥ ¢ëá®âë, ®¯ãé¥ë¥   AB. Ǒ®íâ®¬ã ¯«®é ¤¨íâ¨å âà¥ã£®«ì¨ª®¢ â®�¥ à ¢ë. � à¥§ã«ìâ â¥ ¯®«ãç ¥¬ SASC = SABC = SABR. �4. � ¯¨áì  âãà «ì®£® ç¨á«  x ¢ á¨áâ¥¬¥ áç¨á«¥¨ï á ®á®¢ ¨¥¬ 23 á®áâ®¨â ¨§ 2m ®¤¨ ª®¢ëåæ¨äà. �ª § «®áì, çâ® ¢ 23-¨ç®© § ¯¨á¨ ç¨á«  x2 ªà ©¨¥ æ¨äàë ®¤¨ ª®¢ë,   ®áâ «ìë¥ 4m−2æ¨äàë à ¢ë ã«î. � ©¤¨â¥ ¢á¥ â ª¨¥ ç¨á«  x. �â¢¥â ¤ ©â¥ ¢ 23-¨ç®© á¨áâ¥¬¥ áç¨á«¥¨ï.(�¨äàë ®â 10 ¤® 22 ®¡®§ ç îâáï « â¨áª¨¬¨ ¡ãª¢ ¬¨ ®â A ¤® M .)�â¢¥â: x = DD23.�¥è¥¨¥. �®£®¢®à¨¬áï ¯¨á âì u ≡ v
(mod w

), ¥á«¨ (u − v) ... w. Ǒãáâì n = 2m. Ǒ® ãá«®¢¨î¯à¨ ¥ª®â®àëå 23-¨çëå æ¨äà å a ¨ b á¯à ¢¥¤«¨¢® à ¢¥áâ¢®
a2(1 + 23 + 232 + . . .+ 23n−1)2 = b

(1 + 232n−1) (1)¨«¨, ¢ ¤àã£®¬ ¢¨¤¥,
a2(23n − 1)2 = 222 · b (1 + 232n−1). (2)� ª ª ª 23k ≡ (−1)k (mod 24),   n ç¥â®, «¥¢ ï ç áâì (1) ªà â  242. � ç¨â,   242 ¤¥«¨âáï ¨¯à ¢ ï ç áâì (1). � ¬¥â¨¬, çâ®1 + 232n−1 ≡ 1 + (24− 1)2n−1 ≡ (2n− 1) · 24 (mod 242).



Ǒ®íâ®¬ã b (2n− 1) ... 24, ®âªã¤  b
... 8. �®£¤  b = 8 ¨«¨ b = 16. �®1 + 232n−1 ≡ 1 + 72n−1 = 1 + 7 · 49n−1 ≡ 8 (mod 16).� ª¨¬ ®¡à §®¬, ç¨á«® 232n−1+1 ¤¥«¨âáï   8 ¨ ¥ ¤¥«¨âáï   16,   ¯®â®¬ã ®® ¥ ï¢«ï¥âáï â®çë¬ª¢ ¤à â®¬. � ç¨â, á«ãç © b = 16 ¥¢®§¬®�¥. Ǒ®¤áâ ¢«ïï b = 8 ¢ (2), ¬ë ¯®«ãç¨¬

a2(1− 2 · 23n + 232n) = 222 · 8 · (1 + 232n−1) ⇐⇒ 232n−1(23a2 − 222 · 8) = 2a2 · 23n − a2 + 222 · 8.Ǒ®áª®«ìªã ¯à ¢ ï ç áâì ¯®«®�¨â¥«ì , ¢¥à® ¥à ¢¥áâ¢® 23a2 − 222 · 8 > 1, ®âªã¤ 232n−1
6 2a2 · 23n − a2 + 222 · 8 < 2 · 222 · 23n + 222 · 8 < 3 · 222 · 23n ¨ 23n−1 < 3 · 222.�§ ç¥âëå n íâ®¬ã ãá«®¢¨î ã¤®¢«¥â¢®àï¥â â®«ìª® n = 2. Ǒ®¤áâ ¢¨¬ ¥£® ¢ (1):242 · a2 = 8 (1 + 233) ⇐⇒ a2 = 169⇐⇒ a = 13 = D23.�áâ «®áì § ¬¥â¨âì, çâ® DD223 = 800823. �5. � ¯ à ««¥«¥¯¨¯¥¤  a × b × c £à ¨ à §¡¨âë   ¥¤¨¨çë¥ ª«¥âª¨. �¬¥¥âáï â ª�¥ ¡®«ìè®¥ª®«¨ç¥áâ¢® ¯ïâ¨ª«¥â®çëå ¯®«®á®ª, ª®â®àë¥ ¬®�® ¯¥à¥£¨¡ âì ¯® £à ¨æ ¬ ª«¥â®ª. Ǒà¨ ª -ª¨å a, b ¨ c âà¨ £à ¨ ¯ à ««¥«¥¯¨¯¥¤ , ¨¬¥îé¨¥ ®¡éãî ¢¥àè¨ã, ¬®�® ¯®«®áâìî ®¡ª«¥¨âì¯®«®áª ¬¨ ¡¥§  «®�¥¨© ¨ § §®à®¢ â ª, çâ®¡ë ª«¥âª¨ £à ¥© ¨ ¯®«®á®ª á®¢¯ ¤ «¨?�â¢¥â: ¨§ ç¨á¥« a, b, c ¥ ¬¥¥¥ ¤¢ãå ¤¥«ïâáï   5.�¥è¥¨¥. Ǒãáâì ã ¯ à ««¥«¥¯¨¯¥¤  å®âï ¡ë ¤¢  ¨§¬¥à¥¨ï ¤¥«ïâáï   5. �®£¤  ã «î¡®© £à ¨¯ à ««¥«¥¯¨¯¥¤  ¥áâì áâ®à® , ªà â ï 5. � ç¨â, ¬ë ¬®�¥¬ ¯®«®áâìî ®¡ª«¥¨âì £à ì ¯®«®áª ¬¨, ª« ¤ë¢ ï ¨å ¯ à ««¥«ì® íâ®© áâ®à®¥ ¨ ¥ § ¤¥¢ ï ¤àã£¨å £à ¥©. Ǒ®íâ®¬ã â ª ï á¨âã æ¨ïã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨.Ǒãáâì â¥¯¥àì   5 ¤¥«¨âáï ¬¥¥¥ ¤¢ãå ¨§¬¥à¥¨© ¯ à ««¥«¥¯¨¯¥¤ . Ǒ®ª �¥¬, çâ® ®¡ª«¥¨âì¯ à ««¥«¥¯¨¯¥¤ âà¥¡ã¥¬ë¬ ®¡à §®¬ ¥ ã¤ áâáï. � áá¬®âà¨¬ ¤¢  á«ãç ï.1) �®¢® ®¤® ¨§¬¥à¥¨¥ ¯ à ««¥«¥¯¨¯¥¤  ªà â® 5. Ǒãáâì,  ¯à¨¬¥à, a ¤¥«¨âáï   5,   b ¨ c |¥â. �¡é¥¥ ç¨á«® ª«¥â®ª   âà¥å ¢ë¤¥«¥ëå £à ïå à ¢® ab+ bc+ ca, ¨ ®® ¥ ªà â® 5 (ªà ©¨¥á« £ ¥¬ë¥ ¤¥«ïâáï   5, áà¥¤¥¥ | ¥â). Ǒ®íâ®¬ã ¯®«®áâìî ®¡ª«¥¨âì íâ¨ £à ¨ ¯ïâ¨ª«¥â®çë¬¨¯®«®áª ¬¨ ¥¢®§¬®�®.2) �¨ ®¤® ¨§ ç¨á¥« a, b, c ¥ ¤¥«¨âáï   5. Ǒà®ã¬¥àã¥¬ áâà®ª¨ ¨ áâ®«¡æë   âà¥å ¢ë¤¥«¥ëå£à ïå,  ç¨ ï ®â à¥¡¥à, ®¡é¨å á ¤àã£¨¬¨ ¢ë¤¥«¥ë¬¨ £à ï¬¨. Ǒ®ªà á¨¬ ¢ ç¥àë© æ¢¥â áâà®-ª¨ ¨ áâ®«¡æë á ®¬¥à ¬¨ 2, 3, 4, 7, 8, 9, 12, 13, 14 . . . ,   ®áâ «ìë¥ ª«¥âª¨ | ¢ ¡¥«ë© æ¢¥â. �®£¤   ª �¤®© £à ¨ ¡¥«ë¬¨ ¡ã¤ãâ ã£«®¢®© ª¢ ¤à â¨ª 1 × 1,   â ª�¥ ¥ª®â®à®¥ ª®«¨ç¥áâ¢® ¯àï¬®ã£®«ì-¨ª®¢ 2 × 1 ¨ ª¢ ¤à â®¢ 2 × 2. � ç¨â, ç¨á«® ¡¥«ëå ª«¥â®ª   ª �¤®© £à ¨ ¥ç¥â®. Ǒ®íâ®¬ã¥ç¥âë¬ ¡ã¤¥â ¨ ®¡é¥¥ ª®«¨ç¥áâ¢® ¡¥«ëå ª«¥â®ª. � ¤àã£®© áâ®à®ë, «î¡ ï ¯ïâ¨ª«¥â®ç ï ¯®-«®áª  ¯®ªàë¢ ¥â ç¥â®¥ ç¨á«® ¡¥«ëå ª«¥â®ª. �®£¤  ®¡é¥¥ ª®«¨ç¥áâ¢® ¡¥«ëå ª«¥â®ª ¤®«�® ¡ëâìç¥âë¬. Ǒ®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â, çâ® á«ãç © 2) â ª�¥ ¥¢®§¬®�¥. �



� à¨ â 71. �  ª àâ¨ª¥  à¨á®¢ ® ¥áª®«ìª® ªàã�®çª®¢, á®¥¤¨¥ëå ®âà¥§ª ¬¨. �®áâï ¢ë¡¨à ¥â  -âãà «ì®¥ ç¨á«® n ¨ à ááâ ¢«ï¥â ¢ ªàã�®çª å à §«¨çë¥  âãà «ìë¥ ç¨á«  â ª, çâ®¡ë ¤«ï¢á¥å íâ¨å ç¨á¥« ¢ë¯®«ï«®áì á¢®©áâ¢®:¥á«¨ ç¨á«  a ¨ b ¥ á®¥¤¨¥ë ®âà¥§ª®¬, â® áã¬¬  a + b ¤®«�  ¡ëâì ¢§ ¨¬® ¯à®áâ  á n,  ¥á«¨ á®¥¤¨¥ë, â® ç¨á«  a+ b ¨ n ¤®«�ë ¨¬¥âì ®¡é¨©  âãà «ìë© ¤¥«¨â¥«ì, ¡®«ìè¨© 1.Ǒà¨ ª ª®¬  ¨¬¥ìè¥¬ n áãé¥áâ¢ã¥â â ª ï à ááâ ®¢ª ?
�â¢¥â: n = 15.�¥è¥¨¥. �¤¥« ¥¬ ¤¢  § ¬¥ç ¨ï.1) n ¥ç¥â®. �¥©áâ¢¨â¥«ì®, ¯ãáâì n ç¥â®. �à¥¤¨ ¯ïâ¨ ç¨á¥« ¢á¥£¤  ¥áâì âà¨ ç¨á«  ®¤®©ç¥â®áâ¨, ¨ ¯® ãá«®¢¨î ®¨ ¤®«�ë ¡ëâì ¯®¯ à® á®¥¤¨¥ë. �®   ª àâ¨ª¥ ¥â æ¨ª«®¢ ¤«¨ë 3.2) n ¨¬¥¥â ¥ ¬¥¥¥ ¤¢ãå à §«¨çëå ¯à®áâëå ¤¥«¨â¥«¥©. Ǒãáâì n | áâ¥¯¥ì ¯à®áâ®£® ç¨á«  p.�®§ì¬¥¬ æ¥¯®çªã (a, b, c, d) ¯®á«¥¤®¢ â¥«ì® á®¥¤¨¥ëå ç¨á¥«. Ǒ® ãá«®¢¨î

a+ d = (a+ b)− (b+ c) + (c+ d) ... p.�®£¤  ç¨á«  a ¨ d â®�¥ á®¥¤¨¥ë, â® ¥áâì   ª àâ¨ª¥ ¯®«ãç¨«áï æ¨ª« ¤«¨ë 4, ª®â®à®£® â ¬ ¥â.� ª¨¬ ®¡à §®¬, ç¨á«® n ¨¬¥¥â ¯® ªà ©¥© ¬¥à¥ ¤¢  à §«¨çëå ¥ç¥âëå ¯à®áâëå ¤¥«¨â¥«ï,®âªã¤  n > 15. � ááâ ®¢ª  ¤«ï n = 15 ¯à¨¢¥¤¥    à¨áãª¥. �
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3

2. Ǒà¨ x, y, z ∈ (0, 1℄  ©¤¨â¥ ¬¨¨¬ «ì®¥ § ç¥¨¥ ¢ëà �¥¨ï
A = (x+ 2y)√x+ y − xy + (y + 2z)√y + z − yz + (z + 2x)√z + x− zx

xy + yz + zx
.�â¢¥â: 3.�¥è¥¨¥. � ¬¥â¨¬, çâ® ¯à¨ x, y ∈ (0, 1℄

√
x+ y − xy = √

x+ y(1− x) > √
x > x.�®£¤  (x + 2y)√x+ y − xy > x2 + 2xy ¨,   «®£¨ç®,(y + 2z)√y + z − yz > y2 + 2yz, (z + 2x)√z + x− zx > z2 + 2zx.Ǒ®íâ®¬ã

A >
x2 + y2 + z2 + 2xy + 2yz + 2zx

xy + yz + zx
= (x+ y + z)2

xy + yz + zx
> 3.



� ¢¥áâ¢® à¥ «¨§ã¥âáï ¯à¨ x = y = z = 1. �3. �  áâ®à® å BC ¨ AD ¢¯¨á ®£® ç¥âëà¥åã£®«ì¨ª  ABCD ®â¬¥ç¥ë â®çª¨ K ¨ M á®®â-¢¥âáâ¢¥®, ¯à¨ç¥¬ BK : KC = AM : MD. �  ®âà¥§ª¥ KM ¢ë¡à   â ª ï â®çª  L, çâ®
KL : LM = BC : AD. � ©¤¨â¥ ®â®è¥¨¥ ¯«®é ¤¥© âà¥ã£®«ì¨ª®¢ ACL ¨ BDL, ¥á«¨ ¨§¢¥áâ-®, çâ® AC = p ¨ BD = q.�â¢¥â: p

q
.

O

A

B

CD

M
K

L

�¥è¥¨¥. �¡®§ ç¨¬ ç¥à¥§ O â®çªã ¯¥à¥á¥ç¥¨ï AC ¨ BD. � á¨«ã ¢¯¨á ®áâ¨ ABCD âà¥-ã£®«ì¨ª¨ AOD ¨ BOC ¯®¤®¡ë ¯® ¤¢ã¬ ã£« ¬, ®âªã¤  OC
OD

= BC
AD

. �à®¬¥ â®£®, ¯® ãá«®¢¨î
KC

BK
= MD

AM
⇐⇒ KC

BC
= MD

AD
=⇒ KC

MD
= BC

AD
= OC

OD
.� ª®¥æ, ∠KCO = ∠MDO ª ª ¢¯¨á ë¥ ã£«ë, ®¯¨à îé¨¥áï   ¤ã£ã AB. � ç¨â, âà¥ã£®«ì¨ª¨

KCO ¨ MDO ¯®¤®¡ë á ª®íää¨æ¨¥â®¬ BC
AD

. �âáî¤  ∠KOC = ∠MOD ¨ ¯® ãá«®¢¨î
OK

OM
= BC

AD
= KL

LM
.Ǒ®íâ®¬ã OL | ¡¨áá¥ªâà¨á  âà¥ã£®«ì¨ª  MOK. �®£¤ 

∠COL = ∠KOL− ∠KOC = ∠MOL− ∠MOD = ∠DOL.� ç¨â, â®çª  L à ¢®ã¤ «¥  ®â ¯àï¬ëå AC ¨ BD, â® ¥áâì ®¤¨ ª®¢ë ¢ëá®âë âà¥ã£®«ì¨ª®¢ ACL¨ BDL, ®¯ãé¥ë¥ ¨§ â®çª¨ L. � ª¨¬ ®¡à §®¬, ®â®è¥¨¥ ¯«®é ¤¥© íâ¨å âà¥ã£®«ì¨ª®¢ à ¢®
AC
BD

= p
q
. �4. � âãà «ì®¥ ç¨á«® x ¢ á¨áâ¥¬¥ áç¨á«¥¨ï á ®á®¢ ¨¥¬ r (r > 3) ¨¬¥¥â ¢¨¤ ppqq, ¯à¨ç¥¬

q = 2p. �ª § «®áì, çâ® r-¨ç ï § ¯¨áì ç¨á«  x2 ¯à¥¤áâ ¢«ï¥â á®¡®© á¥¬¨§ çë© ¯ «¨¤à®¬ áâà¥¬ï ®¤¨ ª®¢ë¬¨ áà¥¤¨¬¨ æ¨äà ¬¨. (Ǒ «¨¤à®¬®¬  §ë¢ ¥âáï ç¨á«®, ª®â®à®¥ ç¨â ¥âáï®¤¨ ª®¢® á«¥¢   ¯à ¢® ¨ á¯à ¢   «¥¢®). Ǒà¨ ª ª¨å r â ª®¥ ¢®§¬®�®?�â¢¥â: r = 3n2, £¤¥ n |  âãà «ì®¥ ç¨á«®, n > 1.�¥è¥¨¥. �®£®¢®à¨¬áï ¯¨á âì u ≡ v
(mod w

), ¥á«¨ (u − v) ... w. � ¬¥â¨¬, çâ®
x = ppqqr = (pr2 + q)(r + 1) = p (r2 + 2)(r + 1).�§ ãá«®¢¨ï   x2 ¢ëâ¥ª ¥â à ¢¥áâ¢®

p2(r2 + 2)2(r2 + 2r + 1) = a
(1 + r6)+ b

(

r + r5)+ c
(

r2 + r3 + r4), (∗)



£¤¥ a, b, c | ¥ª®â®àë¥ r-¨çë¥ æ¨äàë. �¤¥« ¥¬ ¥áª®«ìª®  ¡«î¤¥¨©.1) Ǒà¨ «î¡®¬  âãà «ì®¬ n

rn = (1 + r − 1)n ≡ (−1)n (1− n (1 + r)) (mod (1 + r)2).Ǒà ¢ ï ç áâì (∗) ªà â  (1 + r)2, ®âªã¤ 0 ≡ a
(2− 6 (1 + r))− b

(2− 6 (1 + r))+ c
(1− 3 (1 + r)) = (1− 3 (1 + r))(2a− 2b+ c) (mod (1 + r)2).Ǒ®áª®«ìªã 1−3 (1+ r) ¢§ ¨¬® ¯à®áâ® á (1+ r)2,   (1+ r)2 ¤¥«¨âáï 2a−2b+ c. �® íâ® ç¨á«® «¥�¨â¢ ¨â¥à¢ «¥ (−2r, 3r) ⊂ (

−(1 + r)2, (1 + r)2), ®âªã¤  2a = 2b− c.2) Ǒà¨à ¢ï¥¬ ®áâ âª¨ «¥¢®© ¨ ¯à ¢®© ç áâ¥© (∗) ®â ¤¥«¥¨ï   1 + r2. � á¨«ã 1)2p2r ≡ br(1 + r4) + cr3 ≡ (2b− c)r = 2ar (mod (1 + r2)).Ǒ®áª®«ìªã r ¢§ ¨¬® ¯à®áâ® á 1 + r2,   1 + r2 ¤¥«¨âáï 2 (p2 − a). �®2 (p2 − a) < 2p2 < q2 < r2 < 1 + r2, 2 (p2 − a) > −2a > −2r > −1− r2.� ª¨¬ ®¡à §®¬, a = p2.3) Ǒà¨à ¢ï¥¬ ®áâ âª¨ «¥¢®© ¨ ¯à ¢®© ç áâ¥© (∗) ®â ¤¥«¥¨ï   r:4p2 ≡ a
(mod r

)

⇐⇒ 4a ≡ a
(mod r

)

⇐⇒ 3a ... r ⇐⇒ 3a = r ¨«¨ 3a = 2r,¯®áª®«ìªã 3a < 3r. �®£¤  ¢ á¨«ã 2) r = 3p2 ¨«¨ r = 3p22 . �® ¢â®à®¬ á«ãç ¥
x2 > p2(r6 + 2r5) = r6(p2 + 2p2

r

) = r6 (p2 + 43) > r6(p2 + 1).Ǒ®íâ®¬ã áâ àè ï æ¨äà  x2 ¡®«ìè¥ p2,   ¬« ¤è ï ¢ á¨«ã (∗) à ¢  p2. � ç¨â, x2 ¥ ï¢«ï¥âáï¯ «¨¤à®¬®¬ ¨ r = 3p22  ¬ ¥ ¯®¤å®¤¨â.Ǒãáâì â¥¯¥àì r = 3p2. Ǒ®ª �¥¬, çâ® x2 ¡ã¤¥â ¯ «¨¤à®¬®¬ âà¥¡ã¥¬®£® ¢¨¤  ¯à¨ «î¡®¬ p > 1.� áªà®¥¬ áª®¡ª¨ ¢ «¥¢®© ç áâ¨ (∗):
x2 = p2 (r4 + 4r2 + 4)(r2 + 2r + 1) = 4p2 + 8p2r + 8p2r2 + 8p2r3 + 5p2r4 + 2p2r5 + p2r6 == p2 + (2p2 + 1) r + (2p2 + 2) r2 + (2p2 + 2) r3 + (2p2 + 2) r4 + (2p2 + 1) r5 + p2r6(¢ ¯®á«¥¤¥© áâà®ª¥ á« £ ¥¬ë¥ ¯¥à¥£àã¯¯¨à®¢ ë á ãç¥â®¬ à ¢¥áâ¢  3p2 = r). �®íää¨æ¨¥âë ¯à¨áâ¥¯¥ïå r ï¢«ïîâáï r-¨çë¬¨ æ¨äà ¬¨ x2, ¯®áª®«ìªã ¢á¥ ®¨ ¥ ¯à¥¢®áå®¤ïâ 2p2+2 = r+2−p2 < r.�â¨ æ¨äàë, ®ç¥¢¨¤®, ã¤®¢«¥â¢®àïîâ ãá«®¢¨î § ¤ ç¨. �5. �®áª  m × n (m,n > 5) à §à¥§     ä¨£ãàª¨ ¨§ è¥áâ¨ ¥¤¨¨çëå ª¢ ¤à â¨ª®¢ ¢¨¤ (ä¨£ãàª¨ ¬®�® ¯®¢®à ç¨¢ âì ¨ ¯¥à¥¢®à ç¨¢ âì). Ǒà¨ ª ª¨å m ¨ n â ª®¥ ¢®§¬®�®?�â¢¥â: ¯à¨ ¢á¥å m ¨ n, áà¥¤¨ ª®â®àëå ¨¬¥¥âáï ¨ ªà â®¥ 3, ¨ ªà â®¥ 4.�¥è¥¨¥. Ǒà¥¤¯®«®�¨¬, çâ® ¤®áªã m × n ¬®�® à §à¥§ âì âà¥¡ã¥¬ë¬ ®¡à §®¬. Ǒ®áª®«ìªã ¢ª �¤®© ä¨£ãàª¥ è¥áâì ª«¥â®ª, ®¡é¥¥ ª®«¨ç¥áâ¢® ª«¥â®ª   ¤®áª¥ ªà â® 6. �®£¤  áà¥¤¨ m ¨ n¨¬¥¥âáï ç¥â®¥ ç¨á«® (¯ãáâì ¤«ï ®¯à¥¤¥«¥®áâ¨ íâ® m). �à®¬¥ â®£®, ®¤® ¨§ íâ¨å ç¨á¥« ªà â® 3.Ǒ®ª �¥¬, çâ® m ¨«¨ n ¤¥«¨âáï â ª�¥   4. Ǒãáâì íâ® ¥ â ª. Ǒà®¢¥¤¥¬ £®à¨§®â «ìë¥ ¨ ¢¥à-â¨ª «ìë¥ «¨¨¨ á è £®¬ ¢ ¤¢¥ ª«¥âª¨,  ç¨ ï á ¢¥àå¥£® ¨ «¥¢®£® ªà ¥¢ ¤®áª¨ á®®â¢¥âáâ¢¥®.�¨ à §®¡ìîâ ¤®áªã   ª¢ ¤à âë 2× 2 ¨, ¢®§¬®�®, ¥ª®â®à®¥ ª®«¨ç¥áâ¢® ¯àï¬®ã£®«ì¨ª®¢ 2× 1



(ª®â®àë¥ ¯®ï¢ïâáï â®«ìª® ¯à¨ ¥ç¥â®¬ n). � áªà á¨¬ íâ¨ ª¢ ¤à âë ¨ ¯àï¬®ã£®«ì¨ª¨ ¢ è å¬ â-®¬ ¯®àï¤ª¥ ¢ ¡¥«ë© ¨ ç¥àë© æ¢¥â . Ǒãáâì ¢ ¯®«®áª¥ 2×n, ®âá¥ª ¥¬®© ¤¢ã¬ï á®á¥¤¨¬¨ «¨¨ï¬¨,¨¬¥¥âáï p ¡¥«ëå ¨ q ç¥àëå ª«¥â®ª. �®£¤  p 6= q, ¯®áª®«ìªã n ¥ ¤¥«¨âáï   4. � á®á¥¤¥© ¯®«®áª¥2× n ¡ã¤¥â,  ®¡®à®â, q ¡¥«ëå ¨ p ç¥àëå ª«¥â®ª. � ç¨â, áã¬¬ à®¥ ª®«¨ç¥áâ¢® ¡¥«ëå ¨ ç¥àëåª«¥â®ª ¢ ®¡ê¥¤¨¥¨¨ íâ¨å ¤¢ãå ¯®«®á®ª ®¤¨ ª®¢®¥. �® ®¡é¥¥ ç¨á«® ¯®«®á®ª 2 × n ¥ç¥â®, â ªª ª m ¥ ¤¥«¨âáï   4. Ǒ®íâ®¬ã   ¢á¥© ¤®áª¥ ¡¥«ëå ¨ ç¥àëå ª«¥â®ª ¯®à®¢ã ¡ëâì ¥ ¬®�¥â.� ¤àã£®© áâ®à®ë, ¢ ª �¤®© è¥áâ¨ª«¥â®ç®© ä¨£ãàª¥ ç¥àëå ¨ ¡¥«ëå ª«¥â®ª ¡ã¤¥â ¯®à®¢ã,  â®£¤  íâ® ¤®«�® ¡ëâì ¢¥à® ¨ ¤«ï ¢á¥© ¤®áª¨. Ǒ®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â, çâ® áà¥¤¨
m ¨ n ¥áâì ç¨á«®, ªà â®¥ 4.�á«¨ n

... 3 ¨ m
... 4, â® à §à¥�¥¬ ¤®áªã   ¯àï¬®ã£®«ì¨ª¨ 4× 3,   ª �¤ë© ¨§ ¨å à §®¡ì¥¬  ¤¢¥ ä¨£ãàª¨. Ǒãáâì ®¤¨ ¨§ à §¬¥à®¢ ªà â¥ 12 (áª �¥¬, m). Ǒà®¨§¢®«ì®¥ ç¨á«® n > 5 ¬®�®¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ 3i+4j á ¥ª®â®àë¬¨ ¥®âà¨æ â¥«ìë¬¨ æ¥«ë¬¨ i ¨ j. �¥©áâ¢¨â¥«ì®, ¯à¨ n

... 3íâ® ®ç¥¢¨¤®,   ¢ ¯à®â¨¢®¬ á«ãç ¥   3 ¤¥«¨âáï n − 4 ¨«¨ n − 8. Ǒ®íâ®¬ã ¤®áªã ¬®�® à §¡¨âì  i ¯àï¬®ã£®«ì¨ª®¢ m× 3 ¨ j ¯àï¬®ã£®«ì¨ª®¢ m× 4, ª �¤ë© ¨§ ª®â®àëå § â¥¬ à §à¥§ ¥âáï  ¯àï¬®ã£®«ì¨ª¨ á® áâ®à® ¬¨ 3 ¨ 4. �



� à¨ â 81. �  ª àâ¨ª¥  à¨á®¢ ® ¥áª®«ìª® ªàã�®çª®¢, á®¥¤¨¥ëå ®âà¥§ª ¬¨. �®áâï ¢ë¡¨à ¥â  -âãà «ì®¥ ç¨á«® n ¨ à ááâ ¢«ï¥â ¢ ªàã�®çª å à §«¨çë¥  âãà «ìë¥ ç¨á«  â ª, çâ®¡ë ¤«ï¢á¥å íâ¨å ç¨á¥« ¢ë¯®«ï«®áì á¢®©áâ¢®:¥á«¨ ç¨á«  a ¨ b ¥ á®¥¤¨¥ë ®âà¥§ª®¬, â® áã¬¬  a + b ¤®«�  ¡ëâì ¢§ ¨¬® ¯à®áâ  á n,  ¥á«¨ á®¥¤¨¥ë, â® ç¨á«  a+ b ¨ n ¤®«�ë ¨¬¥âì ®¡é¨©  âãà «ìë© ¤¥«¨â¥«ì, ¡®«ìè¨© 1.Ǒà¨ ª ª®¬  ¨¬¥ìè¥¬ n áãé¥áâ¢ã¥â â ª ï à ááâ ®¢ª ?
�â¢¥â: n = 15.�¥è¥¨¥. �¤¥« ¥¬ ¤¢  § ¬¥ç ¨ï.1) n ¥ç¥â®. �¥©áâ¢¨â¥«ì®, ¯ãáâì n ç¥â®. �á«¨ ç¥âëå ¨ ¥ç¥âëå ç¨á¥« ¯® âà¨, â® ª �¤ ï¨§ íâ¨å âà®¥ª ®¡à §ã¥â æ¨ª«. Ǒãáâì ¨¬¥¥âáï ç¥âëà¥ ç¨á«  a, b, c, d ®¤®© ç¥â®áâ¨. �®£¤  ¢á¥ ®¨¯®¯ à® á®¥¤¨¥ë, ¨ ¬ë á®¢  ¯®«ãç ¥¬ ¤¢  âà¥å§¢¥ëå æ¨ª«  |  ¯à¨¬¥à, (a, b, c) ¨ (a, d, c).�®   ª àâ¨ª¥ â ª®© æ¨ª« ¢á¥£® ®¤¨.2) n ¨¬¥¥â ¥ ¬¥¥¥ ¤¢ãå à §«¨çëå ¯à®áâëå ¤¥«¨â¥«¥©. Ǒãáâì n | áâ¥¯¥ì ¯à®áâ®£® ç¨á«  p.�®§ì¬¥¬ æ¥¯®çªã (a, b, c, d) ¯®á«¥¤®¢ â¥«ì® á®¥¤¨¥ëå ç¨á¥«. Ǒ® ãá«®¢¨î

a+ d = (a+ b)− (b+ c) + (c+ d) ... p.�®£¤  ç¨á«  a ¨ d â®�¥ á®¥¤¨¥ë, â® ¥áâì   ª àâ¨ª¥ ¯®«ãç¨«áï æ¨ª« ¤«¨ë 4, ª®â®à®£® â ¬ ¥â.� ª¨¬ ®¡à §®¬, ç¨á«® n ¨¬¥¥â ¯® ªà ©¥© ¬¥à¥ ¤¢  à §«¨çëå ¥ç¥âëå ¯à®áâëå ¤¥«¨â¥«ï,®âªã¤  n > 15. � ááâ ®¢ª  ¤«ï n = 15 ¯à¨¢¥¤¥    à¨áãª¥. �
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2. Ǒà¨ x, y, z > 0  ©¤¨â¥ ¬ ªá¨¬ «ì®¥ § ç¥¨¥ ¢ëà �¥¨ï
A = (x− y)√x2 + y2 + (y − z)√y2 + z2 + (z − x)√z2 + x2 +√2(x − y)2 + (y − z)2 + (z − x)2 + 2 .�â¢¥â: 1√2 .�¥è¥¨¥. �á«¨ x > y, â®
√

x2 + y2 6 √2x2 = x
√2 ¨ (x− y)√x2 + y2 6 √2 (x2 − xy),  ¯à¨ x < y

√

x2 + y2 > √2x2 = x
√2 ¨ (x− y)√x2 + y2 < √2 (x2 − xy).� ®¡®¨å á«ãç ïå á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® (x− y)√x2 + y2 6 √2 (x2 − xy). �æ¥¨¢ ï   «®£¨çë¬®¡à §®¬ ¤¢  ¤àã£¨å á« £ ¥¬ëå ¢ ç¨á«¨â¥«¥ A, ¬ë ¯®«ãç¨¬

A 6
√2 · x2 + y2 + z2 − xy − yz − zx+ 1(x− y)2 + (y − z)2 + (z − x)2 + 2 = 1√2 · (x− y)2 + (y − z)2 + (z − x)2 + 2(x− y)2 + (y − z)2 + (z − x)2 + 2 = 1√2 .



� ¢¥áâ¢® à¥ «¨§ã¥âáï ¯à¨ x = y = z = 1. �3. �  áâ®à® å AB ¨ CD ¢¯¨á ®£® ç¥âëà¥åã£®«ì¨ª  ABCD, ¥ ï¢«ïîé¥£®áï âà ¯¥æ¨¥©, ®â-¬¥ç¥ë â®çª¨ P ¨ R á®®â¢¥âáâ¢¥®, ¯à¨ç¥¬ AP : PB = CR : RD. �  ®âà¥§ª¥ PR ¢ë¡à  â ª ï â®çª  Q, çâ® PQ : QR = AB : CD. � ©¤¨â¥ ®â®è¥¨¥ ¯«®é ¤¥© âà¥ã£®«ì¨ª®¢ AQD¨ BQC, ¥á«¨ ¨§¢¥áâ®, çâ® AD = x ¨ BC = y.�â¢¥â: x
y
.

OA

B

C

D

R

PQ

�¥è¥¨¥. �¡®§ ç¨¬ ç¥à¥§ O â®çªã ¯¥à¥á¥ç¥¨ï ¯àï¬ëå DA ¨ CB. �ã¤¥¬ ¤«ï ®¯à¥¤¥«¥®áâ¨áç¨â âì, çâ® ®  «¥�¨â   «ãç å DA ¨ CB. � á¨«ã ¢¯¨á ®áâ¨ ABCD âà¥ã£®«ì¨ª¨ AOB ¨ COD¯®¤®¡ë ¯® ¤¢ã¬ ã£« ¬, ®âªã¤  OB
OD

= AB
CD

. �à®¬¥ â®£®, ¯® ãá«®¢¨î
PB

AP
= RD

CR
⇐⇒ PB

AB
= RD

CD
=⇒ PB

RD
= AB

CD
= OB

OD
.� ª®¥æ, ∠ODR = 180◦ − ∠CBP = ∠PBO. � ç¨â, âà¥ã£®«ì¨ª¨ OBP ¨ ODR ¯®¤®¡ë á ª®íä-ä¨æ¨¥â®¬ AB

CD
. �âáî¤  ∠BOP = ∠DOR ¨ ¯® ãá«®¢¨î

OP

OR
= AB

CD
= PQ

QR
.Ǒ®íâ®¬ã OQ | ¡¨áá¥ªâà¨á  âà¥ã£®«ì¨ª  POR. �®£¤ 

∠DOQ = ∠DOR + ∠QOR = ∠POQ+ ∠BOP = ∠BOQ.� ç¨â, â®çª  Q à ¢®ã¤ «¥  ®â ¯àï¬ëå AD ¨ BC, â® ¥áâì ®¤¨ ª®¢ë ¢ëá®âë âà¥ã£®«ì¨ª®¢ AQD¨ BQC, ®¯ãé¥ë¥ ¨§ â®çª¨ Q. � ª¨¬ ®¡à §®¬, ®â®è¥¨¥ ¯«®é ¤¥© íâ¨å âà¥ã£®«ì¨ª®¢ à ¢®
AD
BC

= x
y
. �4. � ¯¨áì  âãà «ì®£® ç¨á«  x ¢ á¨áâ¥¬¥ áç¨á«¥¨ï á ®á®¢ ¨¥¬ r (r 6 70) ¯®«ãç ¥âáï n-ªà âë¬ ¯®¢â®à¥¨¥¬ ¥ª®â®à®© ¯ àë æ¨äà, £¤¥ n |  âãà «ì®¥ ç¨á«®. �ª § «®áì, çâ® r-¨ç ï § ¯¨áì x2 á®áâ®¨â ¨§ 4n ¥¤¨¨æ. � ©¤¨â¥ ¢á¥ ¯ àë (r, x), ¯à¨ ª®â®àëå â ª®¥ ¢®§¬®�®.�â¢¥â: (7, 267).�¥è¥¨¥. Ǒãáâì x = ab . . . abr. Ǒ®«®�¨¬ y = abr ¨ § ¯¨è¥¬ ãá«®¢¨¥ ¢ ¢¨¤¥

y2(1 + r2 + . . .+ r2(n−1))2 = 1 + r + . . .+ r4n−1 ⇐⇒ y2 · (r2n − 1)2(r2 − 1)2 = r4n − 1
r − 1 ⇐⇒

⇐⇒ y2(r2n − 1) = (r + 1)(r2 − 1)(r2n + 1).�âáî¤  ¢ëâ¥ª ¥â, çâ® y2 mod r = 1,   â ª�¥ à ¢¥áâ¢®
r2n(y2 − (r + 1)(r2 − 1)) = y2 + (r + 1)(r2 − 1).



�®£¤  y2 − (r + 1)(r2 − 1) > 0 ¨
(

y2 − (r + 1)(r2 − 1)) mod r = (y2 + 1) mod r = 2 mod r 6= 1.Ǒ®íâ®¬ã y2 − (r + 1)(r2 − 1) > 2 ¨2r2n 6 (r + 1)(r2 − 1) + y2 6 (r + 1)(r2 − 1) + (r2 − 1)2 = (r2 − 1)(r2 + r) < 2r4,çâ® ¢®§¬®�® «¨èì ¯à¨ n = 1. � ª¨¬ ®¡à §®¬,(ar + b)2 = (r + 1)(r2 + 1).� ¬¥â¨¬, çâ® ç¨á«  r +1 ¨ r2 +1 ¥ ¬®£ãâ ¡ëâì ¢§ ¨¬® ¯à®áâë¬¨, ¨ ç¥ r2 +1 ®ª �¥âáï â®çë¬ª¢ ¤à â®¬. �®£¤  ¨§ à ¢¥áâ¢  r2 + 1 = (r + 1)(r − 1) + 2 ¢ëâ¥ª ¥â, çâ® ¨å  ¨¡®«ìè¨© ®¡é¨©¤¥«¨â¥«ì à ¢¥ 2. Ǒ®íâ®¬ã r ¥ç¥â® ¨
(

ar + b2 )2 = r + 12 · r
2 + 12 .�à®¡¨ ¢ ¯à ¢®© ç áâ¨ ¢§ ¨¬® ¯à®áâë ¨ ¯®â®¬ã ¤®«�ë ¡ëâì â®çë¬¨ ª¢ ¤à â ¬¨. � ç áâ®áâ¨,

r = 2k2 − 1, ¨ ãá«®¢¨î r 6 70 ã¤®¢«¥â¢®àïîâ â®«ìª® r ∈ {7, 17, 31, 49}. Ǒ®á«¥¤¨¥ âà¨ ¢ à¨ â ¥ ¯®¤å®¤ïâ, ¯®áª®«ìªã ç¨á«  172+12 = 145, 312+12 = 481 ¨ 492+12 = 1201 ¥ ï¢«ïîâáï â®çë¬¨ª¢ ¤à â ¬¨. Ǒãáâì r = 7. �®£¤ 
y = ar + b =√(r + 1)(r2 + 1) = √8 · 50 = 20 = 267,®âªã¤  a = 2 ¨ b = 6. �â®  ¬ ¯®¤å®¤¨â, ¯®áª®«ìªã2627 = (307 − 1)2 = 12007 − 607 + 1 = 11117. �5. �®áª  m × n (m,n > 15) à §à¥§     ä¨£ãàª¨ ¨§ ¤¥áïâ¨ ¥¤¨¨çëå ª¢ ¤à â¨ª®¢ ¢¨¤ (ä¨£ãàª¨ ¬®�® ¯®¢®à ç¨¢ âì ¨ ¯¥à¥¢®à ç¨¢ âì). Ǒà¨ ª ª¨å m ¨ n â ª®¥ ¢®§¬®�®?�â¢¥â: ¯à¨ ¢á¥å m ¨ n, áà¥¤¨ ª®â®àëå ¨¬¥¥âáï ¨ ªà â®¥ 4, ¨ ªà â®¥ 5.�¥è¥¨¥. Ǒà¥¤¯®«®�¨¬, çâ® ¤®áªã m × n ¬®�® à §à¥§ âì âà¥¡ã¥¬ë¬ ®¡à §®¬. Ǒ®áª®«ìªã ¢ª �¤®© ä¨£ãàª¥ ¤¥áïâì ª«¥â®ª, ®¡é¥¥ ª®«¨ç¥áâ¢® ª«¥â®ª   ¤®áª¥ ªà â® 10. �®£¤  áà¥¤¨ m ¨ n¨¬¥¥âáï ç¥â®¥ ç¨á«® (¯ãáâì ¤«ï ®¯à¥¤¥«¥®áâ¨ íâ® m). �à®¬¥ â®£®, ®¤® ¨§ íâ¨å ç¨á¥« ªà â® 5.Ǒ®ª �¥¬, çâ® m ¨«¨ n ¤¥«¨âáï â ª�¥   4. Ǒãáâì íâ® ¥ â ª. Ǒà®¢¥¤¥¬ £®à¨§®â «ìë¥ ¨ ¢¥à-â¨ª «ìë¥ «¨¨¨ á è £®¬ ¢ ¤¢¥ ª«¥âª¨,  ç¨ ï á ¢¥àå¥£® ¨ «¥¢®£® ªà ¥¢ ¤®áª¨ á®®â¢¥âáâ¢¥®.�¨ à §®¡ìîâ ¤®áªã   ª¢ ¤à âë 2× 2 ¨, ¢®§¬®�®, ¥ª®â®à®¥ ª®«¨ç¥áâ¢® ¯àï¬®ã£®«ì¨ª®¢ 2× 1(ª®â®àë¥ ¯®ï¢ïâáï â®«ìª® ¯à¨ ¥ç¥â®¬ n). � áªà á¨¬ íâ¨ ª¢ ¤à âë ¨ ¯àï¬®ã£®«ì¨ª¨ ¢ è å¬ â-®¬ ¯®àï¤ª¥ ¢ ¡¥«ë© ¨ ç¥àë© æ¢¥â . Ǒãáâì ¢ ¯®«®áª¥ 2×n, ®âá¥ª ¥¬®© ¤¢ã¬ï á®á¥¤¨¬¨ «¨¨ï¬¨,¨¬¥¥âáï p ¡¥«ëå ¨ q ç¥àëå ª«¥â®ª. �®£¤  p 6= q, ¯®áª®«ìªã n ¥ ¤¥«¨âáï   4. � á®á¥¤¥© ¯®«®áª¥2× n ¡ã¤¥â,  ®¡®à®â, q ¡¥«ëå ¨ p ç¥àëå ª«¥â®ª. � ç¨â, áã¬¬ à®¥ ª®«¨ç¥áâ¢® ¡¥«ëå ¨ ç¥àëåª«¥â®ª ¢ ®¡ê¥¤¨¥¨¨ íâ¨å ¤¢ãå ¯®«®á®ª ®¤¨ ª®¢®¥. �® ®¡é¥¥ ç¨á«® ¯®«®á®ª 2 × n ¥ç¥â®, â ªª ª m ¥ ¤¥«¨âáï   4. Ǒ®íâ®¬ã   ¢á¥© ¤®áª¥ ¡¥«ëå ¨ ç¥àëå ª«¥â®ª ¯®à®¢ã ¡ëâì ¥ ¬®�¥â.� ¤àã£®© áâ®à®ë, ¢ ª �¤®© ¤¥áïâ¨ª«¥â®ç®© ä¨£ãàª¥ ç¥àëå ¨ ¡¥«ëå ª«¥â®ª ¡ã¤¥â ¯®à®¢ã,  â®£¤  íâ® ¤®«�® ¡ëâì ¢¥à® ¨ ¤«ï ¢á¥© ¤®áª¨. Ǒ®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â, çâ® áà¥¤¨

m ¨ n ¥áâì ç¨á«®, ªà â®¥ 4.�á«¨ n
... 5 ¨ m

... 4, â® à §à¥�¥¬ ¤®áªã   ¯àï¬®ã£®«ì¨ª¨ 4× 5,   ª �¤ë© ¨§ ¨å à §®¡ì¥¬  ¤¢¥ ä¨£ãàª¨. Ǒãáâì ®¤¨ ¨§ à §¬¥à®¢ ªà â¥ 20 (áª �¥¬, m). Ǒà®¨§¢®«ì®¥ ç¨á«® n > 15 ¬®�®¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ 5i+4j á ¥ª®â®àë¬¨ ¥®âà¨æ â¥«ìë¬¨ æ¥«ë¬¨ i ¨ j. �¥©áâ¢¨â¥«ì®, ç¨á«  n,
n− 5, n− 10, n− 15 ¤ îâ à §ë¥ ®áâ âª¨ ®â ¤¥«¥¨ï   4, ¯®íâ®¬ã å®âï ¡ë ®¤® ¨§ ¨å ªà â® 4.� ç¨â, ¤®áªã ¬®�® à §¡¨âì   i ¯àï¬®ã£®«ì¨ª®¢ m× 5 ¨ j ¯àï¬®ã£®«ì¨ª®¢ m× 4, ª �¤ë© ¨§ª®â®àëå § â¥¬ à §à¥§ ¥âáï   ¯àï¬®ã£®«ì¨ª¨ á® áâ®à® ¬¨ 5 ¨ 4. �
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