
�«¨¬¯¨ ¤  èª®«ì­¨ª®¢ �Ǳ¡�� ¯® ¬ â¥¬ â¨ª¥.

� ª«îç¨â¥«ì­ë© íâ ¯. 2017/2018 ãç¥¡­ë© £®¤. 10 { 11 ª« ááë.

� à¨ ­â 1

1. �  ª«¥âç â®© ¤®áª¥ 5×7 ®â¬¥ç¥­® 9 ª«¥â®ª. � §®¢¥¬ ¯ àã ª«¥â®ª á ®¡é¥© áâ®à®­®© ¨­â¥à¥á-

­®©, ¥á«¨ å®âï ¡ë ®¤­  ª«¥âª  ¨§ ¯ àë ®â¬¥ç¥­ . � ª®¥ ­ ¨¡®«ìè¥¥ ª®«¨ç¥áâ¢® ¨­â¥à¥á­ëå

¯ à ¬®�¥â ¡ëâì?

�â¢¥â: 35.

�¥è¥­¨¥. � §®¢¥¬ á®á¥¤­¨¬¨ ¤¢¥ ª«¥âª¨ á ®¡é¥© áâ®à®­®©. �¨á«® ¨­â¥à¥á­ëå ¯ à, á®¤¥à� é¨å

§ ¤ ­­ãî ®â¬¥ç¥­­ãî ª«¥âªã, ­¥ ¡®«ìè¥ 4,   ¤«ï £à ­¨ç­®© ª«¥âª¨ | ­¥ ¡®«ìè¥ 3. �®£¤  ®¡é¥¥

ç¨á«® ¨­â¥à¥á­ëå ¯ à ­¥ ¯à¥¢®áå®¤¨â 9 · 4 = 36. Ǳà¨ íâ®¬ ¥á«¨ áà¥¤¨ ®â¬¥ç¥­­ëå ª«¥â®ª ¥áâì ¤¢¥

á®á¥¤­¨¥, â® á®¤¥à� é ï ¨å ¨­â¥à¥á­ ï ¯ à  áç¨â ¥âáï ¤¢ �¤ë. � ¬¥â¨¬, çâ® áà¥¤¨ 9 ª«¥â®ª ¨§

¯àï¬®ã£®«ì­¨ª  3 × 5 ®¡ï§ â¥«ì­® ¥áâì ¤¢¥ á®á¥¤­¨å. Ǳ®íâ®¬ã áà¥¤¨ ®â¬¥ç¥­­ëå ª«¥â®ª ¨¬¥¥âáï

«¨¡® £à ­¨ç­ ï, «¨¡® ¤¢¥ á®á¥¤­¨å. � ª¨¬ ®¡à §®¬, ®¡é¥¥ ç¨á«® ¨­â¥à¥á­ëå ¯ à ­¥ ¯à¥¢®áå®¤¨â 35.

Ǳà¨¬¥à à §¬¥âª¨ á 35 ¨­â¥à¥á­ë¬¨ ¯ à ¬¨ ¯à¨¢¥¤¥­ ­¨�¥. �

Z Z Z

Z Z Z

Z Z Z

2. � ­ë ¯®«®�¨â¥«ì­ë¥ ç¨á«  a, b, c, d. � ©¤¨â¥ ¬¨­¨¬ «ì­®¥ §­ ç¥­¨¥ ¢ëà �¥­¨ï
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�â¢¥â: 64.

�¥è¥­¨¥. � á¨«ã ­¥à ¢¥­áâ¢ �®è¨ ¤«ï áà¥¤­¨å

A > 4 · (a+ b)(b+ c)(c+ d)(d+ a)

abcd
= 64 · a+ b
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ab

· b+ c
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√
bc

· c+ d
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√
cd

· d+ a

2

√
da

> 64.

� ¢¥­áâ¢® à¥ «¨§ã¥âáï ¯à¨ a = b = c = d = 1. �

3. �¥âëà¥åã£®«ì­¨ª ABCD ¢¯¨á ­ ¢ ®ªàã�­®áâì. � â®çª¥ C ª íâ®© ®ªàã�­®áâ¨ ¯à®¢¥¤¥­ 

ª á â¥«ì­ ï ℓ. �ªàã�­®áâì ω ¯à®å®¤¨â ç¥à¥§ â®çª¨ A ¨ B ¨ ª á ¥âáï ¯àï¬®© ℓ ¢ â®çª¥ P .
Ǳàï¬ ï PB ¯¥à¥á¥ª ¥â ®âà¥§®ª CD ¢ â®çª¥ Q. � ©¤¨â¥ ®â­®è¥­¨¥ BC

CQ , ¥á«¨ ¨§¢¥áâ­®, çâ®

BD | ª á â¥«ì­ ï ª ®ªàã�­®áâ¨ ω.

�â¢¥â: 1.
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�¥è¥­¨¥. �£®« ¬¥�¤ã ª á â¥«ì­®© BD ¨ å®à¤®© AB ®ªàã�­®áâ¨ ω à ¢¥­ ¢¯¨á ­­®¬ã ¢ ­¥¥

ã£«ã, ª®â®àë© ®¯¨à ¥âáï ­  AB, ¯®íâ®¬ã ∠APB = ∠ABD = ∠ACD. �®£¤  ç¥âëà¥åã£®«ì­¨ª APCQ
¢¯¨á ­­ë©, ®âªã¤  ∠CQB = ∠CAP . Ǳà¨¬¥­ïï ¥é¥ ¤¢  à §  â¥®à¥¬ã ® ª á â¥«ì­®© ¨ å®à¤¥, ¬ë

¯®«ãç¨¬ â ª�¥ à ¢¥­áâ¢  ∠BCP = ∠BAC ¨ ∠BPC = ∠BAP . �®£¤ 

∠CBQ = 180

◦ − ∠CBP = ∠BCP + ∠BPC = ∠BAC + ∠BAP = ∠CAP = ∠CQB.

� ª¨¬ ®¡à §®¬, âà¥ã£®«ì­¨ª BCQ à ¢­®¡¥¤à¥­­ë©, ®âªã¤  BC = CQ. �

4. �  ¤®áª¥ ­ ¯¨á ­® ¯à®¨§¢¥¤¥­¨¥ ç¨á¥« ��� ¨ ���, £¤¥ ¡ãª¢ë á®®â¢¥âáâ¢ãîâ à §«¨ç­ë¬ ­¥­ã-

«¥¢ë¬ ¤¥áïâ¨ç­ë¬ æ¨äà ¬. �â® ¯à®¨§¢¥¤¥­¨¥ è¥áâ¨§­ ç­®¥ ¨ ®ª ­ç¨¢ ¥âáï ­  �. � áï áâ¥à

á ¤®áª¨ ¢á¥ ­ã«¨, ¯®á«¥ ç¥£® â ¬ ®áâ «®áì ���. �â® ¡ë«® ­ ¯¨á ­® ­  ¤®áª¥?

�â¢¥â: 100 602 = 162 · 621.
�¥è¥­¨¥. Ǳ®«®�¨¬ p = ��� ·���. � ¤¥áïâ¨ç­ãî § ¯¨áì p ¢å®¤ïâ âà¨ ­ã«ï, �, � ¨ �. �®£¤ 

ç¨á«  (�+�+�)

2

¨ (�+�+�) ¤ îâ ¯à¨ ¤¥«¥­¨¨ ­  9 ®¤¨­ ª®¢ë¥ ®áâ âª¨, ®âªã¤  (�+�+�)
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9. � ª ª ª ç¨á«® � + � + � «¥�¨â ¬¥�¤ã 6 ¨ 24, ®­® ¯à¨­ ¤«¥�¨â

¬­®�¥áâ¢ã {9, 10, 18, 19}. �« ¤è ï æ¨äà  � ç¨á«  p à ¢­  ®áâ âªã ®â ¤¥«¥­¨ï � ·� ­  10. Ǳ®íâ®¬ã

� · (�− 1)

.

.

.

10. �®§¬®�­ë âà¨ á«ãç ï.

1) � = 1. �®£¤  � + � ∈ {8, 9, 17}. Ǳà¥¤¯®á«¥¤­ïï æ¨äà  ç¨á«  p à ¢­  ®áâ âªã ®â ¤¥«¥­¨ï
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+ � ­  10. Ǳ®áª®«ìªã �

2

­¥ ¤¥«¨âáï ­  10, íâ  æ¨äà  ®â«¨ç­  ®â �. �­ ç¨â, ®­  à ¢­  ­ã«î,

®âªã¤ 
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10.

�áâ âª¨ ®â ¤¥«¥­¨ï �

2 − � ­  10 ¯à¨­¨¬ îâ â®«ìª® §­ ç¥­¨ï 0, 2 ¨ 6. Ǳ®íâ®¬ã �+� = 8 ¨
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10.

� ª ª ª æ¨äà  � ®â«¨ç­  ®â � ¨ 1, ¬ë ¯®«ãç ¥¬ � = 2 ¨ � = 6. �â®â ¢ à¨ ­â ­ ¬ ¯®¤å®¤¨â,

¯®áª®«ìªã 162 · 621 = 100 602.

2) � = 6 ¨ æ¨äà  � ç¥â­ . �®£¤  � + � ∈ {3, 4, 12, 13}. Ǳ® ãá«®¢¨î áâ àè ï æ¨äà  p à ¢­  �,
â® ¥áâì 6. Ǳ®íâ®¬ã

600 000 6 p 6 (� + 1) · (� + 1) · 10 000 = (� + 1) · 70 000,

®âªã¤  � > 8. �¢¨¤ã ç¥â­®áâ¨ � ¯ à  (�,�) à ¢­  (8, 4) ¨«¨ (9, 4). �â® ­ ¬ ­¥ ¯®¤å®¤¨â, ¯®áª®«ìªã

684 · 846 = 578 664 ¨ 694 · 946 = 656 524.

3) � = 5,   æ¨äà  � ­¥ç¥â­  ¨ ®â«¨ç­  ®â 1. �®£¤  � +� ∈ {4, 5, 13, 14}. � ª ª ª

p < (� + 1) · (� + 1) · 10 000 6 900 000,

áâ àè ï æ¨äà  ç¨á«  p ¬¥­ìè¥ 9, â® ¥áâì � 6 7. �«ãç © � = 5 ­¥¢®§¬®�¥­, ¯®áª®«ìªã � 6= �.

�á«¨ � = 3, â® � à ¢­® 1 ¨«¨ 2, ¨ ç¨á«® p ®ª §ë¢ ¥âáï ¯ïâ¨§­ ç­ë¬. �á«¨ � = 7, â® � = 6 ¢¢¨¤ã

ãá«®¢¨ï � 6= �. Ǳ®áª®«ìªã 765 · 657 = 502 605, íâ®â á«ãç © ­ ¬ â ª�¥ ­¥ ¯®¤å®¤¨â. �

5. �  ®ªàã�­®áâ¨ ®â¬¥ç¥­® n â®ç¥ª (n > 5). Ǳ¥âï ¨ � áï ¯® ®ç¥à¥¤¨ (­ ç¨­ ï á Ǳ¥â¨) ¯à®-

¢®¤ïâ ¯® ®¤­®© å®à¤¥, á®¥¤¨­ïîé¥© ¯ àë íâ¨å â®ç¥ª. �î¡ë¥ ¤¢¥ ¯à®¢¥¤¥­­ë¥ å®à¤ë ¤®«�­ë

¯¥à¥á¥ª âìáï (¢®§¬®�­®, ª®­æ¥¢ë¬¨ â®çª ¬¨). Ǳà®¨£àë¢ ¥â ¨£à®ª, ­¥ ¨¬¥îé¨© å®¤ . Ǳà¨

ª ª¨å n Ǳ¥âï ¢ë¨£à ¥â ¢­¥ § ¢¨á¨¬®áâ¨ ®â ¤¥©áâ¢¨© � á¨?

�â¢¥â: ¯à¨ ­¥ç¥â­ëå n.

�¥è¥­¨¥. �®ª �¥¬ ¢­ ç «¥ á«¥¤ãîé¥¥ ãâ¢¥à�¤¥­¨¥: ¥á«¨ ¢ ¨â®£®¢®¬ ¬­®�¥áâ¢¥ å®à¤ ¬®�­®

¢ë¤¥«¨âì âà¥ã£®«ì­¨ª, ¤¢¥ áâ®à®­ë ª®â®à®£® | á®á¥¤­¨¥ â®çª¨, â® ¯à¨ ­¥ç¥â­®¬ n ¯®¡¥¤¨â¥«¥¬



®ª �¥âáï Ǳ¥âï,   ¯à¨ ç¥â­®¬ | � áï. �¥©áâ¢¨â¥«ì­®, ®¡®§­ ç¨¬ âà¥ã£®«ì­¨ª ç¥à¥§ ABC, £¤¥
A ¨ B | á®á¥¤­¨¥ â®çª¨ ®ªàã�­®áâ¨. �®£¤  «î¡ ï ¨§ ®áâ «ì­ëå å®à¤ ¤®«�­  ¯¥à¥á¥ª âì áâ®à®­ë

âà¥ã£®«ì­¨ª  ABC. �­ ç¨â, «¨¡® ®­  ¢ëå®¤¨â ¨§ â®çª¨ A ¨ ¯¥à¥á¥ª ¥â áâ®à®­ã BC, «¨¡® ¢ëå®¤¨â
¨§ B ¨ ¯¥à¥á¥ª ¥â AC. �¨á«® â ª¨å å®à¤ à ¢­® ª®«¨ç¥áâ¢ã â®ç¥ª, ®â«¨ç­ëå ®â ¢¥àè¨­ ABC, â®
¥áâì n − 3. � ãç¥â®¬ áâ®à®­ ABC ®¡é¥¥ ç¨á«® å®à¤ à ¢­® n. Ǳ®íâ®¬ã ¯à¨ ­¥ç¥â­ëå n ¯®á«¥¤­¨©

å®¤ ¡ã¤¥â §  Ǳ¥â¥©,   ¯à¨ ç¥â­ëå | §  � á¥©.

Ǳ®ª �¥¬, çâ® Ǳ¥âï ¬®�¥â £ à ­â¨à®¢ âì ­ «¨ç¨¥ âà¥ã£®«ì­¨ª . Ǳ¥à¢ë¬ å®¤®¬ ®­ ¤®«�¥­ á®-

¥¤¨­¨âì ¤¢¥ á®á¥¤­¨¥ â®çª¨ (áª �¥¬, A ¨ B). �â¢¥â­ë¬ å®¤®¬ � á¨ ¡ã¤¥â å®à¤ , ¢ëå®¤ïé ï ¨§ A
¨«¨ B (­ ¯à¨¬¥à, AC). �®£¤  Ǳ¥âï ¯à®¢®¤¨â ®âà¥§®ª BC, ¨ âà¥ã£®«ì­¨ª ¯®áâà®¥­.

Ǳ®ª �¥¬, çâ® ¨ � áï ¢á¥£¤  ¬®�¥â ®¡¥á¯¥ç¨âì ­ «¨ç¨¥ âà¥¡ã¥¬®£® âà¥ã£®«ì­¨ª . Ǳãáâì ¯¥à¢ë©

å®¤ | å®à¤  AC. � ®â¢¥â � áï ¯à®¢®¤¨â ®âà¥§®ª AB, £¤¥ B | á®á¥¤­ïï á A â®çª . �á«¨ Ǳ¥âï

¯à®¢¥¤¥â å®à¤ã BC | âà¥ã£®«ì­¨ª £®â®¢. � ¯à®â¨¢­®¬ á«ãç ¥ ®â¢¥â®¬ Ǳ¥â¨ ¡ã¤¥â ®âà¥§®ª BD,
¯¥à¥á¥ª îé¨© AC. �® â®£¤  � áï ¬®�¥â á ¬ ¯à®¢¥áâ¨ å®à¤ã BC, â ª ª ª ®­  ¯¥à¥á¥ª ¥â ¢á¥ âà¨

ã�¥ ¯®áâà®¥­­ë¥ å®à¤ë. �

6. �  áâ®«¥ ­ å®¤ïâáï âà¨ è à  ¨ ª®­ãá (®á­®¢ ­¨¥¬ ª áâ®«ã), ª á ïáì ¤àã£ ¤àã£  ¢­¥è­¨¬ ®¡-

à §®¬. � ¤¨ãáë è à®¢ à ¢­ë 5, 4 ¨ 4,   ¢ëá®â  ª®­ãá  ®â­®á¨âáï ª à ¤¨ãáã ¥£® ®á­®¢ ­¨ï ª ª

4 : 3. � ©¤¨â¥ à ¤¨ãá ®á­®¢ ­¨ï ª®­ãá .

�â¢¥â:

169

60

.
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�¥è¥­¨¥. Ǳãáâì O | æ¥­âà ®á­®¢ ­¨ï ª®­ãá , r | ¥£® à ¤¨ãá, 2α | ã£®« ­ ª«®­  ®¡à §ãîé¨å

ª®­ãá  ª áâ®«ã. Ǳ® ãá«®¢¨î tg 2α =

4

3

, ®âªã¤ 

sin 2α =

4

5

, 
os 2α =

3

5

, tgα =

1− 
os 2α

sin 2α
=

1

2

.

� áá¬®âà¨¬ á¥ç¥­¨¥, ¯à®å®¤ïé¥¥ ç¥à¥§ ®áì á¨¬¬¥âà¨¨ ª®­ãá  ¨ æ¥­âà ®¤­®£® ¨§ è à®¢ (á¬. «¥¢ë©

à¨áã­®ª). Ǳãáâì K | â®çª  ª á ­¨ï è à  á® áâ®«®¬, R | à ¤¨ãá è à . �®£¤ 

OK = R · tgα+ r = 1

2

R+ r. (∗)

�¡®§­ ç¨¬ ç¥à¥§ A,B,C â®çª¨ ª á ­¨ï è à®¢ á® áâ®«®¬ (á¬. ¯à ¢ë© à¨áã­®ª). �§ ãá«®¢¨ï ª á ­¨ï

è à®¢ BC = 8 ¨

AB = AC =

√

(5 + 4)

2 − (5− 4)

2

=

√
80.

�­ ç¨â, ¢ëá®â  AD âà¥ã£®«ì­¨ª  ABC ï¢«ï¥âáï á¥à¥¤¨­­ë¬ ¯¥à¯¥­¤¨ªã«ïà®¬ ª BC. �§ (∗) ¢ë-
â¥ª ¥â, çâ® â®çª  O à ¢­®ã¤ «¥­  ®â B ¨ C, â® ¥áâì ®­  «¥�¨â ­  AD, ¨ OA =

5

2

+ r. � ¬¥â¨¬,

çâ®

BD = 4, AD =

√

AB2 −BD2

= 8, OD = AD −OA =

11

2

− r.

� ¢¥­áâ¢® (∗) ¤ ¥â OB = 2 + r, ¨ ¯® â¥®à¥¬¥ Ǳ¨ä £®à 

OB2

= OD2

+BD2 ⇐⇒ (2 + r)2 =
(

11

2

− r
)

2

+ 16⇐⇒ r = 169

60

. �



� à¨ ­â 2

1. �  ª«¥âç â®© ¤®áª¥ 7×7 ®â¬¥ç¥­® 14 ª«¥â®ª. � §®¢¥¬ ¯ àã ª«¥â®ª á ®¡é¥© áâ®à®­®© ¨­â¥à¥á-

­®©, ¥á«¨ å®âï ¡ë ®¤­  ª«¥âª  ¨§ ¯ àë ®â¬¥ç¥­ . � ª®¥ ­ ¨¡®«ìè¥¥ ª®«¨ç¥áâ¢® ¨­â¥à¥á­ëå

¯ à ¬®�¥â ¡ëâì?

�â¢¥â: 55.

�¥è¥­¨¥. � §®¢¥¬ á®á¥¤­¨¬¨ ¤¢¥ ª«¥âª¨ á ®¡é¥© áâ®à®­®©. �¨á«® ¨­â¥à¥á­ëå ¯ à, á®¤¥à� é¨å

§ ¤ ­­ãî ®â¬¥ç¥­­ãî ª«¥âªã, ­¥ ¡®«ìè¥ 4,   ¤«ï £à ­¨ç­®© ª«¥âª¨ | ­¥ ¡®«ìè¥ 3. �®£¤  ®¡é¥¥

ç¨á«® ¨­â¥à¥á­ëå ¯ à ­¥ ¯à¥¢®áå®¤¨â 14 · 4 = 56. Ǳà¨ íâ®¬ ¥á«¨ áà¥¤¨ ®â¬¥ç¥­­ëå ª«¥â®ª ¥áâì

¤¢¥ á®á¥¤­¨¥, â® á®¤¥à� é ï ¨å ¨­â¥à¥á­ ï ¯ à  áç¨â ¥âáï ¤¢ �¤ë. � ¬¥â¨¬, çâ® áà¥¤¨ 14 ª«¥â®ª

¨§ ª¢ ¤à â  5× 5 ®¡ï§ â¥«ì­® ¥áâì ¤¢¥ á®á¥¤­¨å. Ǳ®íâ®¬ã áà¥¤¨ ®â¬¥ç¥­­ëå ª«¥â®ª ¨¬¥¥âáï «¨¡®

£à ­¨ç­ ï, «¨¡® ¤¢¥ á®á¥¤­¨å. � ª¨¬ ®¡à §®¬, ®¡é¥¥ ç¨á«® ¨­â¥à¥á­ëå ¯ à ­¥ ¯à¥¢®áå®¤¨â 55.

Ǳà¨¬¥à à §¬¥âª¨ á 55 ¨­â¥à¥á­ë¬¨ ¯ à ¬¨ ¯à¨¢¥¤¥­ ­¨�¥. �

Z Z Z

Z Z Z

Z Z Z

Z Z

Z Z Z

2. � ­ë ¯®«®�¨â¥«ì­ë¥ ç¨á«  a, b, c, d. � ©¤¨â¥ ¬¨­¨¬ «ì­®¥ §­ ç¥­¨¥ ¢ëà �¥­¨ï

A =

(

a2 + b2

cd

)

4

+

(

b2 + c2

ad

)

4

+

(

c2 + d2

ab

)

4

+

(

d2 + a2

bc

)

4

.

�â¢¥â: 64.

�¥è¥­¨¥. � á¨«ã ­¥à ¢¥­áâ¢ �®è¨ ¤«ï áà¥¤­¨å

A > 4 ·
(

a2 + b2
)(

b2 + c2
)(

c2 + d2
)(

d2 + a2
)

cd · ad · ab · bc = 64 · a
2

+ b2

2ab
· b

2

+ c2

2bc
· c

2

+ d2

2cd
· d

2

+ a2

2da
> 64.

� ¢¥­áâ¢® à¥ «¨§ã¥âáï ¯à¨ a = b = c = d = 1. �

3. �®ªàã£ âà¥ã£®«ì­¨ª  ABC ®¯¨á ­  ®ªàã�­®áâì ω. � á â¥«ì­ë¥ ª ®ªàã�­®áâ¨, ¯à®¢¥¤¥­­ë¥ ¢

â®çª å A ¨ B, ¯¥à¥á¥ª îâáï ¢ â®çª¥ K. �®çª  M | 
¥à¥¤¨­  áâ®à®­ë AC. Ǳàï¬ ï, ¯à®å®¤ï-
é ï ç¥à¥§ â®çªã K ¯ à ««¥«ì­® AC, ¯¥à¥á¥ª ¥â áâ®à®­ã BC ¢ â®çª¥ L. � ©¤¨â¥ ã£®« AML.

�â¢¥â: 90

◦
.

A

B

C

M

K

Lα

ω

�¥è¥­¨¥. Ǳ®«®�¨¬ α = ∠ACB. �£®« ¬¥�¤ã ª á â¥«ì­®© AK ¨ å®à¤®© AB ®ªàã�­®áâ¨ ω
à ¢¥­ ¢¯¨á ­­®¬ã ¢ ­¥¥ ã£«ã, ª®â®àë© ®¯¨à ¥âáï ­  AB, ®âªã¤  α = ∠BAK = ∠ABK. � ª ª ª



AC ‖ KL, ¬ë ¯®«ãç ¥¬ ∠BLK = ∠ACB = ∠BAK. �­ ç¨â, ç¥âëà¥åã£®«ì­¨ª ALBK | ¢¯¨á ­­ë©.

�®£¤ 

∠ALC = 180

◦ − ∠ALB = ∠AKB = 180

◦ − 2α ¨ ∠LCA = α = 180

◦ − ∠ALC − α = ∠LAC.

Ǳ®íâ®¬ã âà¥ã£®«ì­¨ª ALC à ¢­®¡¥¤à¥­­ë©,   ¥£® ¬¥¤¨ ­  LM ï¢«ï¥âáï â ª�¥ ¨ ¢ëá®â®©. � ª¨¬

®¡à §®¬, ∠AML = 90

◦
. �

4. �  ¤®áª¥ ­ ¯¨á ­® ¯à®¨§¢¥¤¥­¨¥ ç¨á¥« ��� ¨ ���, £¤¥ ¡ãª¢ë á®®â¢¥âáâ¢ãîâ à §«¨ç­ë¬ ­¥­ã-

«¥¢ë¬ ¤¥áïâ¨ç­ë¬ æ¨äà ¬. �â® ¯à®¨§¢¥¤¥­¨¥ è¥áâ¨§­ ç­®¥ ¨ ®ª ­ç¨¢ ¥âáï ­¥ ­  ­®«ì. Ǳ¥âï

áâ¥à á ¤®áª¨ ¢á¥ ­ã«¨ ¨ ®¤­ã æ¨äàã �, ¯®á«¥ ç¥£® â ¬ ®áâ «®áì ���. �â® ¡ë«® ­ ¯¨á ­® ­ 

¤®áª¥?

�â¢¥â: 206 032 = 632 · 326.
�¥è¥­¨¥. Ǳ®«®�¨¬ p = ��� · ���. � ¤¥áïâ¨ç­ãî § ¯¨áì p ¢å®¤ïâ æ¨äàë �, � ¢å®¤ïâ ¯®

®¤­®¬ã à §ã,   æ¨äàë � ¨ 0 | ¯® ¤¢  à § . �®£¤  ç¨á«  (� + � + �)

2

¨ (� + � + 2�) ¤ îâ ¯à¨

¤¥«¥­¨¨ ­  9 ®¤¨­ ª®¢ë¥ ®áâ âª¨, ®âªã¤  �mod 9 = (�+�+�)(�+�+�−1)mod 9. � ¢¨á¨¬®áâì

¬¥�¤ã ç¨á« ¬¨ n ¨ n(n− 1)mod 9 ¯à¨¢¥¤¥­  ¢ â ¡«¨æ¥:

n 1 2 3 4 5 6 7 8 9

n(n− 1)mod 9 0 2 6 3 2 3 6 2 0

(¤ «¥¥ ®áâ âª¨ ¡ã¤ãâ æ¨ª«¨ç¥áª¨ ¯®¢â®àïâìáï). � ª¨¬ ®¡à §®¬, � ∈ {2, 3, 6, 9}. �« ¤è¥© æ¨äà®©

ç¨á«  p ï¢«ï¥âáï �, â ª ª ª p ®ª ­ç¨¢ ¥âáï ­¥ ­  ­®«ì. � ¤àã£®© áâ®à®­ë, ¬« ¤è ï æ¨äà  p à ¢­ 

®áâ âªã ®â ¤¥«¥­¨ï � · � ­  10. Ǳ®íâ®¬ã � · (� − 1)

.

.

.

10. Ǳ®áª®«ìªã æ¨äà  � ­¥ ¤¥«¨âáï ­  5,

¢®§¬®�­ë ¤¢  á«ãç ï.

1) � = 1. Ǳà¥¤¯®á«¥¤­ïï æ¨äà  ç¨á«  p à ¢­  ®áâ âªã ®â ¤¥«¥­¨ï �

2

+� ­  10. Ǳ®áª®«ìªã �

2

­¥ ¤¥«¨âáï ­  10, íâ  æ¨äà  ®â«¨ç­  ®â �. �­ ç¨â, ®­  à ¢­  � ¨«¨ 0. Ǳãáâì ¢­ ç «¥ ®­  à ¢­  �.

�®£¤  �

2 − � + �

.

.

.

10. �áâ âª¨ ®â ¤¥«¥­¨ï �

2 − � ­  10 ¯à¨­¨¬ îâ â®«ìª® §­ ç¥­¨ï 0, 2 ¨ 6,

®âªã¤  � à ¢­® 4 ¨«¨ 8. Ǳà¨ � = 4

(5 + �)

2 − 5− 2�

.

.

.

9 ⇐⇒ �

2

+ 8�− 7

.

.

.

9 ⇐⇒ � (�− 1)mod 9 = 7,

çâ® ­¥¢®§¬®�­® (á¬. â ¡«¨æã). �á«¨ � = 8, â® � +� = 9 ¨ (�

2 − 2�)

.

.

.

9, ®âªã¤  � = 2 ¨«¨ � = 9.

�â¨ á«ãç ¨ ­ ¬ ­¥ ¯®¤å®¤ïâ, ¯®áª®«ìªã 189 · 891 = 168 399 ¨ 182 · 821 = 149 422.

Ǳãáâì â¥¯¥àì ¯à¥¤¯®á«¥¤­ïï æ¨äà  ç¨á«  p à ¢­  ­ã«î. �®£¤  �2

+� ¤¥«¨âáï ­  10. Ǳ®áª®«ìªã

�

2

mod 10 ∈ {1, 4, 6, 9} ¨ æ¨äàë �, �, � à §«¨ç­ë, ¯ à  (�,�) ¬®�¥â ¡ëâì à ¢­  (6, 2) ¨«¨ (4, 6).
� ª ª ª 162 · 621 = 100 602 ¨ 146 · 461 = 67 306, íâ¨ á«ãç ¨ â ª�¥ ­¥ ¯®¤å®¤ïâ.

2) � = 6 ¨ æ¨äà  � ç¥â­ . �®£¤  � = 2, ¯®áª®«ìªã � 6= �. �§ â ¡«¨æë ¬ë ¯®«ãç ¥¬

�+�+� ∈ {11, 14, 17} ⇐⇒ 8 + � ∈ {11, 14, 17} ⇐⇒ � ∈ {3, 9},

â ª ª ª � 6= �. �á«¨ � = 9, â® 692 · 926 = 640 792, çâ® ­ ¬ ­¥ ¯®¤å®¤¨â. � á«ãç ¥ � = 3 ¬ë

¯®«ãç ¥¬ 632 · 326 = 206 032, çâ® ¨ ¤ ¥â ®â¢¥â. �

5. �  ®ªàã�­®áâ¨ ®â¬¥ç¥­® n â®ç¥ª (n > 5). Ǳ¥âï ¨ � áï ¯® ®ç¥à¥¤¨ (­ ç¨­ ï á Ǳ¥â¨) ¯à®-

¢®¤ïâ ¯® ®¤­®© å®à¤¥, á®¥¤¨­ïîé¥© ¯ àë íâ¨å â®ç¥ª, ­¥ ï¢«ïîé¨åáï á®á¥¤­¨¬¨. �î¡ë¥ ¤¢¥

¯à®¢¥¤¥­­ë¥ å®à¤ë ¬®£ãâ ¯¥à¥á¥ª âìáï â®«ìª® ª®­æ¥¢ë¬¨ â®çª ¬¨. Ǳà®¨£àë¢ ¥â ¨£à®ª, ­¥

¨¬¥îé¨© å®¤ . Ǳà¨ ª ª¨å n Ǳ¥âï ¢ë¨£à ¥â ¢­¥ § ¢¨á¨¬®áâ¨ ®â ¤¥©áâ¢¨© � á¨?

�â¢¥â: ¯à¨ ç¥â­ëå n.



�¥è¥­¨¥ 1. �¥©áâ¢¨ï ¨£à®ª®¢ ¬®�­® ®¯¨á âì â ª: ®­¨ ¯à®¢®¤ïâ ¢ n-ã£®«ì­¨ª¥ ¤¨ £®­ «¨,
¯¥à¥á¥ª îé¨¥áï à §¢¥ çâ® ª®­æ ¬¨. �«ï ã¤®¡áâ¢  ¬ë ¬®�¥¬ áç¨â âì íâ®â n-ã£®«ì­¨ª ¯à ¢¨«ì­ë¬.
Ǳãáâì n ç¥â­®, â® ¥áâì n = 2m. Ǳ®¡¥¤ã Ǳ¥â¥ ®¡¥á¯¥ç¨â á«¥¤ãîé ï áâà â¥£¨ï. Ǳ¥à¢ë¬ å®¤®¬ ®­

¤®«�¥­ ¯à®¢¥áâ¨ ¤¨ £®­ «ì, à §¡¨¢ îéãî n-ã£®«ì­¨ª ­  ¤¢  ®¤¨­ ª®¢ëå (m+1)-ã£®«ì­¨ª . � «¥¥

«î¡ ï å®à¤ , ¯à®¢¥¤¥­­ ï � á¥©, ¡ã¤¥â ¯à®å®¤¨âì ¢ ®¤­®¬ ¨§ ¤¢ãå (m + 1)-ã£®«ì­¨ª®¢. � ®â¢¥â

Ǳ¥âï ¬®�¥â ¯à®¢¥áâ¨ â ªãî �¥ å®à¤ã ¢ ¤àã£®¬ (m+ 1)-ã£®«ì­¨ª¥. � ª¨¬ ®¡à §®¬, ã Ǳ¥â¨ ¢á¥£¤ 

¥áâì å®¤, ¨ ®­ ¢ë¨£à ¥â.

Ǳãáâì n ­¥ç¥â­®. � §®¢¥¬ ª«îç¥¢®© ¯®§¨æ¨î, ¢ ª®â®à®© ¨áå®¤­ë© n-ã£®«ì­¨ª à §¡¨â ­  ­¥áª®«ì-
ª® ¬­®£®ã£®«ì­¨ª®¢ (¢®§¬®�­®, ®¤¨­) á ­¥ç¥â­ë¬ ç¨á«®¬ ¢¥àè¨­. �®ª �¥¬ á«¥¤ãîé¥¥ ãâ¢¥à�¤¥-

­¨¥: ¥á«¨ Ǳ¥âï ¤¥« ¥â å®¤ ¢ ª«îç¥¢®© ¯®§¨æ¨¨, â® � áï ¬®�¥â ®â¢¥â¨âì â ª, çâ®¡ë ¢­®¢ì

¢®§­¨ª«  ª«îç¥¢ ï ¯®§¨æ¨ï. �¥©áâ¢¨â¥«ì­®, «î¡®© å®¤ Ǳ¥â¨ | ¤¨ £®­ «ì ¢ ®¤­®¬ ¨§ ¬­®£®ã£®«ì-

­¨ª®¢ (áª �¥¬, �), ­  ª®â®àë¥ à §¡¨â n-ã£®«ì­¨ª. �â  ¤¨ £®­ «ì à §à¥§ ¥â � ­  ¤¢  ¬­®£®ã£®«ì-

­¨ª  á ç¥â­ë¬ ¨ ­¥ç¥â­ë¬ ç¨á«®¬ ¢¥àè¨­. � ®â¢¥â � áï ¤®«�¥­ ¯à®¢¥áâ¨ å®à¤ã, ®âà¥§ îéãî

âà¥ã£®«ì­¨ª ®â ¬­®£®ã£®«ì­¨ª  á ç¥â­ë¬ ç¨á«®¬ áâ®à®­. � ª¨¬ ®¡à §®¬, � à á¯ ¤¥âáï ­  âà¨

¬­®£®ã£®«ì­¨ª  á ­¥ç¥â­ë¬ ç¨á«®¬ ¢¥àè¨­, ¨ ¢­®¢ì ¢®§­¨ª­¥â ª«îç¥¢ ï ¯®§¨æ¨ï.

� ¬¥â¨¬, çâ® ¨áå®¤­ ï ¯®§¨æ¨ï | ª«îç¥¢ ï. �«¥¤ãï ®¯¨á ­­®© ¢ëè¥ áâà â¥£¨¨, � áï ¢á¥£¤ 

¬®�¥â á¤¥« âì ®â¢¥â­ë© å®¤, ¯®íâ®¬ã ®­ ¢ë¨£à ¥â. �

�¥è¥­¨¥ 2. �¥©áâ¢¨ï ¨£à®ª®¢ ¬®�­® ®¯¨á âì â ª: ®­¨ ¯à®¢®¤ïâ ¢ n-ã£®«ì­¨ª¥ ¤¨ £®­ «¨,
¯¥à¥á¥ª îé¨¥áï à §¢¥ çâ® ª®­æ ¬¨. �«ï ã¤®¡áâ¢  ¬ë ¬®�¥¬ áç¨â âì íâ®â n-ã£®«ì­¨ª ¯à ¢¨«ì­ë¬.
Ǳãáâì n ç¥â­®, â® ¥áâì n = 2m. Ǳ®¡¥¤ã Ǳ¥â¥ ®¡¥á¯¥ç¨â á«¥¤ãîé ï áâà â¥£¨ï. Ǳ¥à¢ë¬ å®¤®¬ ®­

¤®«�¥­ ¯à®¢¥áâ¨ ¤¨ £®­ «ì, à §¡¨¢ îéãî n-ã£®«ì­¨ª ­  ¤¢  ®¤¨­ ª®¢ëå (m+1)-ã£®«ì­¨ª . � «¥¥

«î¡ ï å®à¤ , ¯à®¢¥¤¥­­ ï � á¥©, ¡ã¤¥â ¯à®å®¤¨âì ¢ ®¤­®¬ ¨§ ¤¢ãå (m + 1)-ã£®«ì­¨ª®¢. � ®â¢¥â

Ǳ¥âï ¬®�¥â ¯à®¢¥áâ¨ â ªãî �¥ å®à¤ã ¢ ¤àã£®¬ (m+ 1)-ã£®«ì­¨ª¥. � ª¨¬ ®¡à §®¬, ã Ǳ¥â¨ ¢á¥£¤ 

¥áâì å®¤, ¨ ®­ ¢ë¨£à ¥â.

Ǳãáâì n ­¥ç¥â­®, â® ¥áâì n = 2m + 1. �®ª �¥¬ ¯® ¨­¤ãªæ¨¨, çâ® ¯à¨ «î¡®¬ m ã � á¨ ¥áâì

¯®¡¥¤­ ï áâà â¥£¨ï. � §  ¨­¤ãªæ¨¨ ®ç¥¢¨¤­ : ¢ âà¥ã£®«ì­¨ª¥ ã Ǳ¥â¨ ­¥â å®¤®¢. Ǳãáâì ¯à¨ «î¡®¬

k < m â ª ï áâà â¥£¨ï áãé¥áâ¢ã¥â ¤«ï (2k + 1)-ã£®«ì­¨ª . Ǳ¥à¢ ï å®à¤ , ¯à®¢¥¤¥­­ ï Ǳ¥â¥©,

à §¤¥«¨â ¨áå®¤­ë© ¬­®£®ã£®«ì­¨ª ­  ¤¢ : � á ç¥â­ë¬ ç¨á«®¬ ¢¥àè¨­ ¨ �

′
á ­¥ç¥â­ë¬. � ¬¥â¨¬,

çâ® ¯à¨ ¨£à¥ â®«ìª® ¢ � ¯®¡¥¤ã ¬®�¥â á¥¡¥ £ à ­â¨à®¢ âì ¯¥à¢ë© ¨£à®ª (â ª ª ª ç¨á«® ¢¥àè¨­ ¢

� ç¥â­®),   ¯à¨ ¨£à¥ â®«ìª® ¢ �

′
| ¢â®à®© ¨£à®ª (¯® ¨­¤ãªæ¨®­­®¬ã ¯à¥¤¯®«®�¥­¨î). �¯¨è¥¬

¢ë¨£àëè­ãî áâà â¥£¨î � á¨. Ǳ¥à¢ë© ¥£® å®¤ ¤®«�¥­ ¡ëâì ¢ �,   § â¥¬ ª �¤ë© à § � áï ¯à®¢®¤¨â

å®à¤ã ¢ â®¬ �¥ ¬­®£®ã£®«ì­¨ª¥ (� ¨«¨ �

′
), çâ® ¯¥à¥¤ íâ¨¬ Ǳ¥âï. Ǳ®ª �¥¬, çâ® ã � á¨ ¢á¥£¤ 

­ ©¤¥âáï å®¤. �¥©áâ¢¨â¥«ì­®, ¨£à  ¨¤¥â ¯ à ««¥«ì­® ¢ ¤¢ãå ¬­®£®ã£®«ì­¨ª å, ¯à¨ç¥¬ ¢ � ­ ç¨­ ¥â

� áï,   ¢ �

′
| Ǳ¥âï. Ǳ®íâ®¬ã ¤«ï � ¨ �

′
ã � á¨ ¥áâì ¯®¡¥¤­ë¥ áâà â¥£¨¨ ¨, á«¥¤ãï ¨¬, ®­ ¢á¥£¤ 

á¬®�¥â á¤¥« âì ®ç¥à¥¤­®© å®¤. �

6. �  áâ®«¥ ­ å®¤ïâáï âà¨ è à  ¨ ª®­ãá (®á­®¢ ­¨¥¬ ª áâ®«ã), ª á ïáì ¤àã£ ¤àã£  ¢­¥è­¨¬ ®¡-

à §®¬. � ¤¨ãáë è à®¢ à ¢­ë 20, 40 ¨ 40,   à ¤¨ãá ®á­®¢ ­¨ï ª®­ãá  à ¢¥­ 21. � ©¤¨â¥ ¢ëá®âã

ª®­ãá .

�â¢¥â: 28.

K O

R

R

21

h

2α

A

B

C

D
O



�¥è¥­¨¥. Ǳãáâì O | æ¥­âà ®á­®¢ ­¨ï ª®­ãá , h| ¥£® ¢ëá®â , 2α| ã£®« ­ ª«®­  ®¡à §ãîé¨å

ª®­ãá  ª áâ®«ã. � áá¬®âà¨¬ á¥ç¥­¨¥, ¯à®å®¤ïé¥¥ ç¥à¥§ ®áì á¨¬¬¥âà¨¨ ª®­ãá  ¨ æ¥­âà ®¤­®£® ¨§

è à®¢ (á¬. «¥¢ë© à¨áã­®ª). Ǳãáâì K | â®çª  ª á ­¨ï è à  á® áâ®«®¬, R | à ¤¨ãá è à . �®£¤ 

OK = R · tgα+ 21. (∗)

�¡®§­ ç¨¬ ç¥à¥§ A,B,C â®çª¨ ª á ­¨ï è à®¢ á® áâ®«®¬ (á¬. ¯à ¢ë© à¨áã­®ª). �§ ãá«®¢¨ï ª á ­¨ï

è à®¢ BC = 80 ¨

AB = AC =

√

(40 + 20)

2 − (40− 20)

2

= 40

√
2.

�­ ç¨â, ¢ëá®â  AD âà¥ã£®«ì­¨ª  ABC ï¢«ï¥âáï á¥à¥¤¨­­ë¬ ¯¥à¯¥­¤¨ªã«ïà®¬ ª BC. �§ (∗) ¢ëâ¥-
ª ¥â, çâ® â®çª  O à ¢­®ã¤ «¥­  ®â B ¨ C, â® ¥áâì ®­  «¥�¨â ­  AD, ¨ OA = 20 tgα+21. � ¬¥â¨¬,

çâ®

BD = 40, AD =

√

AB2 −BD2

= 40, OD = AD −OA = 19− 20 tgα.

� ¢¥­áâ¢® (∗) ¤ ¥â OB = 40 tgα+ 21, ¨ ¯® â¥®à¥¬¥ Ǳ¨ä £®à 

OB2

= OD2

+BD2 ⇐⇒
(

40 tgα+21
)

2

=

(

19−20 tgα
)

2

+40

2 ⇐⇒ 30 tg

2α+61 tgα−38 = 0 ⇐⇒ tgα =

1

2

.

�âáî¤ 

tg 2α =

2 tgα

1− tg

2 α
=

4

3

¨ h = 21 · tg 2α = 28. �



� à¨ ­â 3

1. � �¤ ï ª«¥âª  â ¡«¨æë 5× 6 ®ªà è¥­  ¢ ®¤¨­ ¨§ âà¥å æ¢¥â®¢: á¨­¨©, ªà á­ë© ¨«¨ �ñ«âë©.

Ǳà¨ íâ®¬ ¢ ª �¤®© áâà®ª¥ â ¡«¨æë ç¨á«® ªà á­ëå ª«¥â®ª ­¥ ¬¥­ìè¥ ç¨á«  á¨­¨å ª«¥â®ª ¨ ­¥

¬¥­ìè¥ ç¨á«  �ñ«âëå ª«¥â®ª,   ¢ ª �¤®¬ áâ®«¡æ¥ â ¡«¨æë ç¨á«® á¨­¨å ª«¥â®ª ­¥ ¬¥­ìè¥

ç¨á«  ªà á­ëå ª«¥â®ª ¨ ­¥ ¬¥­ìè¥ ç¨á«  �ñ«âëå ª«¥â®ª. �ª®«ìª® �ñ«âëå ª«¥â®ª ¬®�¥â

¡ëâì ¢ â ª®© â ¡«¨æ¥? Ǳà¨¢¥¤¨â¥ ¯à¨¬¥à á®®â¢¥âáâ¢ãîé¥© à áªà áª¨.

�â¢¥â: 6.

� � � � � �

� � � � � �

�� � � � �

� � �� � �

� � � � ��

�¥è¥­¨¥. � ª ª ª ¢ ª �¤®© áâà®ª¥ ªà á­ëå ª«¥â®ª ­¥ ¬¥­ìè¥, ç¥¬ á¨­¨å, ¨å ­¥ ¬¥­ìè¥ ¨

¢® ¢á¥© â ¡«¨æ¥. �®£¤  ªà á­ëå ¨ á¨­¨å ª«¥â®ª ¯®à®¢­ã ¢ ª �¤®¬ áâ®«¡æ¥. �¥©áâ¢¨â¥«ì­®, ¥á«¨

¢ ®¤­®¬ ¨§ áâ®«¡æ®¢ ªà á­ëå ª«¥â®ª ¬¥­ìè¥, ç¥¬ á¨­¨å, â® ¨å ¡ã¤¥â ¬¥­ìè¥ ¨ ¢® ¢á¥© â ¡«¨æ¥,

¯®áª®«ìªã ¢ ®áâ «ì­ëå áâ®«¡æ å ¨å ­¥ ¡®«ìè¥, ç¥¬ á¨­¨å. �à®¬¥ â®£®, ç¨á«® á¨­¨å ª«¥â®ª ¢

ª �¤®¬ áâ®«¡æ¥ ­¥ ¬¥­ìè¥

5

3

, â® ¥áâì ®­® ¯® ªà ©­¥© ¬¥à¥ 2. �­ ç¨â, â ¡«¨æ  á®¤¥à�¨â ª ª

¬¨­¨¬ã¬ 12 á¨­¨å ª«¥â®ª ¨ áâ®«ìª® �¥ ªà á­ëå. Ǳ®íâ®¬ã ¢ â ¡«¨æ¥ ¨¬¥¥âáï ­¥ ¡®«¥¥ 6 �¥«âëå

ª«¥â®ª. � ¤àã£®© áâ®à®­ë, ¢ ª �¤®¬ áâ®«¡æ¥ ®¡é¥¥ ç¨á«® ªà á­ëå ¨ á¨­¨å ª«¥â®ª ç¥â­®, ¯®íâ®¬ã

¢ ­¥¬ ¨¬¥¥âáï å®âï ¡ë ®¤­  �¥«â ï ª«¥âª . �­ ç¨â, â ¡«¨æ  á®¤¥à�¨â ­¥ ¬¥­¥¥ 6 �¥«âëå ª«¥â®ª.

Ǳà¨¬¥à à áªà áª¨ á è¥áâìî �¥«âë¬¨ ª«¥âª ¬¨ ¯à¨¢¥¤¥­ ­  à¨áã­ª¥. �

2. � ­ë ç¨á«  x, y ∈
(

0, π
2

)

. � ©¤¨â¥ ¬ ªá¨¬ «ì­®¥ §­ ç¥­¨¥ ¢ëà �¥­¨ï

A =

√

osx 
os y√


tgx+
√

tg y

.

�â¢¥â:

√
2

4

.

�¥è¥­¨¥. � ¬¥â¨¬, çâ®

√
a +

√
b 6

√

2(a+ b) ¯à¨ «î¡ëå a, b > 0. Ǳà¨¬¥­ïï ­¥à ¢¥­áâ¢® ¤«ï

áà¥¤­¥£® £ à¬®­¨ç¥áª®£® ¨ áà¥¤­¥£®  à¨ä¬¥â¨ç¥áª®£®, ¬ë ¯®«ãç¨¬

A 6
1

4

√

osx 
os y

(

√

tg x+
√

tg y
)

=

1

4

(

√

sinx 
os y +
√


osx sin y
)

6

6

√
2

4

√

sinx 
os y + 
osx sin y =

√
2

4

√

sin(x + y) 6

√
2

4

.

� ¢¥­áâ¢® à¥ «¨§ã¥âáï ¯à¨ x = y = π
4

. �

3. �¥âëà¥åã£®«ì­¨ª ABCD ¢¯¨á ­ ¢ ®ªàã�­®áâì ω, æ¥­âà ª®â®à®© «¥�¨â ­  áâ®à®­¥ AB.
�ªàã�­®áâì ω

1

ª á ¥âáï ¢­¥è­¨¬ ®¡à §®¬ ®ªàã�­®áâ¨ ω ¢ â®çª¥ C. �ªàã�­®áâì ω
2

ª á -

¥âáï ®ªàã�­®áâ¥© ω ¨ ω
1

¢ â®çª å D ¨ E á®®â¢¥âáâ¢¥­­®. Ǳàï¬ ï BC ¢â®à¨ç­® ¯¥à¥á¥ª ¥â

®ªàã�­®áâì ω
1

¢ â®çª¥ P ,   ¯àï¬ ï AD ¢â®à¨ç­® ¯¥à¥á¥ª ¥â ®ªàã�­®áâì ω
2

¢ â®çª¥ Q.
�§¢¥áâ­®, çâ® â®çª¨ P , Q ¨ E à §«¨ç­ë. � ©¤¨â¥ ã£®« PEQ.

�â¢¥â: 180

◦
.

�¥è¥­¨¥ 1. � ª ª ª ∠BCO = ∠PCO
1

, à ¢­®¡¥¤à¥­­ë¥ âà¥ã£®«ì­¨ª¨ BOC ¨ PO
1

C ¯®¤®¡­ë,

®âªã¤  ∠BOC = ∠PO
1

C. �­ «®£¨ç­® ¯à®¢¥àï¥âáï, çâ® ∠AOD = ∠QO
2

D. �®£¤  ®âà¥§ª¨ O
1

P ¨

O
2

Q ¯ à ««¥«ì­ë ¯àï¬®© AB ¨, §­ ç¨â, ¤àã£ ¤àã£ã. Ǳ®íâ®¬ã ∠PO
1

E = ∠QO
2

E. � ª¨¬ ®¡à §®¬,

à ¢­®¡¥¤à¥­­ë¥ âà¥ã£®«ì­¨ª¨ PO
1

E ¨ QO
2

E ¯®¤®¡­ë, ®âªã¤  ∠O
1

EP = ∠O
2

EQ. �­ ç¨â, â®çª  E
«¥�¨â ­  ®âà¥§ª¥ PQ, çâ® ¨ ¤ ¥â ®â¢¥â. �



O

O1

O2

A

B

C

D E
Q

P

ω

ω1

ω2

�¥è¥­¨¥ 2. �â¬¥â¨¬ ¯®«¥§­®¥ á¢®©áâ¢® ª á îé¨åáï ®ªàã�­®áâ¥©: ¥á«¨ á¥ªãé ï UV ¯à®å®¤¨â

ç¥à¥§ â®çªã T ª á ­¨ï ¤¢ãå ®ªàã�­®áâ¥©, â® ¢¯¨á ­­ë¥ ã£«ë, ®¯¨à îé¨¥áï ­  ¢ëá¥ª ¥¬ë¥ ¥©

¤ã£¨, à ¢­ë. �¥©áâ¢¨â¥«ì­®, ¯®áª®«ìªã ¢¯¨á ­­ë© ã£®« à ¢¥­ ã£«ã ¬¥�¤ã ª á â¥«ì­®© ¨ á¥ªãé¥©,

á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢  ∠UU
1

T = ∠UTY = ∠XTV = ∠V V
1

T (á¬. «¥¢ë© à¨áã­®ª ­¨�¥).

�¡®§­ ç¨¬ â®çªã ¯¥à¥á¥ç¥­¨ï AD ¨ BC ç¥à¥§ R,   ¢â®àãî â®çªã ¯¥à¥á¥ç¥­¨ï AC á ®ªàã�­®áâìî

ω
1

ç¥à¥§ S. Ǳãáâì ∠OO
1

O
2

= 2α ¨ ∠OO
2

O
1

= 2β. �§ à ¢­®¡¥¤à¥­­®áâ¨ âà¥ã£®«ì­¨ª®¢ O
1

CE ¨

O
2

DE ¬ë ¯®«ãç ¥¬, çâ®

∠O
1

EC = 90

◦ − α, ∠O
2

ED = 90

◦ − β ¨ ∠CED = 180

◦ − ∠O
1

EC − ∠O
2

ED = α+ β.

� ¤àã£®© áâ®à®­ë, ¨§ áã¬¬ë ã£«®¢ âà¥ã£®«ì­¨ª  OO
1

O
2

­ å®¤¨¬, çâ® ∠COD = 180

◦ − 2α − 2β.
�¯¨á ­­ë© ã£®« ∠CAD | ¯®«®¢¨­  æ¥­âà «ì­®£® ã£«  ∠COD. �®£¤ 

∠CAD = 90

◦ − α− β, ∠ACR = ∠ACB = 90

◦, ®âªã¤  ∠CRD = α+ β.

� ª¨¬ ®¡à §®¬, ∠CRD = ∠CED. �§ ¢¯¨á ­­®áâ¨ ç¥âëà¥åã£®«ì­¨ª  PECS ¢ëâ¥ª ¥â, çâ®

∠PEC = 180

◦ − ∠PSC = 180

◦ − ∠CAB = 90

◦
+ ∠RBA.

�à®¬¥ â®£®, ∠DEQ = ∠DBA = 90

◦ − ∠RAB. �¥¯¥àì ¬ë ¬®�¥¬ ­ ©â¨ ã£®« PEQ:

∠PEQ = ∠PEC + ∠CED − ∠DEQ = ∠PEC + ∠CRD − ∠DEQ =

= (90

◦
+ ∠RBA) + (180

◦ − ∠RAB − ∠RBA)− (90

◦ − ∠RAB) = 180

◦. �

T

U

V
U1

V1

X

Y

C

A

B

D
E

O
O1

O2

PQ

R

S

ω ω1

ω2

4. �  ¤®áª¥ ­ ¯¨á ­® ¯à®¨§¢¥¤¥­¨¥ âà¥å§­ ç­ëå ç¨á¥« ��� ¨ ���, £¤¥ ¡ãª¢ë á®®â¢¥âáâ¢ãîâ

à §«¨ç­ë¬ ¤¥áïâ¨ç­ë¬ æ¨äà ¬. � ¯¨áì íâ®£® ¯à®¨§¢¥¤¥­¨ï á®áâ®¨â ¨§ âà¥å ¯ à ®¤¨­ ª®¢ëå

á®á¥¤­¨å æ¨äà. �â® ­ ¯¨á ­® ­  ¤®áª¥?



�â¢¥â: 22 44 55 = 385 · 583.
�¥è¥­¨¥. Ǳ®áª®«ìªã § ¤ ç  ­¥ ¬¥­ï¥âáï ¯à¨ ¯¥à¥áâ ­®¢ª¥ � ¨ �, ¬ë ¡ã¤¥¬ áç¨â âì � < �.

Ǳãáâì ��� ·��� = xxyyzz. �ç¥¢¨¤­®, çâ® ¯à ¢ ï ç áâì ªà â­  11. � ª ª ª

���mod 11 = (� +�− �)mod 11 = ���mod 11,

ç¨á«  ��� ¨ ��� ¤¥«ïâáï ­  11,   ¨å ¯à®¨§¢¥¤¥­¨¥ ¤¥«¨âáï ­  121. Ǳ®áª®«ìªã xxyyzz = 11 ·x0y0z,
¬ë ¯®«ãç ¥¬ x+ y + z

.

.

.

11, ®âªã¤  x+ y + z à ¢­® 11 ¨«¨ 22. � ¬¥â¨¬, çâ®

(� +�+�)

2

mod 9 = ��� ·���mod 9 = xxyyzzmod 9 = 2 (x+ y + z)mod 9.

� ¢¨á¨¬®áâì ¬¥�¤ã ç¨á« ¬¨ n ¨ n2mod 9 ¯à¨¢¥¤¥­  ¢ â ¡«¨æ¥:

n 1 2 3 4 5 6 7 8 9

n2mod 9 1 4 0 7 7 0 4 1 0

(¤ «¥¥ ®áâ âª¨ ¡ã¤ãâ æ¨ª«¨ç¥áª¨ ¯®¢â®àïâìáï). � ª ª ª 44mod 9 = 8, á«ãç © x + y + z = 22

­¥¢®§¬®�¥­. �á«¨ x + y + z = 11, ¬ë ¯®«ãç ¥¬ (� + � + �)

2

mod 9 = 22mod 9 = 4, ¨ ¨§ â ¡«¨æë

(� + � + �)mod 9 ∈ {2, 7}. �à®¬¥ â®£®, � + � − � ªà â­® 11, ®âªã¤  «¨¡® � = � + �, «¨¡®

� = �+�− 11. � áá¬®âà¨¬ íâ¨ á«ãç ¨.

1) Ǳãáâì � = � + �. �®£¤  2�mod 9 ∈ {2, 7}. �á«¨ 2�mod 9 = 2, â® � = 1, çâ® ­¥¢®§¬®�­®,

¯®áª®«ìªã � + � > 2. Ǳãáâì 2�mod 9 = 7. �®£¤  � = 8, ¨ ¯ à  (�,�) ¬®�¥â ¯à¨­¨¬ âì §­ ç¥­¨ï
(1, 7), (2, 6), (3, 5). � ª ª ª 781 · 187 = 14 60 47, 682 · 286 = 19 50 52, 583 · 385 = 22 44 55, ­ ¬ ¯®¤å®¤¨â

â®«ìª® âà¥â¨© á«ãç ©.

2) Ǳãáâì � = �+�− 11. �®£¤  � 6 9 + 8− 11 = 6. � ª ª ª

2 (� + 1)mod 9 = (2� + 11)mod 9 = (� + �+�)mod 9 ∈ {2, 7},

¬ë ¯®«ãç¨¬ � = 9 ¨«¨ � = 7, çâ® ­¥¢®§¬®�­®. �

5. Ǳ® ªà î ªàã£«®£® áâ®«  áâ®ïâ n ¯ãáâëå áâ ª ­®¢ (n > 3). Ǳ¥âï ¨ � áï ¯® ®ç¥à¥¤¨ (­ ç¨­ ï

á Ǳ¥â¨) ­ «¨¢ îâ ¢ ­¨å ª¢ á. Ǳ¥âï ¢ á¢®© å®¤ ­ «¨¢ ¥â ª¢ á ¢ ¢ë¡à ­­ë© ¨¬ ¯ãáâ®© áâ ª ­,

ã ª®â®à®£® ®¡  á®á¥¤­¨å á ­¨¬ áâ ª ­  «¨¡® ¯ãáâë¥, «¨¡® ¯®«­ë¥. � áï ¢ á¢®© å®¤ ­ «¨¢ ¥â

ª¢ á ¢ ¢ë¡à ­­ë© ¨¬ ¯ãáâ®© áâ ª ­, ã ª®â®à®£® ®¤¨­ á®á¥¤­¨© á ­¨¬ áâ ª ­ ¯ãáâ®©, ¤àã£®© |

¯®«­ë©. Ǳà®¨£àë¢ ¥â ¨£à®ª, ­¥ ¨¬¥îé¨© å®¤ . Ǳà¨ ª ª¨å n Ǳ¥âï ¢ë¨£à ¥â ¢­¥ § ¢¨á¨¬®áâ¨

®â ¤¥©áâ¢¨© � á¨?

�â¢¥â: n 6= 4.

�¥è¥­¨¥. �ç¥¢¨¤­®, çâ® n = 3 ­ ¬ ¯®¤å®¤¨â. �«ãç © n = 4 ­¥ ¯®¤å®¤¨â. �¥©áâ¢¨â¥«ì­®,

¯¥à¢ë¬ ®â¢¥â­ë¬ å®¤®¬ � áï § ¯®«­ï¥â áâ ª ­ àï¤®¬ á â¥¬, çâ® ­ «¨« Ǳ¥âï, ¯®á«¥ ç¥£® ã Ǳ¥â¨

­¥â å®¤®¢.

Ǳãáâì n > 4. � §®¢¥¬ §¢¥­®¬ ¡«®ª ¨§ ­¥áª®«ìª¨å ¯®á«¥¤®¢ â¥«ì­ëå § ¯®«­¥­­ëå áâ ª ­®¢,  

­ ¡®à §¢¥­ì¥¢, à §¤¥«¥­­ëå ®¤­¨¬ ¯ãáâë¬ áâ ª ­®¬, | æ¥¯®çª®©. �¤¥« ¥¬ ¤¢  ­ ¡«î¤¥­¨ï.

1) �á«¨ ¯¥à¥¤ å®¤®¬ � á¨ § ¯®«­¥­­ë¥ áâ ª ­ë ®¡à §®¢ë¢ «¨ æ¥¯®çªã, â® ¨ ¯®á«¥ ¥£® å®¤ 

æ¥¯®çª  á®åà ­¨âáï á â¥¬ �¥ ç¨á«®¬ §¢¥­ì¥¢.

2) �á«¨ Ǳ¥âï ­ «¨¢ ¥â ª¢ á áâ ª ­, áâ®ïé¨© ç¥à¥§ ®¤¨­ ®â ªà ©­¥£® §¢¥­  æ¥¯®çª¨, â® á­®¢ 

¯®«ãç ¥âáï æ¥¯®çª , ã ª®â®à®© áâ ­®¢¨âáï ­  ®¤­® §¢¥­® ¡®«ìè¥.

Ǳ®¡¥¤­ ï áâà â¥£¨ï Ǳ¥â¨ á®áâ®¨â ¢ á«¥¤ãîé¥¬. Ǳ¥à¢ë© å®¤ ®­ ¤¥« ¥â ¯à®¨§¢®«ì­®, ¯®«ãç ï

®¤­®§¢¥­­ãî æ¥¯®çªã. �á«¨ ã � á¨ ­¥â å®¤  | ®­ ¯à®¨£à «, ¨­ ç¥ ¯®á«¥ å®¤  � á¨ ¢ á¨«ã 1)

á®åà ­ï¥âáï æ¥¯®çª . �®£¤  Ǳ¥âï § ¯®«­ï¥â áâ ª ­, áâ®ïé¨© ç¥à¥§ ®¤¨­ ®â ªà ©­¥£® §¢¥­  æ¥¯®çª¨,

¥á«¨ íâ® ¢®§¬®�­®. �®¯ãáâ¨¬, çâ® ¯®á«¥ 2k å®¤®¢ â ª ¤¥©áâ¢®¢ âì ã�¥ ­¥«ì§ï. � ãç¥â®¬ 2) íâ®

§­ ç¨â, çâ® ®¡à §®¢ « áì æ¥¯®çª , ã ª®â®à®© § §®à ¬¥�¤ã ªà ©­¨¬¨ §¢¥­ìï¬¨ ­¥ ¯à¥¢®áå®¤¨â ¤¢ãå



áâ ª ­®¢. � íâ®¬ã ¬®¬¥­âã ¨¬¥¥âáï 2k ¯®«­ëå áâ ª ­®¢ ¨ ­¥ ¡®«¥¥ k+1 ¯ãáâëå. �®£¤  3k+1 > n > 4,

®âªã¤  k > 2. �­ãâà¨ æ¥¯®çª¨ ¥áâì k − 1 > 1 ¯ãáâëå áâ ª ­®¢, ¨ ¢ ®¤¨­ ¨§ ­¨å Ǳ¥âï ¬®�¥â ­ «¨âì

ª¢ á. �á«¨ § §®à ¬¥�¤ã ªà ©­¨¬¨ §¢¥­ìï¬¨ æ¥¯®çª¨ á®¤¥à�¨â ¢á¥£® ®¤¨­ áâ ª ­, â® ã � á¨ ­¥â

å®¤  ¨ ®­ ¯à®¨£à «. �á«¨ â ª¨å áâ ª ­®¢ ¤¢ , â® ¢ ®¤¨­ ¨§ ­¨å � áï á¬®�¥â ­ «¨âì ª¢ á, ­® ¤àã£®©

®ª �¥âáï ®ªàã�¥­­ë¬ ¯®«­ë¬¨ áâ ª ­ ¬¨. � ª¨¬ ®¡à §®¬, ã Ǳ¥â¨ ¯®ï¢¨âáï ¥é¥ ®¤¨­ å®¤,   ã

� á¨ ¨å ã�¥ ­¥â. �

6. �  áâ®«¥ «¥� â è àë à ¤¨ãá®¢ 2, 2, 1, ª á ïáì ¤àã£ ¤àã£  ¢­¥è­¨¬ ®¡à §®¬. �¥àè¨­  ª®­ãá 

­ å®¤¨âáï ¯®á¥à¥¤¨­¥ ¬¥�¤ã â®çª ¬¨ ª á ­¨ï ®¤¨­ ª®¢ëå è à®¢ á® áâ®«®¬,   á ¬ ª®­ãá ª -

á ¥âáï ¢­¥è­¨¬ ®¡à §®¬ ¢á¥å è à®¢. � ©¤¨â¥ ã£®« ¯à¨ ¢¥àè¨­¥ ª®­ãá . (�£«®¬ ¯à¨ ¢¥àè¨­¥

ª®­ãá  ­ §ë¢ ¥âáï ã£®« ¬¥�¤ã ¥£® ®¡à §ãîé¨¬¨ ¢ ®á¥¢®¬ á¥ç¥­¨¨.)

�â¢¥â: 2 ar

tg 8.

O1

C

O2

K

H

M

O3

A3 C

K H

α
ψ

�¥è¥­¨¥. Ǳãáâì O
1

, O
2

, O
3

| æ¥­âàë è à®¢, A
1

, A
2

, A
3

| â®çª¨ ª á ­¨ï è à®¢ á® áâ®«®¬,

C | ¢¥àè¨­  ª®­ãá , 2α| ã£®« ¯à¨ ¥£® ¢¥àè¨­¥, ϕ = ∠O
1

CA
1

, ψ = ∠O
3

CA
3

. �§ ãá«®¢¨ï ª á ­¨ï

è à®¢

CA
1

= 2 ¨ A
1

A
3

= A
2

A
3

=

√

(2 + 1)

2 − (2− 1)

2

=

√
8.

�®£¤ 

CA
3

=

√

A
1

A
3

2 − CA
1

2

= 2 ¨ tgψ =

O
3

A
3

CA
3

=

1

2

.

�à®¬¥ â®£®, O
1

A
1

= 2 = CA
1

, ®âªã¤  ϕ = 45

◦
.

�ë¡¥à¥¬ ­  ®á¨ á¨¬¬¥âà¨¨ ª®­ãá  â®çªãK â ª, çâ® ¥¥ ¯à®¥ªæ¨ï H ­  ¯«®áª®áâì CO
1

O
2

¯®¯ ¤ ¥â

­  ®âà¥§®ª O
1

O
2

(á¬. «¥¢ë© à¨áã­®ª). �¡à §ãîé¨¥, ¯® ª®â®àë¬ ª®­ãá ª á ¥âáï ®¤¨­ ª®¢ëå è à®¢,

«¥� â ¢ ¯«®áª®áâïå KCO
1

¨ KCO
2

, ®âªã¤ 

∠KCO
1

= ∠KCO
2

= ϕ+ α = 45

◦
+ α.

�à®¬¥ â®£®, CO
1

= 2

√
2 = CO

2

. �â¬¥â¨¬ ­¥áª®«ìª® ¯à®áâëå ä ªâ®¢.

1) H | â®çª  ª á ­¨ï à ¢­ëå è à®¢. �¥©áâ¢¨â¥«ì­®, âà¥ã£®«ì­¨ª¨ KCO
1

¨ KCO
2

à ¢­ë,

®âªã¤  KO
1

= KO
2

. � ª ª ª KH ⊥ O
1

O
2

, ¬ë ¯®«ãç¨¬ HO
1

= HO
2

.

2) Ǳ«®áª®áâì KCH ¯¥à¯¥­¤¨ªã«ïà­  O
1

O
2

. �¥©áâ¢¨â¥«ì­®, âà¥ã£®«ì­¨ª O
1

CO
2

à ¢­®¡¥¤à¥­-

­ë©,   H | á¥à¥¤¨­  O
1

O
2

, ®âªã¤  CH ⊥ O
1

O
2

. �ç¥¢¨¤­® â ª�¥, çâ® KH ⊥ O
1

O
2

.

3) �á«¨ KM | ¯¥à¯¥­¤¨ªã«ïà, ®¯ãé¥­­ë© ¨§ â®çª¨ K ­  CO
1

, â® MH ⊥ CO
1

. �â® ¢ëâ¥ª ¥â

¨§ ®¡à â­®© â¥®à¥¬ë ® âà¥å ¯¥à¯¥­¤¨ªã«ïà å.

Ǳãáâì KM | ¯¥à¯¥­¤¨ªã«ïà, ®¯ãé¥­­ë© ¨§ â®çª¨ K ­  CO
1

. �§ 1) ¨ 2) ¢ëâ¥ª ¥â, çâ® ¯àï¬ ï

CH ª á ¥âáï à ¢­ëå è à®¢, ¯®íâ®¬ã ∠O
1

CH = ∠O
1

CA
1

= 45

◦
. �®£¤  ¢ á¨«ã 3)


os∠HCK =

CH

CK
=

CM


os∠O
1

CH
:

CM


os∠KCO
1

=


os∠KCO
1


os∠O
1

CH
=


os(45

◦
+ α)


os 45

◦
= 
osα− sinα.



� ¤àã£®© áâ®à®­ë, ¢ á¨«ã 1) ¨ 2) ¯«®áª®áâì HCK á®áâ®¨â ¨§ â®ç¥ª, à ¢­®ã¤ «¥­­ëå ®â O
1

¨ O
2

.

�­ ç¨â, HCK á®¤¥à�¨â â®çªã O
3

. �®£¤  (á¬. ¯à ¢ë© à¨áã­®ª)


osα− sinα = 
os∠HCK = 
os(90

◦ − 2ψ − α) = sin(2ψ + α) = sin 2ψ 
osα+ 
os 2ψ sinα,

®âªã¤ 

tgα =

1− sin 2ψ

1 + 
os2ψ
=

(sinψ − 
osψ)2

2 
os

2 ψ
=

(tgψ − 1)

2

2

=

1

8

. �



� à¨ ­â 4

1. � �¤ ï ª«¥âª  â ¡«¨æë 5× 5 ®ªà è¥­  ¢ ®¤¨­ ¨§ âà¥å æ¢¥â®¢: á¨­¨©, ªà á­ë© ¨«¨ �ñ«âë©.

Ǳà¨ íâ®¬ ¢ ª �¤®© áâà®ª¥ â ¡«¨æë ç¨á«® �ñ«âëå ª«¥â®ª ­¥ ¬¥­ìè¥ ç¨á«  ªà á­ëå ª«¥â®ª ¨

­¥ ¬¥­ìè¥ ç¨á«  á¨­¨å ª«¥â®ª,   ¢ ª �¤®¬ áâ®«¡æ¥ â ¡«¨æë ç¨á«® ªà á­ëå ª«¥â®ª ­¥ ¬¥­ìè¥

ç¨á«  �ñ«âëå ª«¥â®ª ¨ ­¥ ¬¥­ìè¥ ç¨á«  á¨­¨å ª«¥â®ª. �ª®«ìª® á¨­¨å ª«¥â®ª ¬®�¥â ¡ëâì

¢ â ª®© â ¡«¨æ¥? Ǳà¨¢¥¤¨â¥ ¯à¨¬¥à á®®â¢¥âáâ¢ãîé¥© à áªà áª¨.

�â¢¥â: 5.

� � � ��

� � � � �

� � � ��

� �� � �

�� � � �

�¥è¥­¨¥. � ª ª ª ¢ ª �¤®© áâà®ª¥ �¥«âëå ª«¥â®ª ­¥ ¬¥­ìè¥, ç¥¬ ªà á­ëå, ¨å ­¥ ¬¥­ìè¥

¨ ¢® ¢á¥© â ¡«¨æ¥. �®£¤  �¥«âëå ¨ ªà á­ëå ª«¥â®ª ¯®à®¢­ã ¢ ª �¤®¬ áâ®«¡æ¥. �¥©áâ¢¨â¥«ì­®,

¥á«¨ ¢ ®¤­®¬ ¨§ áâ®«¡æ®¢ �¥«âëå ª«¥â®ª ¬¥­ìè¥, ç¥¬ ªà á­ëå, â® ¨å ¡ã¤¥â ¬¥­ìè¥ ¨ ¢® ¢á¥©

â ¡«¨æ¥, ¯®áª®«ìªã ¢ ®áâ «ì­ëå áâ®«¡æ å ¨å ­¥ ¡®«ìè¥, ç¥¬ ªà á­ëå. �à®¬¥ â®£®, ç¨á«® ªà á­ëå

ª«¥â®ª ¢ ª �¤®¬ áâ®«¡æ¥ ­¥ ¬¥­ìè¥

5

3

, â® ¥áâì ®­® ¯® ªà ©­¥© ¬¥à¥ 2. �­ ç¨â, â ¡«¨æ  á®¤¥à�¨â

ª ª ¬¨­¨¬ã¬ 10 ªà á­ëå ª«¥â®ª ¨ áâ®«ìª® �¥ �¥«âëå. Ǳ®íâ®¬ã ¢ â ¡«¨æ¥ ¨¬¥¥âáï ­¥ ¡®«¥¥ 5

á¨­¨å ª«¥â®ª. � ¤àã£®© áâ®à®­ë, ¢ ª �¤®¬ áâ®«¡æ¥ ®¡é¥¥ ç¨á«® �¥«âëå ¨ ªà á­ëå ª«¥â®ª ç¥â­®,

¯®íâ®¬ã ¢ ­¥¬ ¨¬¥¥âáï å®âï ¡ë ®¤­  á¨­ïï ª«¥âª . �­ ç¨â, â ¡«¨æ  á®¤¥à�¨â ­¥ ¬¥­¥¥ 5 á¨­¨å

ª«¥â®ª. Ǳà¨¬¥à à áªà áª¨ á ¯ïâìî á¨­¨¬¨ ª«¥âª ¬¨ ¯à¨¢¥¤¥­ ­  à¨áã­ª¥. �

2. � ­ë ç¨á«  x, y ∈
(

0, π
2

)

. � ©¤¨â¥ ¬ ªá¨¬ «ì­®¥ §­ ç¥­¨¥ ¢ëà �¥­¨ï

A =

4

√
sinx sin y

4

√
tg x+ 4

√
tg y

.

�â¢¥â:

4

√
8

4

.

�¥è¥­¨¥. � ¬¥â¨¬, çâ®

4

√
a+ 4

√
b 6 4

√

8(a+ b) ¯à¨ «î¡ëå a, b > 0, ¯®áª®«ìªã

(

4

√
a+

4

√
b
)

4

6
(

2

(√
a+

√
b
))

2

6 8 (a+ b)4.

Ǳà¨¬¥­ïï ­¥à ¢¥­áâ¢® ¤«ï áà¥¤­¥£® £ à¬®­¨ç¥áª®£® ¨ áà¥¤­¥£®  à¨ä¬¥â¨ç¥áª®£®, ¬ë ¯®«ãç¨¬

A 6
1

4

4

√

sinx sin y
(

4

√


tgx+ 4

√


tg y
)

=

1

4

(

4

√

sinx 
os y + 4

√


osx sin y
)

6

6

4

√
8

4

4

√

sinx 
os y + 
osx sin y =
4

√
8

4

4

√

sin(x+ y) 6
4

√
8

4

.

� ¢¥­áâ¢® à¥ «¨§ã¥âáï ¯à¨ x = y = π
4

. �

3. �¥âëà¥åã£®«ì­¨ª ABCD ¢¯¨á ­ ¢ ®ªàã�­®áâì ω, æ¥­âà ª®â®à®© «¥�¨â ­  áâ®à®­¥ AB.
�ªàã�­®áâì ω

1

ª á ¥âáï ¢­¥è­¨¬ ®¡à §®¬ ®ªàã�­®áâ¨ ω ¢ â®çª¥ C. �ªàã�­®áâì ω
2

ª -

á ¥âáï ®ªàã�­®áâ¥© ω ¨ ω
1

¢ â®çª å D ¨ E á®®â¢¥âáâ¢¥­­®. Ǳàï¬ ï BD ¢â®à¨ç­® ¯¥à¥á¥ª -

¥â ®ªàã�­®áâì ω
2

¢ â®çª¥ P ,   ¯àï¬ ï AC ¢â®à¨ç­® ¯¥à¥á¥ª ¥â ®ªàã�­®áâì ω
1

¢ â®çª¥ Q.
� ©¤¨â¥ ã£®« PEQ.

�â¢¥â: 180

◦
.



O

O1

O2

A

B

C

D
E

P

Q

ω

ω1

ω2

�¥è¥­¨¥ 1. � ª ª ª ∠ACO = ∠QCO
1

, à ¢­®¡¥¤à¥­­ë¥ âà¥ã£®«ì­¨ª¨ AOC ¨ QO
1

C ¯®¤®¡­ë,

®âªã¤  ∠AOC = ∠QO
1

C. �­ «®£¨ç­® ¯à®¢¥àï¥âáï, çâ® ∠BOD = ∠PO
2

D. �®£¤  ®âà¥§ª¨ O
1

Q ¨

O
2

P ¯ à ««¥«ì­ë ¯àï¬®© AB ¨, §­ ç¨â, ¤àã£ ¤àã£ã. Ǳ®íâ®¬ã ∠O
1

QE = ∠O
2

PE, çâ® íª¢¨¢ «¥­â­®
∠O

1

EQ = ∠O
2

EP . �­ ç¨â, â®çª  E «¥�¨â ­  ®âà¥§ª¥ PQ, ®âªã¤  ∠PEQ = 180

◦
. �

�¥è¥­¨¥ 2. �â¬¥â¨¬ ¯®«¥§­®¥ á¢®©áâ¢® ª á îé¨åáï ®ªàã�­®áâ¥©: ¥á«¨ á¥ªãé ï UV ¯à®å®¤¨â

ç¥à¥§ â®çªã T ª á ­¨ï ¤¢ãå ®ªàã�­®áâ¥©, â® ¢¯¨á ­­ë¥ ã£«ë, ®¯¨à îé¨¥áï ­  ¢ëá¥ª ¥¬ë¥ ¥©

¤ã£¨, à ¢­ë. �¥©áâ¢¨â¥«ì­®, ¯®áª®«ìªã ¢¯¨á ­­ë© ã£®« à ¢¥­ ã£«ã ¬¥�¤ã ª á â¥«ì­®© ¨ á¥ªãé¥©,

á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢  ∠UU
1

T = ∠UTY = ∠XTV = ∠V V
1

T (á¬. «¥¢ë© à¨áã­®ª ­¨�¥).

�¡®§­ ç¨¬ â®çªã ¯¥à¥á¥ç¥­¨ï AD ¨ BC ç¥à¥§ R. Ǳãáâì ∠OO
1

O
2

= 2α ¨ ∠OO
2

O
1

= 2β. �®£¤ 
¨§ à ¢­®¡¥¤à¥­­®áâ¨ âà¥ã£®«ì­¨ª®¢ O

1

CE ¨ O
2

DE ¬ë ¯®«ãç ¥¬, çâ®

∠O
1

EC = 90

◦ − α, ∠O
2

ED = 90

◦ − β ¨ ∠CED = 180

◦ − ∠O
1

EC − ∠O
2

ED = α+ β.

� ¤àã£®© áâ®à®­ë, ¨§ áã¬¬ë ã£«®¢ âà¥ã£®«ì­¨ª  OO
1

O
2

­ å®¤¨¬, çâ® ∠COD = 180

◦ − 2α − 2β.
�¯¨á ­­ë© ã£®« ∠CAD | ¯®«®¢¨­  æ¥­âà «ì­®£® ã£«  ∠COD. �®£¤ 

∠DAC = 90

◦ − α− β, ∠ACR = ∠ACB = 90

◦, ®âªã¤  ∠DRC = α+ β.

� ª¨¬ ®¡à §®¬, ∠DRC = ∠DEC. � á¨«ã ¤®ª § ­­®£® ¢ëè¥ ãâ¢¥à�¤¥­¨ï

∠PED = ∠BAD = ∠RAB ¨ ∠CEQ = ∠ABC = ∠RBA.

�¥¯¥àì ¬ë ¬®�¥¬ ­ ©â¨ ã£®« PEQ:

∠PEQ = ∠PED + ∠DEC + ∠CEQ = ∠PED + ∠DRC + ∠CEQ =

= ∠PED + 180

◦ − ∠RAB − ∠RBA+ ∠CEQ = 180

◦. �

T

U

V
U1

V1

X

Y
C

A

B

D
E

O
O1

O2

P

Q

R
ω ω1

ω2



4. �¬¥îâáï ç¥âëà¥å§­ ç­ë¥ ç¨á«  m ¨ n, ¯®«ãç ¥¬ë¥ ¤àã£ ¨§ ¤àã£  § ¯¨áìî æ¨äà ¢ ®¡à â­®¬

¯®àï¤ª¥. �§¢¥áâ­®, çâ® ç¨á«®mn ¤¥«¨âáï ­  100,   ¥£® ¤¥áïâ¨ç­ ï § ¯¨áì á®áâ®¨â ¨§ ç¥âëà¥å

¯ à ®¤¨­ ª®¢ëå á®á¥¤­¨å æ¨äà. � ©¤¨â¥ m ¨ n.

�â¢¥â: 6325 · 5236 = 33 11 77 00.

�¥è¥­¨¥. � ¯¨è¥¬

m = abcd, n = dcba, mn = xxyyzz00.

�á­®, çâ® ®¤­® ¨§ ç¨á¥« m ¨ n ®ª ­ç¨¢ ¥âáï ­  5 (¯ãáâì íâ® ¡ã¤¥â m). �®£¤  d = 5, æ¨äà  a ç¥â­ .
�ç¥¢¨¤­®, çâ® mn ªà â­® 11. � ª ª ª

mmod 11 = (b+ d− a− c)mod 11 = (−n)mod 11,

ç¨á«  m ¨ n ¤¥«ïâáï ­  11,   ¨å ¯à®¨§¢¥¤¥­¨¥ ¤¥«¨âáï ­  121. Ǳ®áª®«ìªã xxyyzz = 11 · x0y0z, ¬ë
¯®«ãç ¥¬ x+ y + z

.

.

.

11, ®âªã¤  x+ y + z à ¢­® 11 ¨«¨ 22. � ¬¥â¨¬, çâ®

(a+ b+ c+ d)2mod 9 = mnmod 9 = xxyyzz00mod 9 = 2 (x+ y + z)mod 9.

� ¢¨á¨¬®áâì ¬¥�¤ã ç¨á« ¬¨ p ¨ p2mod 9 ¯à¨¢¥¤¥­  ¢ â ¡«¨æ¥:

p 1 2 3 4 5 6 7 8 9

p2mod 9 1 4 0 7 7 0 4 1 0

(¤ «¥¥ ®áâ âª¨ ¡ã¤ãâ æ¨ª«¨ç¥áª¨ ¯®¢â®àïâìáï). � ª ª ª 44mod 9 = 8, á«ãç © x + y + z = 22

­¥¢®§¬®�¥­. �á«¨ x+ y+ z = 11, á ãç¥â®¬ d = 5 ¬ë ¯®«ãç ¥¬ (a+ b+ c+5)

2

mod 9 = 22mod 9 = 4.

�à®¬¥ â®£®, b+ 5− a− c ªà â­® 11. � áá¬®âà¨¬ ¤¢  á«ãç ï.

1) Ǳãáâì a+ c = b+ 5± 11. �®£¤ 

4 = (a+ b+ c+ 5)

2

mod 9 =

(

2(b+ 5)± 11

)

2

mod 9 = 4(b+ 5± 1)

2

mod 9 ⇐⇒ (b+ 5± 1)

2

= 1mod 9,

¨ ¯® â ¡«¨æ¥ b+5± 1 à ¢­® 8 ¨«¨ 10. � á«ãç ¥ ¯«îá  a+ c ¡ã¤¥â à ¢­® 18 ¨«¨ 20, çâ® ­¥¢®§¬®�­®.
Ǳà¨ ¬¨­ãá¥ a+ c ®ª �¥âáï ­¥¯®«®�¨â¥«ì­ë¬, ç¥£® ¢¢¨¤ã a > 0 â ª�¥ ¡ëâì ­¥ ¬®�¥â.

2) Ǳãáâì a+ c = b+5. �®£¤  ¯® â ¡«¨æ¥ b+5 à ¢­® 8 ¨«¨ 10, â® ¥áâì b à ¢­® 3 ¨«¨ 5. �ëç¨á«ïï
¯à¥¤¯®á«¥¤­îî æ¨äàã mn, ¬ë ¯®«ãç¨¬

0 =

(

5b+ ac+ a
2

)

mod 10 =

(

5 + ac+ a
2

)

mod 10. (∗)

� ª ª ª a ç¥â­®, ¤®¯ãáâ¨¬ë¬¨ ¯ à ¬¨ (a, c) ¯à¨ b = 3 ¡ã¤ãâ (2, 6), (4, 4), (6, 2), (8, 0),   ¯à¨ b = 5 |

(2, 8), (4, 6), (6, 4), (8, 2). Ǳ®¤áâ ¢«ïï íâ¨ ¯ àë ¢ ¯à ¢ãî ç áâì (∗), ¬ë ¯®«ãç¨¬

8, 3, 0, 9, 2, 1, 2, 5.

�­ ç¨â, ãá«®¢¨î (∗) ã¤®¢«¥â¢®àï¥â â®«ìª® m = 6325. Ǳ®áª®«ìªã 6325 · 5263 = 33 11 77 00, íâ® ç¨á«®

¨ ¤ ¥â ®â¢¥â. �

5. Ǳ® ªà î ªàã£«®£® áâ®«  áâ®¨â n ¯ãáâëå áâ ª ­®¢ (n > 3). Ǳ¥âï ¨ � áï ¯® ®ç¥à¥¤¨ (­ ç¨­ ï

á Ǳ¥â¨) ­ «¨¢ îâ ¢ ­¨å ­ ¯¨âª¨: Ǳ¥âï | ª¢ á, � áï | ¬®àá. �  ®¤¨­ å®¤ ¨£à®ª ¬®�¥â

§ ¯®«­¨âì ®¤¨­ ¯ãáâ®© áâ ª ­ ­  á¢®© ¢ë¡®à â ª, çâ®¡ë ¯®á«¥ ¥£® å®¤  ­¥ ®¡à §®¢ «®áì ¤¢ãå

á®á¥¤­¨å áâ ª ­®¢ á ®¤¨­ ª®¢ë¬ ­ ¯¨âª®¬. �á«¨ ¢ à¥§ã«ìâ â¥ ¤¥©áâ¢¨© ¨£à®ª®¢ § ¯®«­ïîâ-

áï ¢á¥ áâ ª ­ë, â® ¨£à  § ª ­ç¨¢ ¥âáï ¢­¨çìî. � ¯à®â¨¢­®¬ á«ãç ¥ ¯à®¨£àë¢ ¥â ¨£à®ª, ­¥

¨¬¥îé¨© å®¤ . Ǳà¨ ª ª¨å n Ǳ¥âï ¢ë¨£à ¥â ¢­¥ § ¢¨á¨¬®áâ¨ ®â ¤¥©áâ¢¨© � á¨?

�â¢¥â: ­¨ ¯à¨ ª ª¨å.



�¥è¥­¨¥. �âà â¥£¨ï � á¨ § ª«îç ¥âáï ¢ á«¥¤ãîé¥¬: ­  ª �¤®¬ è £¥ ®­ ¤®«�¥­ § ¯®«­ïâì

áâ ª ­, á«¥¤ãîé¨© ¯® ç á®¢®© áâà¥«ª¥ §  â¥¬, çâ® ¯à¥¤ë¤ãé¨¬ å®¤®¬ ­ ¯®«­¨« Ǳ¥âï. Ǳ®ª �¥¬,

çâ® íâ® ¢á¥£¤  ¬®�­® á¤¥« âì. �®á¯®«ì§ã¥¬áï ¨­¤ãªæ¨¥© ¯® ç¨á«ã å®¤®¢ Ǳ¥â¨. � ª ª ª n > 3, ¡ § 

¨­¤ãªæ¨¨ ®ç¥¢¨¤­ . �®¯ãáâ¨¬, çâ® ¤«ï k è £®¢ íâ  áâà â¥£¨ï ¯à®å®¤¨â. Ǳ¥à¥¤ (k+1)-¬ å®¤®¬ Ǳ¥â¨

áâ ª ­ë á ª¢ á®¬ ¨ ¬®àá®¬ ®¡à §ãîâ á®á¥¤­¨¥ ¯ àë: ¯® ç á®¢®© áâà¥«ª¥ ¬®àáã ¯à¥¤è¥áâ¢ã¥â ª¢ á.

Ǳãáâì Ǳ¥âï ­ «¨« ª¢ á ¢ ®ç¥à¥¤­®© áâ ª ­. Ǳ® ãá«®¢¨î ¢ á«¥¤ãîé¥¬ áâ ª ­¥ ­¥ ¬®�¥â ¡ëâì ª¢ á.

�¥ ¬®�¥â ¡ëâì â ¬ ¨ ¬®àá, â ª ª ª ¬®àáã ¢á¥£¤  ¯à¥¤è¥áâ¢ã¥â áâ ª ­ á ª¢ á®¬, ¨ Ǳ¥âï § ¯®«­¨«

¡ë ¥£® ¯®¢â®à­®. �­ ç¨â, á«¥¤ãîé¨© áâ ª ­ ¯ãáâ. � ª®­¥æ, ¢ áâ ª ­¥, ­ å®¤ïé¥¬áï ç¥à¥§ ®¤¨­ ®â

­ «¨â®£® Ǳ¥â¥©, ¬®àá  ­¥â, ¯®áª®«ìªã ¯à¥¤è¥áâ¢ãîé¨© ¬®àáã áâ ª ­ ®¡ï§ â¥«ì­® § ¯®«­¥­. � ª¨¬

®¡à §®¬, � áï ¬®�¥â á¤¥« âì á«¥¤ãîé¨© å®¤. �

6. �  áâ®«¥ «¥� â è àë à ¤¨ãá®¢ 2, 2, 5, ª á ïáì ¤àã£ ¤àã£  ¢­¥è­¨¬ ®¡à §®¬. �¥àè¨­  ª®­ãá 

­ å®¤¨âáï ¯®á¥à¥¤¨­¥ ¬¥�¤ã â®çª ¬¨ ª á ­¨ï ®¤¨­ ª®¢ëå è à®¢ á® áâ®«®¬,   á ¬ ª®­ãá ª -

á ¥âáï ¢­¥è­¨¬ ®¡à §®¬ ¢á¥å è à®¢. � ©¤¨â¥ ã£®« ¯à¨ ¢¥àè¨­¥ ª®­ãá . (�£«®¬ ¯à¨ ¢¥àè¨­¥

ª®­ãá  ­ §ë¢ ¥âáï ã£®« ¬¥�¤ã ¥£® ®¡à §ãîé¨¬¨ ¢ ®á¥¢®¬ á¥ç¥­¨¨.)

�â¢¥â: 2 ar

tg 72.

O1

C

O2

K

H

M

O3

A3 C

K H

α
ψ

�¥è¥­¨¥. Ǳãáâì O
1

, O
2

, O
3

| æ¥­âàë è à®¢, A
1

, A
2

, A
3

| â®çª¨ ª á ­¨ï è à®¢ á® áâ®«®¬,

C | ¢¥àè¨­  ª®­ãá , 2α| ã£®« ¯à¨ ¥£® ¢¥àè¨­¥, ϕ = ∠O
1

CA
1

, ψ = ∠O
3

CA
3

. �§ ãá«®¢¨ï ª á ­¨ï

è à®¢

CA
1

= 2 ¨ A
1

A
3

= A
2

A
3

=

√

(5 + 2)

2 − (5− 2)

2

=

√
40.

�®£¤ 

CA
3

=

√

A
1

A
3

2 − CA
1

2

= 6 ¨ tgψ =

O
3

A
3

CA
3

=

5

6

.

�à®¬¥ â®£®, O
1

A
1

= 2 = CA
1

, ®âªã¤  ϕ = 45

◦
.

�ë¡¥à¥¬ ­  ®á¨ á¨¬¬¥âà¨¨ ª®­ãá  â®çªãK â ª, çâ® ¥¥ ¯à®¥ªæ¨ï H ­  ¯«®áª®áâì CO
1

O
2

¯®¯ ¤ ¥â

­  ®âà¥§®ª O
1

O
2

(á¬. «¥¢ë© à¨áã­®ª). �¡à §ãîé¨¥, ¯® ª®â®àë¬ ª®­ãá ª á ¥âáï ®¤¨­ ª®¢ëå è à®¢,

«¥� â ¢ ¯«®áª®áâïå KCO
1

¨ KCO
2

, ®âªã¤ 

∠KCO
1

= ∠KCO
2

= ϕ+ α = 45

◦
+ α.

�à®¬¥ â®£®, CO
1

= 2

√
2 = CO

2

. �â¬¥â¨¬ ­¥áª®«ìª® ¯à®áâëå ä ªâ®¢.

1) H | â®çª  ª á ­¨ï à ¢­ëå è à®¢. �¥©áâ¢¨â¥«ì­®, âà¥ã£®«ì­¨ª¨ KCO
1

¨ KCO
2

à ¢­ë,

®âªã¤  KO
1

= KO
2

. � ª ª ª KH ⊥ O
1

O
2

, ¬ë ¯®«ãç¨¬ HO
1

= HO
2

.

2) Ǳ«®áª®áâì KCH ¯¥à¯¥­¤¨ªã«ïà­  O
1

O
2

. �¥©áâ¢¨â¥«ì­®, âà¥ã£®«ì­¨ª O
1

CO
2

à ¢­®¡¥¤à¥­-

­ë©,   H | á¥à¥¤¨­  O
1

O
2

, ®âªã¤  CH ⊥ O
1

O
2

. �ç¥¢¨¤­® â ª�¥, çâ® KH ⊥ O
1

O
2

.

3) �á«¨ KM | ¯¥à¯¥­¤¨ªã«ïà, ®¯ãé¥­­ë© ¨§ â®çª¨ K ­  CO
1

, â® MH ⊥ CO
1

. �â® ¢ëâ¥ª ¥â

¨§ ®¡à â­®© â¥®à¥¬ë ® âà¥å ¯¥à¯¥­¤¨ªã«ïà å.



Ǳãáâì KM | ¯¥à¯¥­¤¨ªã«ïà, ®¯ãé¥­­ë© ¨§ â®çª¨ K ­  CO
1

. �§ 1) ¨ 2) ¢ëâ¥ª ¥â, çâ® ¯àï¬ ï

CH ª á ¥âáï à ¢­ëå è à®¢, ¯®íâ®¬ã ∠O
1

CH = ∠O
1

CA
1

= 45

◦
. �®£¤  ¢ á¨«ã 3)


os∠HCK =

CH

CK
=

CM


os∠O
1

CH
:

CM


os∠KCO
1

=


os∠KCO
1


os∠O
1

CH
=


os(45

◦
+ α)


os 45

◦
= 
osα− sinα.

� ¤àã£®© áâ®à®­ë, ¢ á¨«ã 1) ¨ 2) ¯«®áª®áâì HCK á®áâ®¨â ¨§ â®ç¥ª, à ¢­®ã¤ «¥­­ëå ®â O
1

¨ O
2

.

�­ ç¨â, HCK á®¤¥à�¨â â®çªã O
3

. �®£¤  (á¬. ¯à ¢ë© à¨áã­®ª)


osα− sinα = 
os∠HCK = 
os(90

◦ − 2ψ − α) = sin(2ψ + α) = sin 2ψ 
osα+ 
os 2ψ sinα,

®âªã¤ 

tgα =

1− sin 2ψ

1 + 
os 2ψ
=

(sinψ − 
osψ)2

2 
os

2 ψ
=

(tgψ − 1)

2

2

=

1

72

. �



� à¨ ­â 5

1. � ª«¥âª å â ¡«¨æë 5 × 5 à ááâ ¢«¥­ë ­ âãà «ì­ë¥ ç¨á«  â ª, çâ® ¢á¥ ¤¥áïâì áã¬¬ íâ¨å

ç¨á¥« ¢ áâà®ª å ¨ áâ®«¡æ å â ¡«¨æë à §«¨ç­ë. � ©¤¨â¥ ­ ¨¬¥­ìè¥¥ ¢®§¬®�­®¥ §­ ç¥­¨¥

áã¬¬ë ç¨á¥« ¢® ¢á¥© â ¡«¨æ¥.

�â¢¥â: 48.

�¥è¥­¨¥. � ª ª ª í«¥¬¥­âë â ¡«¨æë | ­ âãà «ì­ë¥ ç¨á« , áã¬¬ë ¯® áâà®ª ¬ ¨ ¯® áâ®«¡æ ¬

â ¡«¨æë ­¥ ¬¥­ìè¥ 5. Ǳ®áª®«ìªã ¢á¥ íâ¨ áã¬¬ë à §«¨ç­ë, ¬¨­¨¬ «ì­® ¢®§¬®�­ë© ­ ¡®à ¨å

§­ ç¥­¨© à ¢¥­ {5, 6, . . . , 13, 14}. �ª« ¤ë¢ ï áã¬¬ë ¯® áâà®ª ¬ ¨ áâ®«¡æ ¬ â ¡«¨æë, ¬ë ¯®«ãç¨¬

ã¤¢®¥­­ãî áã¬¬ã S ¢á¥å ç¨á¥« â ¡«¨æë, â ª ª ª ª �¤®¥ ¨§ ­¨å ãç¨âë¢ ¥âáï ¤¢ �¤ë | ¢ áâà®ª¥ ¨

¢ áâ®«¡æ¥. �®£¤ 

S > 1

2

(5 + 6 + . . .+ 13 + 14) =

1

2

· 95 = 47

1

2

, â® ¥áâì S > 48.

Ǳà¨¬¥à ¤«ï S = 48 ¯à¨¢¥¤¥­ ­¨�¥. �

1 1 1 1 1

1 1 1 2 2

1 1 2 3 3

1 2 2 3 3

2 3 3 3 4

2. � ­ë ¯®«®�¨â¥«ì­ë¥ ç¨á«  a, b, c, d. � ©¤¨â¥ ¬¨­¨¬ «ì­®¥ §­ ç¥­¨¥ ¢ëà �¥­¨ï

A =

(

a+
1

b

)

3

+

(

b+
1

c

)

3

+

(

c+
1

d

)

3

+

(

d+
1

a

)

3

.

�â¢¥â: 32.

�¥è¥­¨¥ 1. �®á¯®«ì§ã¥¬áï ­¥à ¢¥­áâ¢®¬ �®è¨ ¤«ï áà¥¤­¨å ¢­ ç «¥ ¢ ª �¤®© áª®¡ª¥,   § â¥¬

¤«ï ¢á¥© áã¬¬ë. �ë ¯®«ãç¨¬

A >

(

2

√

a

b

)

3

+

(

2

√

b

c

)

3

+

(

2

√

c

d

)

3

+

(

2

√

d

a

)

3

> 32

(

a

b
· b
c
· c
d
· d
a

)

3/8

= 32.

� ¢¥­áâ¢® à¥ «¨§ã¥âáï ¯à¨ a = b = c = d = 1. �

�¥è¥­¨¥ 2. �®á¯®«ì§ã¥¬áï ­¥à ¢¥­áâ¢®¬ x3 + y3 > 1

4

(x + y)3, ¢¥à­ë¬ ¤«ï x, y > 0. Ǳà¨¬¥­ïï

¥£® âà¨�¤ë, ¬ë ¯®«ãç¨¬

x3 + y3 + z3 + w3 > 1

4

(

(x+ y)3 + (z + w)3
)

> 1

16

(x + y + z + w)3 ¯à¨ x, y, z, w > 0.

�®£¤  ¢ á¨«ã ­¥à ¢¥­áâ¢  �®è¨ ¤«ï áà¥¤­¨å

A >
1

16

(

a+
1

b
+ b+

1

c
+ c+

1

d
+ d+

1

a

)

3

>
1

16

(

8

8

√

a · 1
b
· b · 1

c
· c · 1

d
· d · 1

a

)

3

=

8

3

16

= 32.

� ¢¥­áâ¢® à¥ «¨§ã¥âáï ¯à¨ a = b = c = d = 1. �

3. � ­ ®áâà®ã£®«ì­ë© âà¥ã£®«ì­¨ª ABC. �ªàã�­®áâì á ¤¨ ¬¥âà®¬ BC ¯¥à¥á¥ª ¥â áâ®à®­ë AB
¨ AC ¢ â®çª å D ¨ E á®®â¢¥âáâ¢¥­­®. � á â¥«ì­ë¥, ¯à®¢¥¤¥­­ë¥ ª ®ªàã�­®áâ¨ ¢ â®çª å D
¨ E, ¯¥à¥á¥ª îâáï ¢ â®çª¥ K. � ©¤¨â¥ ã£®« ¬¥�¤ã ¯àï¬ë¬¨ AK ¨ BC.

�â¢¥â: 90

◦
.



C

B

A

E

D

O K

α
γ

β

�¥è¥­¨¥ 1. Ǳãáâì α = ∠DBE, β = ∠BCD, γ = ∠CBE, O | â®çª  ¯¥à¥á¥ç¥­¨ï ®âà¥§ª®¢ CD
¨ BE. �£®« ¬¥�¤ã ª á â¥«ì­®© DK ¨ å®à¤®© DE à ¢¥­ ¢¯¨á ­­®¬ã ã£«ã, ª®â®àë© ®¯¨à ¥âáï ­ 

DE, ®âªã¤ 

∠DEK = ∠EDK = α.

�à®¬¥ â®£®, ∠CDE = γ. � á¨«ã ¢¯¨á ­­®áâ¨ ç¥âëà¥åã£®«ì­¨ª  BDEC

∠AEK = ∠AED − α = ∠CBD − α = γ ¨,  ­ «®£¨ç­® ∠ADK = β.

� ª ª ª α+ β + γ = ∠ADC = 90

◦
, ¬ë ¯®«ãç¨¬

∠DAE = 180

◦ − 2α− β − γ = 90

◦ − α =

1

2

(180

◦ − 2α) = 1

2

∠DKE.

� ¬¥â¨¬, çâ® ®ª®«® ç¥âëà¥åã£®«ì­¨ª  ADOE ¬®�­® ®¯¨á âì ®ªàã�­®áâì ω. �®£¤  ã£®« DAE
¢¯¨á ­ ¢ ω,   â®çª  K «¥�¨â ­  á¥à¥¤¨­­®¬ ¯¥à¯¥­¤¨ªã«ïà¥ ª å®à¤¥ BE, â® ¥áâì ­  ¤¨ ¬¥âà¥ ω.
Ǳ®íâ®¬ã K | æ¥­âà ω, ®âªã¤ 

∠DAK = ∠ADK = β = 90

◦ − α− γ = 90

◦ − ∠CBD.

� ª¨¬ ®¡à §®¬, AK ⊥ BC. �

�¥è¥­¨¥ 2. Ǳ®«®�¨¬

α = ∠DBE, β = ∠BCD, γ = ∠CBE, ϕ = ∠DAK, ψ = ∠EAK.

�£®« ¬¥�¤ã ª á â¥«ì­®© DK ¨ å®à¤®© DE à ¢¥­ ¢¯¨á ­­®¬ã ã£«ã, ª®â®àë© ®¯¨à ¥âáï ­  DE,
®âªã¤ 

∠DEK = ∠EDK = α.

�à®¬¥ â®£®, ∠CDE = γ. � á¨«ã ¢¯¨á ­­®áâ¨ ç¥âëà¥åã£®«ì­¨ª  BDEC

∠AEK = ∠AED − α = ∠CBD − α = γ ¨,  ­ «®£¨ç­® ∠ADK = β.

� ª ª ª α+ β + γ = ∠ADC = 90

◦
, ¬ë ¯®«ãç¨¬

γ = 90

◦ − α− β, ψ = 180

◦ − 2α− β − γ − ϕ = 90

◦ − α− ϕ.

�¥®à¥¬  á¨­ãá®¢ ¤«ï âà¥ã£®«ì­¨ª®¢ DAK ¨ EAK ¤ ¥â

AK

sinβ
=

DK

sinϕ
,

AK

sin γ
=

EK

sinψ
.



� ª ª ª DK = EK, ¨§ íâ¨å à ¢¥­áâ¢ ¬®�­® ¨áª«îç¨âì áâ®à®­ë. �ë ¯®«ãç¨¬

sin γ sinϕ = sinβ sinψ ⇐⇒ 
os(α+ β) sinϕ = sinβ 
os(α+ ϕ) ⇐⇒
⇐⇒ sin(α+ β + ϕ) + sin(ϕ− α− β) = sin(α+ β + ϕ) + sin(β − α− ϕ) ⇐⇒ 2 sin(ϕ− β) 
osα = 0.

�®£¤ 

∠DAK = ϕ = β = 90

◦ − α− γ = 90

◦ − ∠CBD,

®âªã¤  AK ⊥ BC. �

4. �  ¤®áª¥ ­ ¯¨á ­® ¯à®¨§¢¥¤¥­¨¥ ç¨á¥« ��� ¨ ���, £¤¥ ¡ãª¢ë á®®â¢¥âáâ¢ãîâ à §«¨ç­ë¬ ­¥­ã-

«¥¢ë¬ ¤¥áïâ¨ç­ë¬ æ¨äà ¬. �à¥¤­¨¬¨ æ¨äà ¬¨ íâ®£® ¯à®¨§¢¥¤¥­¨ï ï¢«ïîâáï �, �, � ¨ 0,

§ ¯¨á ­­ë¥ ¢ ­¥ª®â®à®¬ ¯®àï¤ª¥,   ªà ©­¨¥ æ¨äàë à ¢­ë ¬¥�¤ã á®¡®© ¨ ®â«¨ç­ë ®â áà¥¤­¨å.

�â® ­ ¯¨á ­® ­  ¤®áª¥?

�â¢¥â: 169 201 = 269 · 629 ¨«¨ 193 501 = 359 · 539.
�¥è¥­¨¥. � ª ª ª § ¤ ç  ­¥ ¬¥­ï¥âáï ¯à¨ ¯¥à¥áâ ­®¢ª¥ � ¨ �, ¬ë ¬®�¥¬ áç¨â âì, çâ® � < �.

Ǳãáâì p = ��� ·���, � | ªà ©­¨¥ æ¨äàë p. �¨á«  (� + � + �)

2

¨ (� + �+ � + 2�) ¤ îâ ¯à¨

¤¥«¥­¨¨ ­  9 ®¤¨­ ª®¢ë¥ ®áâ âª¨, ®âªã¤  �mod 9 =

(�+�+�)(�+�+�−1)
2

mod 9. � ¢¨á¨¬®áâì ¬¥�¤ã

ç¨á« ¬¨ n ¨

n(n−1)
2

mod 9 ¯à¨¢¥¤¥­  ¢ â ¡«¨æ¥:

n 1 2 3 4 5 6 7 8 9

n(n−1)
2

mod 9 0 1 3 6 1 6 3 1 0

(¤ «¥¥ ®áâ âª¨ ¡ã¤ãâ æ¨ª«¨ç¥áª¨ ¯®¢â®àïâìáï). � ª¨¬ ®¡à §®¬, � ∈ {1, 3, 6, 9}. � ª ª ª � ï¢«ï¥âáï

¬« ¤è¥© æ¨äà®© ç¨á«  p, ®­  à ¢­  ®áâ âªã ®â ¤¥«¥­¨ï �

2

­  10, ª®â®àë© ¢á¥£¤  ®â«¨ç¥­ ®â 3.

�à®¬¥ â®£®, � ï¢«ï¥âáï â ª�¥ áâ àè¥© æ¨äà®© p ¨ p < (� + 1) · (� + 1) · 10 000 6 900 000, ®âªã¤ 

� < 9. � ¬¥â¨¬, çâ®

� >

[

� ·�
10

]

¨ � 6
(� + 1)(� + 1)

10

6
� ·�+ 18

10

. (∗)

� áá¬®âà¨¬ ¤¢  á«ãç ï.

1) � = 1. � ª ª ª � = �

2

mod 10 ¨ � 6= �, æ¨äà  � à ¢­  9. �§ â ¡«¨æë ¬ë ­ å®¤¨¬, çâ®

� + �+ 9 ∈ {14, 17, 20, 23}, â® ¥áâì � +� ∈ {5, 8, 11, 14}. Ǳ¥à¢®¥ ¨§ ­¥à ¢¥­áâ¢ (∗) ¤ ¥â � ·� 6 19.

�¨äàë � ¨ � ®â«¨ç­ë ®â �, â® ¥áâì ­¥ à ¢­ë 9. �á«¨ � + � > 11, â® � · � > 3 · 8 > 19, çâ®

­¥¢®§¬®�­®. � á«ãç ¥ � + � = 8 ¯ à  (�,�) à ¢­  (2, 6) ¨«¨ (3, 5). � ª ª ª 269 · 629 = 169 201 ¨

359 · 539 = 193 501, ®¡  ¢ à¨ ­â  ­ ¬ ¯®¤å®¤ïâ. �á«¨ � + � = 5, â® (�,�) = (2, 3). �â®â á«ãç © ­¥

£®¤¨âáï, ¯®áª®«ìªã ç¨á«® p ¡ã¤¥â ¯ïâ¨§­ ç­ë¬.

2) � = 6. � ª ª ª � = �

2

mod 10 ¨ � 6= �, æ¨äà  � à ¢­  4. �§ â ¡«¨æë ¬ë ­ å®¤¨¬, çâ®

� + �+ 4 ∈ {13, 15}, â® ¥áâì � + � ∈ {9, 11}. �á«¨ � + � = 9, â® � · � 6 20, ¨ ¢â®à®¥ ­¥à ¢¥­áâ¢®

¢ (∗) ¤ ¥â � 6 3, çâ® ­¥¢®§¬®�­®. Ǳãáâì � + � = 11. � ª ª ª � ¨ � ®â«¨ç­ë ®â � ¨ �, ¤«ï ¯ àë

(�,�) ¢®§¬®�­ë â®«ìª® §­ ç¥­¨ï (2, 9) ¨«¨ (3, 8). �­¨ ®¡  ­¥ ¯®¤å®¤ïâ, ¯®áª®«ìªã 294·924 = 271 656

¨ 384 · 834 = 320 256. �

5. Ǳ® ªà î ªàã£«®£® áâ®«  áâ®ïâ 2n ¯ãáâëå áâ ª ­®¢ (n > 2). Ǳ¥âï ¨ � áï ¯® ®ç¥à¥¤¨ (­ ç¨­ ï

á Ǳ¥â¨) ­ «¨¢ îâ ¢ ¯ãáâë¥ áâ ª ­ë  ¯¥«ìá¨­®¢ë© ¨ ï¡«®ç­ë© á®ª. �  ®¤¨­ å®¤ ª �¤ë© ¨£à®ª

¢ë¡¨à ¥â ¤¢  ¯ãáâëå áâ ª ­  ¨ ­ «¨¢ ¥â ¢ ®¤¨­ ¨§ ­¨å  ¯¥«ìá¨­®¢ë© á®ª,   ¢ ¤àã£®© | ï¡«®ç-

­ë©. �£à  § ª ­ç¨¢ ¥âáï, ª®£¤  ¢á¥ áâ ª ­ë § ¯®«­¥­ë. Ǳ¥âï å®ç¥â ¤®¡¨âìáï â®£®, çâ®¡ë

®ª § «®áì âà¨ áâ ª ­  ¯®¤àï¤ á ®¤¨­ ª®¢ë¬ ­ ¯¨âª®¬. Ǳà¨ ª ª¨å n ®­ ¬®�¥â ¤®¡¨âìáï á¢®¥©

æ¥«¨ ¢­¥ § ¢¨á¨¬®áâ¨ ®â ¤¥©áâ¢¨© � á¨?

�â¢¥â: ­¨ ¯à¨ ª ª¨å.



�¥è¥­¨¥. � §®¡ì¥¬ ¢¥áì ­ ¡®à áâ ª ­®¢ ­  ¯ àë á®á¥¤­¨å. �â®¡ë ­ àãè¨âì ¯« ­ë Ǳ¥â¨, � áï

¤®«�¥­ ¯à¨¤¥à�¨¢ âìáï á«¥¤ãîé¥© áâà â¥£¨¨. �á«¨ Ǳ¥âï § ¯®«­ï¥â ¤¢  áâ ª ­  ¨§ ®¤­®© ¯ àë,

â® � áï | ¤¢  áâ ª ­  ¨§ ¤àã£®© ¯ àë. Ǳãáâì Ǳ¥âï § ¯®«­ï¥â áâ ª ­ë ¨§ ¤¢ãå à §­ëå ¯ à: ¨§

¯¥à¢®© |  ¯¥«ìá¨­®¢ë¬ á®ª®¬, ¨§ ¢â®à®© | ï¡«®ç­ë¬. �®£¤  � áï § ¯®«­ï¥â ¤¢  ¤àã£¨å áâ ª ­ 

¨§ íâ¨å �¥ ¯ à: ¨§ ¯¥à¢®© | ï¡«®ç­ë¬ á®ª®¬, ¨§ ¢â®à®© |  ¯¥«ìá¨­®¢ë¬.

� à¥§ã«ìâ â¥ â ª¨å ¤¥©áâ¢¨© � á¨ ­  ª �¤®¬ è £¥ ¥á«¨ ®¡  áâ ª ­ë ®¤­®© ¯ àë § ¯®«­¥­ë,

â® à §­ë¬¨ ­ ¯¨âª ¬¨. � ¬¥â¨¬, çâ® âà¨ ¯®á«¥¤®¢ â¥«ì­ëå § ¯®«­¥­­ëå áâ ª ­  ®¡ï§ â¥«ì­®

á®¤¥à� â æ¥«ãî ¯ àã. Ǳ®íâ®¬ã ®¤¨­ ª®¢ëå ­ ¯¨âª®¢ ¢ ­¨å ¡ëâì ­¥ ¬®�¥â. �

6. �  áâ®«¥ «¥� â è àë à ¤¨ãá®¢ 2, 2, 1, ª á ïáì ¤àã£ ¤àã£  ¢­¥è­¨¬ ®¡à §®¬. �¥àè¨­  ª®­ãá  C
­ å®¤¨âáï ­  áâ®«¥,   á ¬ ª®­ãá ª á ¥âáï ¢­¥è­¨¬ ®¡à §®¬ ¢á¥å è à®¢. �®çª  C à ¢­®ã¤ «¥­ 

®â æ¥­âà®¢ ¤¢ãå à ¢­ëå è à®¢,   âà¥âì¥£® è à  ª®­ãá ª á ¥âáï ®¡à §ãîé¥©, ¯¥à¯¥­¤¨ªã«ïà­®©

áâ®«ã. � ©¤¨â¥ ã£®« ¯à¨ ¢¥àè¨­¥ ª®­ãá . (�£«®¬ ¯à¨ ¢¥àè¨­¥ ª®­ãá  ­ §ë¢ ¥âáï ã£®« ¬¥�¤ã

¥£® ®¡à §ãîé¨¬¨ ¢ ®á¥¢®¬ á¥ç¥­¨¨.)

�â¢¥â: 2 ar
tg

√
5−2
3

.

O1

C

O2

K

H

M

A1

A3

A2

C

D

O3

A3 C

K

H
α

β
γ

�¥è¥­¨¥. Ǳãáâì O
1

, O
2

, O
3

| æ¥­âàë è à®¢, A
1

, A
2

, A
3

| â®çª¨ ª á ­¨ï è à®¢ á® áâ®«®¬,

2α | ã£®« ¯à¨ ¢¥àè¨­¥ ª®­ãá , ϕ = ∠O
1

CA
1

. Ǳàï¬ ï, ¯à®å®¤ïé ï ç¥à¥§ C ¯¥à¯¥­¤¨ªã«ïà­®

áâ®«ã, ª á ¥âáï è à  á æ¥­âà®¬ O
3

, ®âªã¤  ∠A
3

CO
3

= 45

◦
¨ A

3

C = 1. Ǳãáâì A
3

D | ¢ëá®â 

âà¥ã£®«ì­¨ª  A
1

A
2

A
3

(á¬. áà¥¤­¨© à¨áã­®ª). �§ ãá«®¢¨ï ª á ­¨ï è à®¢

A
1

A
3

= A
2

A
3

=

√

(2 + 1)

2 − (2− 1)

2

=

√
8, A

1

D = 2,

®âªã¤ 

A
3

D =

√

A
1

A
3

2 −A
1

D2

= 2, ¨ CD = A
3

D −A
3

C = 1.

� ª ª ª A
1

C = 2 
tgϕ, ¨§ â¥®à¥¬ë Ǳ¨ä £®à  ¬ë ¯®«ãç¨¬

A
1

C2

= A
1

D2

+ CD2 ⇐⇒ 4 
tg

2ϕ = 5 ⇐⇒ 
tgϕ =

√
5

2

.

�ë¡¥à¥¬ ­  ®á¨ á¨¬¬¥âà¨¨ ª®­ãá  â®çªã K â ª, çâ® ¥¥ ¯à®¥ªæ¨ï H ­  ¯«®áª®áâì CO
1

O
2

¯®¯ ¤ ¥â

­  ®âà¥§®ª O
1

O
2

(á¬. «¥¢ë© à¨áã­®ª). Ǳ®«®�¨¬ γ = ∠HCK, β | ã£®« ¬¥�¤ã CH ¨ áâ®«®¬.

�¡à §ãîé¨¥, ¯® ª®â®àë¬ ª®­ãá ª á ¥âáï ®¤¨­ ª®¢ëå è à®¢, «¥� â ¢ ¯«®áª®áâïå KCO
1

¨ KCO
2

,

®âªã¤ 

∠KCO
1

= ∠KCO
2

= ϕ+ α.

�à®¬¥ â®£®, ¯® ãá«®¢¨î CO
1

= CO
2

. �â¬¥â¨¬ ­¥áª®«ìª® ¯à®áâëå ä ªâ®¢.

1) H | â®çª  ª á ­¨ï à ¢­ëå è à®¢. �¥©áâ¢¨â¥«ì­®, âà¥ã£®«ì­¨ª¨ KCO
1

¨ KCO
2

à ¢­ë,

®âªã¤  KO
1

= KO
2

. � ª ª ª KH ⊥ O
1

O
2

, ¬ë ¯®«ãç¨¬ HO
1

= HO
2

.

2) Ǳ«®áª®áâì HCK ¯¥à¯¥­¤¨ªã«ïà­  O
1

O
2

. �¥©áâ¢¨â¥«ì­®, âà¥ã£®«ì­¨ª O
1

CO
2

à ¢­®¡¥¤à¥­-

­ë©,   H | á¥à¥¤¨­  O
1

O
2

, ®âªã¤  CH ⊥ O
1

O
2

. �ç¥¢¨¤­® â ª�¥, çâ® KH ⊥ O
1

O
2

.



3) �á«¨ KM | ¯¥à¯¥­¤¨ªã«ïà, ®¯ãé¥­­ë© ¨§ â®çª¨ K ­  CO
1

, â® MH ⊥ CO
1

. �â® ¢ëâ¥ª ¥â

¨§ ®¡à â­®© â¥®à¥¬ë ® âà¥å ¯¥à¯¥­¤¨ªã«ïà å.

Ǳãáâì KM | ¯¥à¯¥­¤¨ªã«ïà, ®¯ãé¥­­ë© ¨§ â®çª¨ K ­  CO
1

. �§ 1) ¨ 2) ¢ëâ¥ª ¥â, çâ® ¯àï¬ ï

CH ª á ¥âáï à ¢­ëå è à®¢. �®£¤  ∠O
1

CH = ∠O
1

CA
1

= ϕ, ¨ ¢ á¨«ã 3)


os γ =
CH

CK
=

CM


os∠O
1

CH
:

CM


os∠KCO
1

=


os(ϕ+ α)


osϕ
= 
osα− tgϕ sinα = 
osα− 2√

5

sinα.

Ǳ®áª®«ìªã CH ¨ CA
1

| ®âà¥§ª¨ ª á â¥«ì­ëå ª áä¥à¥, ¬ë ¯®«ãç ¥¬

CH = CA
1

= 2 
tgϕ =

√
5, ®âªã¤  sinβ =

2

CH
=

2√
5

¨ 
osβ =
1√
5

.

� á¨«ã 1) ¨ 2) ¯«®áª®áâì HCK á®áâ®¨â ¨§ â®ç¥ª, à ¢­®ã¤ «¥­­ëå ®â O
1

¨ O
2

, ¯®íâ®¬ã ®­  á®¤¥à�¨â

â®çªã O
3

. �­ ç¨â, γ = 90

◦ − β − α (á¬. ¯à ¢ë© à¨áã­®ª). �®£¤ 


osα− 2√
5

sinα = 
os γ = sin(β + α) = sinβ 
osα+ 
osβ sinα =

sinα+ 2 
osα√
5

,

®âªã¤  tgα =

√
5−2
3

. �



� à¨ ­â 6

1. � ª«¥âª å â ¡«¨æë 4 × 6 à ááâ ¢«¥­ë ­ âãà «ì­ë¥ ç¨á«  â ª, çâ® ¢á¥ ¤¥áïâì áã¬¬ íâ¨å

ç¨á¥« ¢ áâà®ª å ¨ áâ®«¡æ å â ¡«¨æë à §«¨ç­ë. � ©¤¨â¥ ­ ¨¬¥­ìè¥¥ ¢®§¬®�­®¥ §­ ç¥­¨¥

áã¬¬ë ç¨á¥« ¢® ¢á¥© â ¡«¨æ¥.

�â¢¥â: 43.

�¥è¥­¨¥. � ª ª ª í«¥¬¥­âë â ¡«¨æë | ­ âãà «ì­ë¥ ç¨á« , áã¬¬ë ¯® áâà®ª ¬ ¨ ¯® áâ®«¡æ ¬

â ¡«¨æë ­¥ ¬¥­ìè¥ 4. Ǳ®áª®«ìªã ¢á¥ íâ¨ áã¬¬ë à §«¨ç­ë, ¬¨­¨¬ «ì­® ¢®§¬®�­ë© ­ ¡®à ¨å

§­ ç¥­¨© à ¢¥­ {4, 5, . . . , 12, 13}. �ª« ¤ë¢ ï áã¬¬ë ¯® áâà®ª ¬ ¨ áâ®«¡æ ¬ â ¡«¨æë, ¬ë ¯®«ãç¨¬

ã¤¢®¥­­ãî áã¬¬ã S ¢á¥å ç¨á¥« â ¡«¨æë, â ª ª ª ª �¤®¥ ¨§ ­¨å ãç¨âë¢ ¥âáï ¤¢ �¤ë | ¢ áâà®ª¥ ¨

¢ áâ®«¡æ¥. �®£¤ 

S > 1

2

(4 + 5 + . . .+ 12 + 13) =

1

2

· 85 = 42

1

2

, â® ¥áâì S > 43.

Ǳà¨¬¥à ¤«ï S = 43 ¯à¨¢¥¤¥­ ­¨�¥. �

1 1 1 1 1 2

1 1 1 2 2 3

1 1 2 3 3 2

1 2 2 2 3 4

2. � ­ë ¯®«®�¨â¥«ì­ë¥ ç¨á«  a, b, c, d. � ©¤¨â¥ ¬¨­¨¬ «ì­®¥ §­ ç¥­¨¥ ¢ëà �¥­¨ï

A =

(

a2 +
1

bc

)

3

+

(

b2 +
1

cd

)

3

+

(

c2 +
1

da

)

3

+

(

d2 +
1

ab

)

3

.

�â¢¥â: 32.

�¥è¥­¨¥. �®á¯®«ì§ã¥¬áï ­¥à ¢¥­áâ¢®¬ �®è¨ ¤«ï áà¥¤­¨å ¢­ ç «¥ ¢ ª �¤®© áª®¡ª¥,   § â¥¬

¤«ï ¢á¥© áã¬¬ë. �ë ¯®«ãç¨¬

A >

(

2a√
bc

)

3

+

(

2b√
cd

)

3

+

(

2c√
da

)

3

+

(

2d√
ab

)

3

> 32

(

a2

bc
· b

2

cd
· c

2

da
· d

2

ab

)

3/8

= 32.

� ¢¥­áâ¢® à¥ «¨§ã¥âáï ¯à¨ a = b = c = d = 1. �

3. �®çª  M | á¥à¥¤¨­  áâ®à®­ë AB âà¥ã£®«ì­¨ª  ABC. �¥à¥§ â®çª¨ A ¨ M ¯à®¢¥¤¥­  ®ªàã�-

­®áâì ω
1

, ª á îé ïáï ¯àï¬®© AC,   ç¥à¥§ â®çª¨ B ¨ M | ®ªàã�­®áâì ω
2

, ª á îé ïáï ¯àï-

¬®© BC. �ªàã�­®áâ¨ ω
1

¨ ω
2

¢â®à¨ç­® ¯¥à¥á¥ª îâáï ¢ â®çª¥ D. �®çª  E «¥�¨â ¢­ãâà¨

âà¥ã£®«ì­¨ª  ABC ¨ á¨¬¬¥âà¨ç­  â®çª¥ D ®â­®á¨â¥«ì­® ¯àï¬®© AB. � ©¤¨â¥ ã£®« CEM .

�â¢¥â: 180

◦
.

A

C

B

D
M

ω1

ω2

α

β

A

C

B

D

M
K

E



�¥è¥­¨¥ 1. �£®« ¬¥�¤ã ª á â¥«ì­®© AC ¨ å®à¤®© AM ®ªàã�­®áâ¨ ω
1

à ¢¥­ ¢¯¨á ­­®¬ã ¢

ω
1

ã£«ã, ª®â®àë© ®¯¨à ¥âáï ­  AM , â® ¥áâì ∠CAB = ∠ADM . �­ «®£¨ç­ë¥ à ááã�¤¥­¨ï ¤«ï ω
2

¤ îâ ∠ABC = ∠BDM . �®áâà®¨¬ âà¥ã£®«ì­¨ª ADB ¤® ¯ à ««¥«®£à ¬¬  ADBK (á¬. ¯à ¢ë©

à¨áã­®ª). �à¥ã£®«ì­¨ª¨ ACB ¨ DAK ¯®¤®¡­ë ¯® ¤¢ã¬ ã£« ¬. �®çª  M | á¥à¥¤¨­  ®âà¥§ª®¢ AB
¨ DK, ¯®íâ®¬ã âà¥ã£®«ì­¨ª¨ ACM ¨ DAM â®�¥ ¯®¤®¡­ë (¯® ã£«ã ¨ ¯à®¯®àæ¨®­ «ì­ë¬ áâ®à®­ ¬).

�­ ç¨â, ∠AMC = ∠AMD. �à®¬¥ â®£®, ¨§ á¨¬¬¥âà¨¨ â®ç¥ª D ¨ E ®â­®á¨â¥«ì­® AB ¢ëâ¥ª ¥â, çâ®

∠AME = ∠AMD. � ª¨¬ ®¡à §®¬, â®çª  E «¥�¨â ­  ®âà¥§ª¥ CM . �

�¥è¥­¨¥ 2. Ǳ® á¢®©áâ¢ ¬ ª á â¥«ì­ëå ∠ADM = ∠CAM ¨ ∠MDB = ∠CBM . �«¥¤®¢ â¥«ì­®,

∠ADB = ∠ADM + ∠MDB = ∠CAM + ∠CBM = 180

◦ − ∠ACB,

¨ ç¥âëà¥åã£®«ì­¨ª ACBD ¢¯¨á ­­ë©. �®£¤ 

∠BDC = ∠BAC = ∠MDA ¨ ∠BCD = ∠BAD = ∠MAD.

�­ ç¨â, âà¥ã£®«ì­¨ª¨ BDC ¨ MDA ¯®¤®¡­ë ¯® ¤¢ã¬ ã£« ¬, ®âªã¤ 

BD

MD
=

BC

MA
=

CB

MB
.

Ǳ®íâ®¬ã âà¥ã£®«ì­¨ª¨ BDM ¨ CBM ¯®¤®¡­ë ¯® ã£«ã ¨ ®â­®è¥­¨î áâ®à®­ ¨, ¢ ç áâ­®áâ¨, à ¢­ë

ã£«ë ∠CMB ¨ ∠DMB. � á¨«ã á¨¬¬¥âà¨¨ â®ç¥ª D ¨ E ®â­®á¨â¥«ì­® AB ¬ë ¯®«ãç ¥¬

∠EMB = ∠DMB = ∠CMB.

�­ ç¨â, â®çª  E «¥�¨â ­  ¯àï¬®© CM , ®âªã¤  ∠CEM = 180

◦
. �

�¥è¥­¨¥ 3. Ǳ®«®�¨¬

α = ∠CAB, β = ∠ABC, ϕ = ∠AMD, ψ = ∠AMC.

�£®« ¬¥�¤ã ª á â¥«ì­®© AC ¨ å®à¤®© AM ®ªàã�­®áâ¨ ω
1

à ¢¥­ ¢¯¨á ­­®¬ã ¢ ω
1

ã£«ã, ª®â®àë©

®¯¨à ¥âáï ­  AM , â® ¥áâì ∠CAB = ∠ADM . �­ «®£¨ç­ë¥ à ááã�¤¥­¨ï ¤«ï ω
2

¤ îâ à ¢¥­áâ¢®

∠ABC = ∠BDM . � ¬¥â¨¬, çâ®

∠DAM = 180

◦ − α− ϕ ∠DMB = 180

◦ − β − (180

◦ − ϕ) = ϕ− β.

�®£¤  â¥®à¥¬  á¨­ãá®¢ ¤«ï âà¥ã£®«ì­¨ª®¢ ADM ¨ DMB ¤ ¥â

AM

sinα
=

DM

sin(α+ ϕ)
,

BM

sinβ
=

DM

sin(ϕ− β)
.

� ª ª ª AM = BM , ¨§ íâ¨å à ¢¥­áâ¢ ¬®�­® ¨áª«îç¨âì áâ®à®­ë. �ë ¯®«ãç¨¬

sinβ

sinα
=

sin(ϕ− β)

sin(α+ ϕ)
.

�­ «®£¨ç­ë¥ à ááã�¤¥­¨ï ¤«ï âà¥ã£®«ì­¨ª®¢ ACM ¨ CMB ¤ îâ

sinβ

sinα
=

sin(ψ − β)

sin(α+ ψ)
.

�áª«îç ï «¥¢ãî ç áâì íâ¨å á®®â­®è¥­¨©, ¬ë ¯®«ãç¨¬

sin(ϕ− β) sin(ψ + α) = sin(ψ − β) sin(ϕ+ α) ⇐⇒ 
os(ϕ− β − α− ψ)− 
os(ϕ− β + α+ ψ) =

= 
os(ψ − β − α− ϕ)− 
os(ϕ− β + α+ ψ) ⇐⇒ 2 sin(α+ β) sin(ϕ− ψ) = 0,



®âªã¤  ϕ = ψ. �à®¬¥ â®£®, ¨§ á¨¬¬¥âà¨¨ â®ç¥ª D ¨ E ®â­®á¨â¥«ì­® AB ¢ëâ¥ª ¥â, çâ® ∠AME = ϕ.
� ª¨¬ ®¡à §®¬, â®çª  E «¥�¨â ­  ®âà¥§ª¥ CM . �

4. �  ¤®áª¥ ­ ¯¨á ­® ¯à®¨§¢¥¤¥­¨¥ ç¨á¥« ��� ¨ ���, £¤¥ ¡ãª¢ë á®®â¢¥âáâ¢ãîâ à §«¨ç­ë¬ ­¥­ã-

«¥¢ë¬ ¤¥áïâ¨ç­ë¬ æ¨äà ¬. �â® ¯à®¨§¢¥¤¥­¨¥ á®¤¥à�¨â âà¨ æ¨äàë � ¨ ¯® ®¤­®© �, � ¨ 0,

¯à¨ç¥¬ áâ àè ï ¥£® æ¨äà  à ¢­  �. �â® ­ ¯¨á ­® ­  ¤®áª¥?

�â¢¥â: 112 015 = 521 · 215.
�¥è¥­¨¥. Ǳ®«®�¨¬ p = ��� ·���. �¨á«  (�+�+�)

2

¨ (�+�+3�) ¤ îâ ¯à¨ ¤¥«¥­¨¨ ­  9

®¤¨­ ª®¢ë¥ ®áâ âª¨, ®âªã¤  �mod 9 =

(�+�+�)(�+�+�−1)
2

mod 9. � ¢¨á¨¬®áâì ¬¥�¤ã ç¨á« ¬¨ n ¨

n(n−1)
2

mod 9 ¯à¨¢¥¤¥­  ¢ â ¡«¨æ¥:

n 1 2 3 4 5 6 7 8 9

n(n−1)
2

mod 9 0 1 3 6 1 6 3 1 0

(¤ «¥¥ ®áâ âª¨ ¡ã¤ãâ æ¨ª«¨ç¥áª¨ ¯®¢â®àïâìáï). � ª¨¬ ®¡à §®¬, � ∈ {1, 3, 6, 9}. �«ãç © � = 9

­¥¢®§¬®�¥­, ¯®áª®«ìªã � ï¢«ï¥âáï áâ àè¥© æ¨äà®© p ¨ p < (� + 1) · (� + 1) · 10 000 6 900 000.

�¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

� >

[

� ·�
10

]

¨ � 6
(� + 1)(� + 1)

10

. (∗)

� áá¬®âà¨¬ âà¨ á«ãç ï.

1) � = 1. �§ â ¡«¨æë ¬ë ­ å®¤¨¬, çâ® � +�+ 1 ∈ {8, 11, 14, 17}, â® ¥áâì � + � ∈ {7, 10, 13, 16}.
�¡®§­ ç¨¬ ç¥à¥§ � ¯à¥¤¯®á«¥¤­îî æ¨äàã p. �®£¤  � = (1 + � · �)mod 10. � ¬¥â¨¬, çâ® � 6= �,

¯®áª®«ìªã � | ¬« ¤è ï æ¨äà  p. �à®¬¥ â®£®, � 6= 0, â ª ª ª ¯à®¨§¢¥¤¥­¨¥ à §«¨ç­ëå æ¨äà

� ¨ � ­¥ ¬®�¥â ®ª ­ç¨¢ âìáï ­  9. �á«¨ � = �, â® 1 + (� − 1) · � .

.

.

10, ¯®íâ®¬ã (� − 1) · �
®ª ­ç¨¢ ¥âáï ­  9. �®¯ãáâ¨¬ë¬¨ ¯ à ¬¨ (�,�) ¡ã¤ãâ (4, 3), (8, 7), (2, 9). Ǳ®¤å®¤ïé¥¥ §­ ç¥­¨¥

�+� ¯®«ãç¨âáï â®«ìª® ¤«ï ¯ àë (4, 3), ­® ®­  ­ ¬ ­¥ ¯®¤å®¤¨â, â ª ª ª 431 · 314 = 135 334. � ª¨¬

®¡à §®¬, � = � = 1, ®âªã¤  � ·� .

.

.

10. Ǳ¥à¢®¥ ¨§ ­¥à ¢¥­áâ¢ (∗) ¤ ¥â � ·� 6 19. Ǳ®íâ®¬ã � ·� = 10,

â® ¥áâì ¯ à  (�,�) à ¢­  (2, 5) ¨«¨ (5, 2). Ǳ®áª®«ìªã 251 · 512 = 128 512 ¨ 521 · 215 = 112 015, ­ ¬

¯®¤å®¤¨â â®«ìª® ¢â®à®© á«ãç ©.

2) � = 3. �§ â ¡«¨æë ¬ë ­ å®¤¨¬, çâ® �+�+3 ∈ {7, 12, 16}, â® ¥áâì �+� ∈ {9, 13}, ¯®áª®«ìªã
æ¨äàë �, �, � à §«¨ç­ë. Ǳãáâì � + � = 9. �â®à®¥ ¨§ ­¥à ¢¥­áâ¢ (∗) ¤ ¥â (� + 1)(� + 1) > 30,

®âªã¤  ¯ à  (�,�) à ¢­  (4, 5) ¨«¨ (5, 4). Ǳ¥à¢ë© á«ãç © ­¥¢®§¬®�¥­, â ª ª ª p ¡ã¤¥â ®ª ­ç¨¢ âìáï

­  2,   ¢® ¢â®à®¬ ¬ë ¯®«ãç¨¬ 543 ·435 = 236 205, çâ® ­ ¬ â ª�¥ ­¥ ¯®¤å®¤¨â. Ǳãáâì �+� = 13. �§

¯¥à¢®£® ­¥à ¢¥­áâ¢  (∗) ¢ëâ¥ª ¥â, çâ® � ·� 6 39, ¯®íâ®¬ã ¯ à  (�,�) à ¢­  (4, 9) ¨«¨ (9, 4). �®£¤ 
p ¡ã¤¥â ®ª ­ç¨¢ âìáï ­  7 ¨«¨ 2, çâ® ­¥¢®§¬®�­®.

3) � = 6. �§ â ¡«¨æë ¬ë ­ å®¤¨¬, çâ® � + � + 6 ∈ {13, 15, 22}, ®âªã¤  � + � ∈ {7, 9, 16}. �

¯¥à¢ëå ¤¢ãå á«ãç ïå (�+ 1)(�+ 1) 6 30, çâ® ­¥¢®§¬®�­® ¢ á¨«ã (∗). Ǳ®íâ®¬ã �+� = 16, â® ¥áâì

¯ à  (�,�) à ¢­  (7, 9) ¨«¨ (9, 7). �®£¤  p ¡ã¤¥â ®ª ­ç¨¢ âìáï ­  2 ¨«¨ 4, çâ® ­¥¢®§¬®�­®. �

5. Ǳ® ªà î ªàã£«®£® áâ®«  áâ®ïâ 2n ¯ãáâëå áâ ª ­®¢ (n > 2). Ǳ¥âï ¨ � áï ¯® ®ç¥à¥¤¨ (­ ç¨­ ï

á Ǳ¥â¨) ­ «¨¢ îâ ¢ ¯ãáâë¥ áâ ª ­ë  ¯¥«ìá¨­®¢ë© ¨ ï¡«®ç­ë© á®ª. �  ®¤¨­ å®¤ ª �¤ë© ¨£à®ª

¢ë¡¨à ¥â ¤¢  ¯ãáâëå áâ ª ­  ¨ § ¯®«­ï¥â ¨å ®¤¨­ ª®¢ë¬ ¢¨¤®¬ á®ª  (­  á¢®© ¢ë¡®à). �£à 

§ ª ­ç¨¢ ¥âáï, ª®£¤  ¢á¥ áâ ª ­ë § ¯®«­¥­ë. Ǳ¥âï å®ç¥â ¤®¡¨âìáï â®£®, çâ®¡ë ¯® ®ª®­ç ­¨¨

¨£àë ®¡à §®¢ «áï â ª®© áâ ª ­, çâ® ¢ á®á¥¤­¨¥ á ­¨¬ áâ ª ­ë ­ «¨â á®ª ¯à®â¨¢®¯®«®�­®£®

¢¨¤ . Ǳà¨ ª ª¨å n ®­ ¬®�¥â ¤®¡¨âìáï á¢®¥© æ¥«¨ ¢­¥ § ¢¨á¨¬®áâ¨ ®â ¤¥©áâ¢¨© � á¨?

�â¢¥â: ­¨ ¯à¨ ª ª¨å.

�¥è¥­¨¥. � §®¡ì¥¬ ¢¥áì ­ ¡®à áâ ª ­®¢ ­  ¯ àë á®á¥¤­¨å. �â®¡ë ­ àãè¨âì ¯« ­ë Ǳ¥â¨, � áï

¤®«�¥­ ¯à¨¤¥à�¨¢ âìáï á«¥¤ãîé¥© áâà â¥£¨¨. �á«¨ Ǳ¥âï § ¯®«­ï¥â ¤¢  áâ ª ­  ¨§ ®¤­®© ¯ àë,



â® � áï | ¤¢  áâ ª ­  ¨§ ¤àã£®© ¯ àë. �á«¨ �¥ Ǳ¥âï § ¯®«­ï¥â áâ ª ­ë ¨§ ¤¢ãå à §­ëå ¯ à, â®

� áï § ¯®«­ï¥â ¤¢  ¤àã£¨å áâ ª ­  ¨§ íâ¨å �¥ ¯ à â¥¬ �¥ á®ª®¬, çâ® ¨ Ǳ¥âï.

� à¥§ã«ìâ â¥ â ª¨å ¤¥©áâ¢¨© � á¨ ­  ª �¤®¬ è £¥ ¥á«¨ ®¡  áâ ª ­ë ®¤­®© ¯ àë § ¯®«­¥­ë, â®

®¤¨­ ª®¢ë¬¨ ­ ¯¨âª ¬¨. � ¬¥â¨¬, çâ® âà¨ ¯®á«¥¤®¢ â¥«ì­ëå § ¯®«­¥­­ëå áâ ª ­  ®¡ï§ â¥«ì­®

á®¤¥à� â æ¥«ãî ¯ àã. Ǳ®íâ®¬ã âà®©ª¨ áâ ª ­®¢, ¢ ª®â®à®© «î¡ë¥ ¤¢  á®á¥¤­¨å ­ ¯¨âª  à §«¨ç­ë,

¯®«ãç¨âìáï ­¥ ¬®�¥â. �

6. �  áâ®«¥ «¥� â è àë à ¤¨ãá®¢ 4, 4, 5, ª á ïáì ¤àã£ ¤àã£  ¢­¥è­¨¬ ®¡à §®¬. �¥àè¨­  ª®­ãá  C
­ å®¤¨âáï ­  áâ®«¥,   á ¬ ª®­ãá ª á ¥âáï ¢­¥è­¨¬ ®¡à §®¬ ¢á¥å è à®¢. �®çª  C à ¢­®ã¤ «¥­ 

®â æ¥­âà®¢ ¤¢ãå à ¢­ëå è à®¢,   âà¥âì¥£® è à  ª®­ãá ª á ¥âáï ®¡à §ãîé¥©, ¯¥à¯¥­¤¨ªã«ïà­®©

áâ®«ã. � ©¤¨â¥ ã£®« ¯à¨ ¢¥àè¨­¥ ª®­ãá . (�£«®¬ ¯à¨ ¢¥àè¨­¥ ª®­ãá  ­ §ë¢ ¥âáï ã£®« ¬¥�¤ã

¥£® ®¡à §ãîé¨¬¨ ¢ ®á¥¢®¬ á¥ç¥­¨¨.)

�â¢¥â: 2 ar

tg 7.

O1

C

O2

K

H

M

A1

A3

A2

C

D

O3

A3 C

K

H
α

β
γ

�¥è¥­¨¥. Ǳãáâì O
1

, O
2

, O
3

| æ¥­âàë è à®¢, A
1

, A
2

, A
3

| â®çª¨ ª á ­¨ï è à®¢ á® áâ®«®¬,

2α | ã£®« ¯à¨ ¢¥àè¨­¥ ª®­ãá , ϕ = ∠O
1

CA
1

. Ǳàï¬ ï, ¯à®å®¤ïé ï ç¥à¥§ C ¯¥à¯¥­¤¨ªã«ïà­®

áâ®«ã, ª á ¥âáï è à  á æ¥­âà®¬ O
3

, ®âªã¤  ∠A
3

CO
3

= 45

◦
¨ A

3

C = 5. Ǳãáâì A
3

D | ¢ëá®â 

âà¥ã£®«ì­¨ª  A
1

A
2

A
3

(á¬. áà¥¤­¨© à¨áã­®ª). �§ ãá«®¢¨ï ª á ­¨ï è à®¢

A
1

A
3

= A
2

A
3

=

√

(5 + 4)

2 − (5− 4)

2

=

√
80, A

1

D = 4,

®âªã¤ 

A
3

D =

√

A
1

A
3

2 −A
1

D2

= 8, ¨ CD = A
3

D −A
3

C = 3.

� ª ª ª A
1

C = 2 
tgϕ, ¨§ â¥®à¥¬ë Ǳ¨ä £®à  ¬ë ¯®«ãç¨¬

A
1

C2

= A
1

D2

+ CD2 ⇐⇒ 16 
tg

2ϕ = 25⇐⇒ 
tgϕ =

5

4

.

�ë¡¥à¥¬ ­  ®á¨ á¨¬¬¥âà¨¨ ª®­ãá  â®çªã K â ª, çâ® ¥¥ ¯à®¥ªæ¨ï H ­  ¯«®áª®áâì CO
1

O
2

¯®¯ ¤ ¥â

­  ®âà¥§®ª O
1

O
2

(á¬. «¥¢ë© à¨áã­®ª). Ǳ®«®�¨¬ γ = ∠HCK, β | ã£®« ¬¥�¤ã CH ¨ áâ®«®¬.

�¡à §ãîé¨¥, ¯® ª®â®àë¬ ª®­ãá ª á ¥âáï ®¤¨­ ª®¢ëå è à®¢, «¥� â ¢ ¯«®áª®áâïå KCO
1

¨ KCO
2

,

®âªã¤ 

∠KCO
1

= ∠KCO
2

= ϕ+ α.

�à®¬¥ â®£®, ¯® ãá«®¢¨î CO
1

= CO
2

. �â¬¥â¨¬ ­¥áª®«ìª® ¯à®áâëå ä ªâ®¢.

1) H | â®çª  ª á ­¨ï à ¢­ëå è à®¢. �¥©áâ¢¨â¥«ì­®, âà¥ã£®«ì­¨ª¨ KCO
1

¨ KCO
2

à ¢­ë,

®âªã¤  KO
1

= KO
2

. � ª ª ª KH ⊥ O
1

O
2

, ¬ë ¯®«ãç¨¬ HO
1

= HO
2

.

2) Ǳ«®áª®áâì HCK ¯¥à¯¥­¤¨ªã«ïà­  O
1

O
2

. �¥©áâ¢¨â¥«ì­®, âà¥ã£®«ì­¨ª O
1

CO
2

à ¢­®¡¥¤à¥­-

­ë©,   H | á¥à¥¤¨­  O
1

O
2

, ®âªã¤  CH ⊥ O
1

O
2

. �ç¥¢¨¤­® â ª�¥, çâ® KH ⊥ O
1

O
2

.

3) �á«¨ KM | ¯¥à¯¥­¤¨ªã«ïà, ®¯ãé¥­­ë© ¨§ â®çª¨ K ­  CO
1

, â® MH ⊥ CO
1

. �â® ¢ëâ¥ª ¥â

¨§ ®¡à â­®© â¥®à¥¬ë ® âà¥å ¯¥à¯¥­¤¨ªã«ïà å.



Ǳãáâì KM | ¯¥à¯¥­¤¨ªã«ïà, ®¯ãé¥­­ë© ¨§ â®çª¨ K ­  CO
1

. �§ 1) ¨ 2) ¢ëâ¥ª ¥â, çâ® ¯àï¬ ï

CH ª á ¥âáï à ¢­ëå è à®¢. �®£¤  ∠O
1

CH = ∠O
1

CA
1

= ϕ, ¨ ¢ á¨«ã 3)


os γ =
CH

CK
=

CM


os∠O
1

CH
:

CM


os∠KCO
1

=


os(ϕ+ α)


osϕ
= 
osα− tgϕ sinα = 
osα− 4

5

sinα.

Ǳ®áª®«ìªã CH ¨ CA
1

| ®âà¥§ª¨ ª á â¥«ì­ëå ª áä¥à¥, ¬ë ¯®«ãç ¥¬

CH = CA
1

= 4 
tgϕ = 5, ®âªã¤  sinβ =
4

CH
=

4

5

¨ 
osβ =

3

5

.

� á¨«ã 1) ¨ 2) ¯«®áª®áâì HCK á®áâ®¨â ¨§ â®ç¥ª, à ¢­®ã¤ «¥­­ëå ®â O
1

¨ O
2

, ¯®íâ®¬ã ®­  á®¤¥à�¨â

â®çªã O
3

. �­ ç¨â, γ = 90

◦ − β − α (á¬. ¯à ¢ë© à¨áã­®ª). �®£¤ 


osα− 4

5

sinα = 
os γ = sin(β + α) = sinβ 
osα+ 
osβ sinα =

4

5


osα+ 3

5

sinα,

®âªã¤  
tgα = 7. �



� à¨ ­â 7

1. � ª®¥ ­ ¨¬¥­ìè¥¥ ª®«¨ç¥áâ¢® ª«¥â®ª ­ã�­® ®â¬¥â¨âì ¢ â ¡«¨æ¥ 7×7 â ª, çâ®¡ë ¢ ª �¤®©

¢¥àâ¨ª «ì­®© ¨«¨ £®à¨§®­â «ì­®© ¯®«®áª¥ 1× 4 ¡ë«  å®âï ¡ë ®¤­  ®â¬¥ç¥­­ ï ª«¥âª ?

�â¢¥â: 12.

�¥è¥­¨¥. � áá¬®âà¨¬ ¡®«¥¥ ®¡éãî § ¤ çã, ª®£¤  â ¡«¨æ  ¨¬¥¥â à §¬¥à (2n − 1) × (2n − 1),  

¯®«®áª  | 1× n. � §®¢¥¬ n-î áâà®ªã ¨ n-© áâ®«¡¥æ æ¥­âà «ì­ë¬¨,   ®â¬¥ç¥­­ë¥ ­  ­¨å ª«¥âª¨,

®â«¨ç­ë¥ ®â æ¥­âà  ¤®áª¨, | ®á¥¢ë¬¨. Ǳãáâì ¢ æ¥­âà «ì­®© áâà®ª¥ ¨¬¥¥âáï k ®á¥¢ëå ª«¥â®ª,   ¢

æ¥­âà «ì­®¬ áâ®«¡æ¥ | m ®á¥¢ëå ª«¥â®ª. � áâà®ª å ¨ áâ®«¡æ å, ­¥ á®¤¥à� é¨å ®á¥¢ëå ª«¥â®ª,

¤®«�­® ¡ëâì ®â¬¥ç¥­® ­¥ ¬¥­¥¥ ¤¢ãå ª«¥â®ª. �á¥£® ¢ â ª¨å áâà®ª å ¡ã¤¥â ®â¬¥ç¥­® ­¥ ¬¥­¥¥

2 · (2n − 2 −m) = 4(n − 1) − 2m ª«¥â®ª,   ¢ áâ®«¡æ å | ­¥ ¬¥­¥¥ 4(n − 1) − 2k ª«¥â®ª. Ǳà¨ íâ®¬

ª �¤ ï ª«¥âª  ¡ã¤¥â ¯®áç¨â ­  ­¥ ¡®«¥¥ ¤¢ãå à §. � ãç¥â®¬ ®á¥¢ëå ª«¥â®ª ¬ë ¯®«ãç ¥¬, çâ®

®â¬¥ç¥­® ­¥ ¬¥­¥¥

1

2

(

4(n− 1)− 2m+ 4(n− 1)− 2k
)

+ k +m = 4(n− 1) ª«¥â®ª.

�­ ç¥­¨¥ 4(n − 1) à¥ «¨§ã¥âáï, ¥á«¨ ®â¬¥â¨âì ¢á¥ ª«¥âª¨ æ¥­âà «ì­ëå áâà®ª¨ ¨ áâ®«¡æ , ªà®¬¥

æ¥­âà  ¤®áª¨. Ǳ®« £ ï n = 4, ¬ë ¯®«ãç¨¬ ®â¢¥â. �

2. � ­ë ç¨á«  x, y, z ∈
[

0, π
2

]

. � ©¤¨â¥ ¬¨­¨¬ «ì­®¥ §­ ç¥­¨¥ ¢ëà �¥­¨ï

A = 
os(x− y) + 
os(y − z) + 
os(z − x).

�â¢¥â: 1.

�¥è¥­¨¥. �ë ¬®�¥¬ áç¨â âì, çâ® x 6 y 6 z, ¯®áª®«ìªã ¢ëà �¥­¨¥A ­¥ ¬¥­ï¥âáï ¯à¨ ¯®¯ à­ëå

¯¥à¥áâ ­®¢ª å ¯¥à¥¬¥­­ëå. � ¬¥â¨¬, çâ®


os(x− y) + 
os(z − x) = 2 
os

(

z−y
2

)


os

(

z+y
2

− x
)

.

Ǳ¥à¢ë© ª®á¨­ãá ¢ ¯à ¢®© ç áâ¨ ¯®«®�¨â¥«¥­ ¨ ­¥ § ¢¨á¨â ®â x,    à£ã¬¥­â ¢â®à®£® «¥�¨â ­ 
[

0, π
2

]

,

â ª ª ª

π
2

>
z+y
2

> x. �­ ç¨â, ¯à ¢ ï ç áâì ¡ã¤¥â ­ ¨¬¥­ìè¥© ¯à¨ x = 0. � íâ®¬ á«ãç ¥

A = 
os y + 
os z + 
os(y − z) = 
os z + 2 
os

z
2

· 
os
(

y − z
2

)

.

� ¬¥â¨¬, çâ® − z
2

6 y − z
2

6 z
2

, ®âªã¤  
os

(

y − z
2

)

> 
os

z
2

. Ǳ®íâ®¬ã

A > 
os z + 2 
os

2 z
2

= 2 
os z + 1 > 1.

� ¢¥­áâ¢® à¥ «¨§ã¥âáï ¯à¨ x = 0, y = z = π
2

. �

3. �®ªàã£ âà¥ã£®«ì­¨ª  ABC ®¯¨á ­  ®ªàã�­®áâì ω. �ªàã�­®áâì ω
1

ª á ¥âáï ¯àï¬®© AB ¢

â®çª¥ A ¨ ¯à®å®¤¨â ç¥à¥§ â®çªã C,   ®ªàã�­®áâì ω
2

ª á ¥âáï ¯àï¬®© AC ¢ â®çª¥ A ¨ ¯à®-

å®¤¨â ç¥à¥§ â®çªã B. � â®çª¥ A ª ®ªàã�­®áâ¨ ω ¯à®¢¥¤¥­  ª á â¥«ì­ ï, ª®â®à ï ¢â®à¨ç­®

¯¥à¥á¥ª ¥â ®ªàã�­®áâì ω
1

¢ â®çª¥ X ¨ ¢â®à¨ç­® ¯¥à¥á¥ª ¥â ®ªàã�­®áâì ω
2

¢ â®çª¥ Y . � ©-
¤¨â¥ ®â­®è¥­¨¥

AX
XY .

�â¢¥â:

1

2

.

O
A

B

CX

Y

Z

α

ωω1

ω2



�¥è¥­¨¥ 1. Ǳãáâì O | æ¥­âà ω, α = ∠BAC. �£®« ¬¥�¤ã ª á â¥«ì­®© AB ¨ å®à¤®© AC ®ªàã�-

­®áâ¨ ω
1

à ¢¥­ ¢¯¨á ­­®¬ã ¢ ­¥¥ ã£«ã, ª®â®àë© ®¯¨à ¥âáï ­  AC, â® ¥áâì ∠AXC = α. �­ «®£¨ç­ë¬
®¡à §®¬ ¯®«ãç ¥âáï à ¢¥­áâ¢® ∠AY B = α. �®áâà®¨¬ ç¥âëà¥åã£®«ì­¨ª CXYB ¤® âà¥ã£®«ì­¨ª 

XY Z (á¬. à¨áã­®ª). � ¬¥â¨¬, çâ®

∠BOC = 2∠BAC = 2α = ∠ZXY + ∠ZYX = 180

◦ − ∠XZY,

â® ¥áâì ç¥âëà¥åã£®«ì­¨ª OBZC | ¢¯¨á ­­ë©. �®£¤ 

∠OZB = ∠OCB = ∠OBC = ∠OZC.

Ǳ®íâ®¬ã «ãç ZO | ¡¨áá¥ªâà¨á  à ¢­®¡¥¤à¥­­®£® âà¥ã£®«ì­¨ª  XZY , ª®â®à ï ï¢«ï¥âáï â ª�¥

¬¥¤¨ ­®© ¨ ¢ëá®â®©. � ¤¨ãá OA ®ªàã�­®áâ¨ ω ¯¥à¯¥­¤¨ªã«ïà¥­ ¥¥ ª á â¥«ì­®© XY ¨, §­ ç¨â,

¯ à «« «¥­ ZO. � ª¨¬ ®¡à §®¬, â®çª  A «¥�¨â ­  «ãç¥ ZO, ®âªã¤  AX = AY ¨

AX
XY =

1

2

. �

A

BC

X

Y

α

βγ

ω

ω1

ω2

�¥è¥­¨¥ 2. Ǳàï¬ ï XY ª á ¥âáï ®ªàã�­®áâ¨ ω, ®âªã¤ 

∠BAY = ∠BCA ¨ ∠CAX = ∠CBA.

Ǳ®áª®«ìªã ¯àï¬ ï AB ª á ¥âáï ®ªàã�­®áâ¨ ω
1

,   ¯àï¬ ï AC ª á ¥âáï ®ªàã�­®áâ¨ ω
2

, ¬ë ¯®«ãç ¥¬

â ª�¥

∠AY B = ∠BAC = ∠AXC.

�­ ç¨â, âà¥ã£®«ì­¨ª¨ ABC, XAC ¨ Y BA ¯®¤®¡­ë ¯® ¤¢ã¬ ã£« ¬. Ǳ®íâ®¬ã

AX

AC
=

BA

BC
¨

AY

AB
=

CA

CB
.

� ª¨¬ ®¡à §®¬,

AX =

AB ·AC
BC

= AY ¨

AX

XY
=

AX

AX +AY
=

1

2

. �

�¥è¥­¨¥ 3. �¡®§­ ç¨¬ à ¤¨ãáë ®ªàã�­®áâ¥© ω, ω
1

¨ ω
2

ç¥à¥§ r, r
1

, r
2

á®®â¢¥âáâ¢¥­­®. Ǳ®«®�¨¬

â ª�¥

α = ∠BAC, β = ∠ABC, γ = ∠ACB.

�£®« ¬¥�¤ã ª á â¥«ì­®© AB ¨ å®à¤®© AC ®ªàã�­®áâ¨ ω
1

à ¢¥­ ¢¯¨á ­­®¬ã ¢ ­¥¥ ã£«ã, ª®â®àë©

®¯¨à ¥âáï ­  AC, â® ¥áâì ∠AXC = ∠BAC = α. �­ «®£¨ç­ë¬ ®¡à §®¬ ¯®«ãç îâáï à ¢¥­áâ¢ 

∠AY B = α, ∠XAC = β, ∠Y AB = γ.



�®£¤  âà¥ã£®«ì­¨ª¨ AXC ¨ AY B ¯®¤®¡­ë ABC ¯® ¤¢ã¬ ã£« ¬, ®âªã¤  ∠ACX = γ ¨ ∠ABY = β.
Ǳ® â¥®à¥¬¥ á¨­ãá®¢

AC = 2r
1

sinα = 2r sinβ ⇐⇒ sinα

sinβ
=

r

r
1

¨ AB = 2r
2

sinα = 2r sin γ ⇐⇒ sin γ

sinα
=

r
2

r
.

Ǳ®íâ®¬ã

AX

AY
=

r
1

sin γ

r
2

sinβ
=

r
1

r
2

· sin γ
sinα

· sinα
sinβ

=

r
1

r
2

· r
r
1

· r2
r
= 1,

®âªã¤  ¨ ¯®«ãç ¥âáï ®â¢¥â. �

4. �  ¤®áª¥ ­ ¯¨á ­® ¯à®¨§¢¥¤¥­¨¥ ç¨á¥« ��� ¨ ���, £¤¥ ¡ãª¢ë á®®â¢¥âáâ¢ãîâ à §«¨ç­ë¬ ­¥­ã-

«¥¢ë¬ ¤¥áïâ¨ç­ë¬ æ¨äà ¬, ¨§ ª®â®àëå à®¢­® ®¤­  ç¥â­ . �â® ¯à®¨§¢¥¤¥­¨¥ ¯ïâ¨§­ ç­®¥ ¨

®¤¨­ ª®¢® ç¨â ¥âáï á«¥¢  ­ ¯à ¢® ¨ á¯à ¢  ­ «¥¢®. �â® ­ ¯¨á ­® ­  ¤®áª¥?

�â¢¥â: 29392 = 167 · 176.
�¥è¥­¨¥. � ª ª ª § ¤ ç  ­¥ ¬¥­ï¥âáï ¯à¨ ¯¥à¥áâ ­®¢ª¥ � ¨ �, ¬ë ¬®�¥¬ áç¨â âì, çâ® � < �.

Ǳ®«®�¨¬ p = ��� · ���. �¨á«® p ¯ïâ¨§­ ç­®¥ ¨ p > 10 000 · �2

, ®âªã¤  � 6 3. � áá¬®âà¨¬ âà¨

á«ãç ï.

1) � = 1. � ª ª ª p < 40 000, áâ àè ï æ¨äà  p ­¥ ¯à¥¢®áå®¤¨â 3. �­  á®¢¯ ¤ ¥â á ¬« ¤è¥©

æ¨äà®© p, ª®â®à ï à ¢­  � · �mod 10. Ǳ® ãá«®¢¨î � · � ç¥â­®, ®âªã¤  � · �mod 10 = 2. � ª ª ª

æ¨äàë � ¨ � ®â«¨ç­ë ®â � ¨ ¨¬¥îâ à §­ãî ç¥â­®áâì, ¤«ï ¯ àë (�,�) ¢®§¬®�­ë §­ ç¥­¨ï (3, 4),
(6, 7), (8, 9). Ǳ®áª®«ìªã

134 · 143 = 19162, 167 · 176 = 29392, 189 · 198 = 37422,

­ ¬ ¯®¤å®¤¨â â®«ìª® ¯ à  (6, 7).

2) � = 2. �â àè ï æ¨äà  p «¥�¨â ¬¥�¤ã 4 ¨ 8. �­  á®¢¯ ¤ ¥â á ¬« ¤è¥© æ¨äà®© p, ª®â®à ï
à ¢­  � ·�mod 10 ¨ ¯® ãá«®¢¨î ­¥ç¥â­ . Ǳ®íâ®¬ã � ·�mod 10 à ¢­® 7 ¨«¨ 5. � ¯¥à¢®¬ á«ãç ¥ ¯ à 

(�,�) ¬®�¥â ¡ëâì (1, 7) ¨«¨ (3, 9). Ǳ®áª®«ìªã 217 · 271 = 58807 ¨ 237 · 273 = 64701, ®¡  ¢ à¨ ­â 

­ ¬ ­¥ ¯®¤å®¤ïâ. Ǳãáâì � · �mod 10 = 5. �®£¤  ®¤­  ¨§ æ¨äà � ¨ � à ¢­  5. � ¬¥â¨¬, çâ®

p > 40 000 + 2000 (� + �). �âáî¤  � + � 6 9, ¨­ ç¥ áâ àè ï æ¨äà  p ¡ã¤¥â ¡®«ìè¥ 5. Ǳ®íâ®¬ã

¯ à  (�,�) à ¢­  (1, 5) ¨«¨ (3, 5). � ª ª ª 215 · 251 = 53965 ¨ 235 · 253 = 59455, ®¡  á«ãç ï ­ ¬ ­¥

¯®¤å®¤ïâ.

3) � = 3. �®£¤  p > 90 000 + 3000 (�+ �), ®âªã¤  � + � 6 3 ¨ (�,�) = (1, 2). �® ¯à®¨§¢¥¤¥­¨¥
312 · 321 è¥áâ¨§­ ç­®¥, çâ® ­ á ­¥ ãáâà ¨¢ ¥â. �

5. � ¢¥àè¨­ å ¯à ¢¨«ì­®£® 2n-ã£®«ì­¨ª  à ááâ ¢«¥­ë ¯ãáâë¥ ç èª¨. Ǳ¥âï ¨ � áï ¯® ®ç¥à¥¤¨

(­ ç¨­ ï á Ǳ¥â¨) ­ «¨¢ îâ ¢ ç èª¨ ç ©. �  ®¤¨­ å®¤ ¬®�­® ­ «¨âì ç © «¨¡® ¢ ®¤­ã ¯ãáâãî

ç èªã, «¨¡® ¢ ¤¢¥ á¨¬¬¥âà¨ç­ë¥ ®â­®á¨â¥«ì­® æ¥­âà  2n-ã£®«ì­¨ª  ç èª¨, ¥á«¨ ®­¨ ®¡¥ ¯ã-

áâë¥. Ǳà®¨£àë¢ ¥â ¨£à®ª, ­¥ ¨¬¥îé¨© å®¤ . Ǳà¨ ª ª¨å n Ǳ¥âï ¢ë¨£à ¥â ¢­¥ § ¢¨á¨¬®áâ¨

®â ¤¥©áâ¢¨© � á¨?

�â¢¥â: ¯à¨ ­¥ç¥â­ëå n.

�¥è¥­¨¥. Ǳãáâì ¢­ ç «¥ n ­¥ç¥â­®. Ǳ®¡¥¤ã Ǳ¥â¥ ®¡¥á¯¥ç¨â á«¥¤ãîé ï áâà â¥£¨ï. Ǳ¥à¢ë¬

å®¤®¬ ®­ ­ «¨¢ ¥â ç © ¢ ¤¢¥ ¤¨ ¬¥âà «ì­® ¯à®â¨¢®¯®«®�­ë¥ ç èª¨. � â¥¬ ­  ª �¤®¬ è £¥ ®­

§ ¯®«­ï¥â ç èª¨, á¨¬¬¥âà¨ç­ë¥ ®â­®á¨â¥«ì­® íâ®£® ¤¨ ¬¥âà  â¥¬ ç èª ¬, ¢ ª®â®àë¥ ¯¥à¥¤ íâ¨¬

­ «¨« ç © � áï. Ǳ¥à¥¤ å®¤®¬ � á¨ «î¡ë¥ ¤¢¥ á¨¬¬¥âà¨ç­ë¥ ç èª¨ ®¤­®¢à¥¬¥­­® á¢®¡®¤­ë ¨«¨

­¥â. �á«¨ � áï § ¯®«­¨« ¤¢¥ ¤¨ ¬¥âà «ì­® ¯à®â¨¢®¯®«®�­ë¥ ç èª¨, â® á¨¬¬¥âà¨ç­ ï ¯ à  ¤¨ -

¬¥âà «ì­® ¯à®â¨¢®¯®«®�­ëå ç è¥ª ®áâ ­¥âáï ¯ãáâ , ¯®áª®«ìªã ¯à¨ ­¥ç¥â­®¬ n ­¨ª ª®© ¤¨ ¬¥âà

­¥ á¨¬¬¥âà¨ç¥­ á ¬®¬ã á¥¡¥. � ª¨¬ ®¡à §®¬, ®â¢¥â­ë© å®¤ � á¨ ¢á¥£¤  ¢®§¬®�¥­, ¨ ®­ ¯®¡¥¤¨â.

Ǳãáâì â¥¯¥àì n ç¥â­®, â® ¥áâì n = 2m. � §®¡ì¥¬ ¢¥áì ­ ¡®à ç è¥ª ­  m ç¥â¢¥à®ª, ®¡à §ãîé¨å

¢¥àè¨­ë ª¢ ¤à â®¢. �â®¡ë ­¥ ¯à®¨£à âì, � áï ¤®«�¥­ á«¥¤®¢ âì â ª®¬ã ¯« ­ã. �á«¨ Ǳ¥âï § -

¯®«­ï¥â ¤¢¥ ç èª¨, â® ®­¨ ­ å®¤ïâáï ¢ ¢¥àè¨­ å ®¤­®£® ¨§ ª¢ ¤à â®¢, ¨ � áï ­ «¨¢ ¥â ç © ¢ ¤¢¥



¤àã£¨¥ ç èª¨ â®£® �¥ ª¢ ¤à â . �á«¨ Ǳ¥âï ­ «¨¢ ¥â ç © â®«ìª® ®¤­ã ¨§ ç è¥ª, â® � áï § ¯®«­ï-

¥â ç èªã, ­ å®¤ïéãîáï ¢ á®á¥¤­¥© ¢¥àè¨­¥ â®£® �¥ ª¢ ¤à â . � «î¡®¬ á«ãç ¥ ã � á¨ ­ ©¤¥âáï

®â¢¥â­ë© å®¤, ¯®íâ®¬ã ®­ ¢ë¨£à ¥â. �

6. �  áâ®«¥ «¥� â ¤¢  è à  à ¤¨ãá  4, ª á ïáì ¤àã£ ¤àã£  ¢­¥è­¨¬ ®¡à §®¬. �®­ãá ª á ¥âáï

¡®ª®¢®© ¯®¢¥àå­®áâìî áâ®«  ¨ ®¡®¨å è à®¢ (¢­¥è­¨¬ ®¡à §®¬). � ááâ®ï­¨ï ®â ¢¥àè¨­ë ª®­ãá 

¤® â®ç¥ª ª á ­¨ï è à®¢ á® áâ®«®¬ à ¢­ë 5. � ©¤¨â¥ ã£®« ¯à¨ ¢¥àè¨­¥ ª®­ãá . (�£«®¬ ¯à¨

¢¥àè¨­¥ ª®­ãá  ­ §ë¢ ¥âáï ã£®« ¬¥�¤ã ¥£® ®¡à §ãîé¨¬¨ ¢ ®á¥¢®¬ á¥ç¥­¨¨.)

�â¢¥â: 90

◦
¨«¨ 2 ar

tg 4.

O1

C

O2

K

H

M

C

K

H

α β
C

K

H

α
β

�¥è¥­¨¥. Ǳãáâì O
1

, O
2

| æ¥­âàë è à®¢, A
1

, A
2

| â®çª¨ ª á ­¨ï è à®¢ á® áâ®«®¬, C |

¢¥àè¨­  ª®­ãá , 2α | ã£®« ¯à¨ ¥£® ¢¥àè¨­¥, ϕ = ∠O
1

CA
1

. Ǳ® ãá«®¢¨î tgϕ =

4

5

. �ë¡¥à¥¬ ­ 

®á¨ á¨¬¬¥âà¨¨ ª®­ãá  â®çªã K â ª, çâ® ¥¥ ¯à®¥ªæ¨ï H ­  ¯«®áª®áâì CO
1

O
2

¯®¯ ¤ ¥â ­  ®âà¥§®ª

O
1

O
2

(á¬. «¥¢ë© à¨áã­®ª). �¡à §ãîé¨¥, ¯® ª®â®àë¬ ª®­ãá ª á ¥âáï ®¤¨­ ª®¢ëå è à®¢, «¥� â ¢

¯«®áª®áâïå KCO
1

¨ KCO
2

, ®âªã¤ 

∠KCO
1

= ∠KCO
2

= ϕ+ α.

�à®¬¥ â®£®, CO
1

= CO
2

. �â¬¥â¨¬ ­¥áª®«ìª® ¯à®áâëå ä ªâ®¢.

1) H | â®çª  ª á ­¨ï è à®¢. �¥©áâ¢¨â¥«ì­®, âà¥ã£®«ì­¨ª¨ KCO
1

¨ KCO
2

à ¢­ë, ®âªã¤ 

KO
1

= KO
2

. � ª ª ª KH ⊥ O
1

O
2

, ¬ë ¯®«ãç¨¬ HO
1

= HO
2

.

2) Ǳ«®áª®áâì HCK ¯¥à¯¥­¤¨ªã«ïà­  O
1

O
2

. �¥©áâ¢¨â¥«ì­®, âà¥ã£®«ì­¨ª O
1

CO
2

à ¢­®¡¥¤à¥­-

­ë©,   H | á¥à¥¤¨­  O
1

O
2

, ®âªã¤  CH ⊥ O
1

O
2

. �ç¥¢¨¤­® â ª�¥, çâ® KH ⊥ O
1

O
2

.

3) �á«¨ KM | ¯¥à¯¥­¤¨ªã«ïà, ®¯ãé¥­­ë© ¨§ â®çª¨ K ­  CO
1

, â® MH ⊥ CO
1

. �â® ¢ëâ¥ª ¥â

¨§ ®¡à â­®© â¥®à¥¬ë ® âà¥å ¯¥à¯¥­¤¨ªã«ïà å.

Ǳãáâì KM | ¯¥à¯¥­¤¨ªã«ïà, ®¯ãé¥­­ë© ¨§ â®çª¨ K ­  CO
1

. �§ 1) ¨ 2) ¢ëâ¥ª ¥â, çâ® ¯àï¬ ï

CH ª á ¥âáï ®¡®¨å è à®¢. �®£¤  ∠O
1

CH = ∠O
1

CA
1

= ϕ, ¨ ¢ á¨«ã 3)


os∠KCH =

CH

CK
=

CM


os∠O
1

CH
:

CM


os∠KCO
1

=


os(ϕ+ α)


osϕ
= 
osα− tgϕ sinα = 
osα− 4

5

sinα.

Ǳãáâì β | ã£®« ¬¥�¤ã CH ¨ áâ®«®¬. � ª ª ª ®âà¥§®ª O
1

O
2

¯ à ««¥«¥­ áâ®«ã, ¨§ 2) ¢ëâ¥ª ¥â, çâ®

β ¥áâì ã£®« ¬¥�¤ã CH ¨ «¨­¨¥© ¯¥à¥á¥ç¥­¨ï ¯«®áª®áâ¨ HCK á® áâ®«®¬. Ǳ®áª®«ìªã CH ¨ CA
1

|

®âà¥§ª¨ ª á â¥«ì­ëå ª áä¥à¥, ¬ë ¯®«ãç ¥¬

sinβ =
4

CH
=

4

CA
1

=

4

5

¨ 
osβ =

3

5

.

�®§¬®�­ë ¤¢  á«ãç ï.

1) ∠KCH = 180

◦ − α− β (á¬. áà¥¤­¨© à¨áã­®ª). �®£¤ 


osα− 4

5

sinα = 
os∠KCH = − 
os(α+ β) = sinα sinβ − 
osα 
osβ = 4

5

sinα− 3

5


osα,



®âªã¤  sinα = 
osα ¨ α = 45

◦
.

2) ∠KCH = β − α (á¬. ¯à ¢ë© à¨áã­®ª). �®£¤ 


osα− 4

5

sinα = 
os∠KCH = 
os(β − α) = 
osα 
osβ + sinα sinβ =

3

5


osα+ 4

5

sinα,

®âªã¤  
tgα = 4. �



� à¨ ­â 8

1. � ª®¥ ­ ¨¬¥­ìè¥¥ ª®«¨ç¥áâ¢® ª«¥â®ª ­ã�­® ®â¬¥â¨âì ¢ â ¡«¨æ¥ 9×9 â ª, çâ®¡ë ¢ ª �¤®©

¢¥àâ¨ª «ì­®© ¨«¨ £®à¨§®­â «ì­®© ¯®«®áª¥ 1× 5 ¡ë«  å®âï ¡ë ®¤­  ®â¬¥ç¥­­ ï ª«¥âª ?

�â¢¥â: 16.

�¥è¥­¨¥. � áá¬®âà¨¬ ¡®«¥¥ ®¡éãî § ¤ çã, ª®£¤  â ¡«¨æ  ¨¬¥¥â à §¬¥à (2n − 1) × (2n − 1),  

¯®«®áª  | 1× n. � §®¢¥¬ n-î áâà®ªã ¨ n-© áâ®«¡¥æ æ¥­âà «ì­ë¬¨,   ®â¬¥ç¥­­ë¥ ­  ­¨å ª«¥âª¨,

®â«¨ç­ë¥ ®â æ¥­âà  ¤®áª¨, | ®á¥¢ë¬¨. Ǳãáâì ¢ æ¥­âà «ì­®© áâà®ª¥ ¨¬¥¥âáï k ®á¥¢ëå ª«¥â®ª,   ¢

æ¥­âà «ì­®¬ áâ®«¡æ¥ | m ®á¥¢ëå ª«¥â®ª. � áâà®ª å ¨ áâ®«¡æ å, ­¥ á®¤¥à� é¨å ®á¥¢ëå ª«¥â®ª,

¤®«�­® ¡ëâì ®â¬¥ç¥­® ­¥ ¬¥­¥¥ ¤¢ãå ª«¥â®ª. �á¥£® ¢ â ª¨å áâà®ª å ¡ã¤¥â ®â¬¥ç¥­® ­¥ ¬¥­¥¥

2 · (2n − 2 −m) = 4(n − 1) − 2m ª«¥â®ª,   ¢ áâ®«¡æ å | ­¥ ¬¥­¥¥ 4(n − 1) − 2k ª«¥â®ª. Ǳà¨ íâ®¬

ª �¤ ï ª«¥âª  ¡ã¤¥â ¯®áç¨â ­  ­¥ ¡®«¥¥ ¤¢ãå à §. � ãç¥â®¬ ®á¥¢ëå ª«¥â®ª ¬ë ¯®«ãç ¥¬, çâ®

®â¬¥ç¥­® ­¥ ¬¥­¥¥

1

2

(

4(n− 1)− 2m+ 4(n− 1)− 2k
)

+ k +m = 4(n− 1) ª«¥â®ª.

�­ ç¥­¨¥ 4(n − 1) à¥ «¨§ã¥âáï, ¥á«¨ ®â¬¥â¨âì ¢á¥ ª«¥âª¨ æ¥­âà «ì­ëå áâà®ª¨ ¨ áâ®«¡æ , ªà®¬¥

æ¥­âà  ¤®áª¨. Ǳ®« £ ï n = 5, ¬ë ¯®«ãç¨¬ ®â¢¥â. �

2. � ­ë ç¨á«  x, y, z ∈ [0, π℄. � ©¤¨â¥ ¬¨­¨¬ «ì­®¥ §­ ç¥­¨¥ ¢ëà �¥­¨ï

A = 
os(x− y) + 
os(y − z) + 
os(z − x).

�â¢¥â: −1.
�¥è¥­¨¥. �ë ¬®�¥¬ áç¨â âì, çâ® x 6 y 6 z, ¯®áª®«ìªã ¢ëà �¥­¨¥A ­¥ ¬¥­ï¥âáï ¯à¨ ¯®¯ à­ëå

¯¥à¥áâ ­®¢ª å ¯¥à¥¬¥­­ëå. � ¬¥â¨¬, çâ®


os(x− y) + 
os(z − x) = 2 
os

(

z−y
2

)


os

(

z+y
2

− x
)

.

Ǳ¥à¢ë© ª®á¨­ãá ¢ ¯à ¢®© ç áâ¨ ­¥®âà¨æ â¥«¥­ ¨ ­¥ § ¢¨á¨â ®â x,    à£ã¬¥­â ¢â®à®£® «¥�¨â ­ 

®âà¥§ª¥ [0, π℄, â ª ª ª π >
z+y
2

> x. �­ ç¨â, ¯à ¢ ï ç áâì ¡ã¤¥â ­ ¨¬¥­ìè¥© ¯à¨ x = 0. � íâ®¬

á«ãç ¥

A = 
os y + 
os z + 
os(y − z) = 
os z + 2 
os

z
2

· 
os
(

y − z
2

)

.

� ¬¥â¨¬, çâ® −π
2

6 − z
2

6 y − z
2

6 z
2

6 π
2

, ®âªã¤ 

A = 
os z + 2 
os

z
2

· 
os
(

y − z
2

)

> 
os z > −1.
� ¢¥­áâ¢® à¥ «¨§ã¥âáï ¯à¨ x = 0, y = z = π. �

3. �®ªàã£ âà¥ã£®«ì­¨ª  ABC ®¯¨á ­  ®ªàã�­®áâì ω á æ¥­âà®¬ ¢ â®çª¥ O. �ªàã�­®áâì ω
1

ª á -

¥âáï ¯àï¬®© AB ¢ â®çª¥ A ¨ ¯à®å®¤¨â ç¥à¥§ â®çªã C,   ®ªàã�­®áâì ω
2

ª á ¥âáï ¯àï¬®© AC ¢

â®çª¥ A ¨ ¯à®å®¤¨â ç¥à¥§ â®çªã B. �¥à¥§ â®çªã A ¯à®¢¥¤¥­  ¯àï¬ ï, ¢â®à¨ç­® ¯¥à¥á¥ª îé ï

®ªàã�­®áâì ω
1

¢ â®çª¥ X ¨ ®ªàã�­®áâì ω
2

¢ â®çª¥ Y . �®çª  M | á¥à¥¤¨­  ®âà¥§ª  XY .
� ©¤¨â¥ ã£®« OMX.

�â¢¥â: 90

◦
.

O

A

BC
X

Y

Z

M

α

ω

ω1

ω2



�¥è¥­¨¥ 1. Ǳ®«®�¨¬ α = ∠BAC. �£®« ¬¥�¤ã ª á â¥«ì­®© AB ¨ å®à¤®© AC ®ªàã�­®áâ¨ ω
1

à ¢¥­ ¢¯¨á ­­®¬ã ¢ ­¥¥ ã£«ã, ª®â®àë© ®¯¨à ¥âáï ­  AC, â® ¥áâì ∠AXC = ∠BAC = α. �­ «®£¨ç­ë¬
®¡à §®¬ ¯®«ãç ¥âáï à ¢¥­áâ¢® ∠AY B = α. �®áâà®¨¬ ç¥âëà¥åã£®«ì­¨ª CXYB ¤® âà¥ã£®«ì­¨ª 

XY Z (á¬. à¨áã­®ª). � ¬¥â¨¬, çâ®

∠BOC = 2∠BAC = 2α = ∠ZXY + ∠ZYX = 180

◦ − ∠XZY,

â® ¥áâì ç¥âëà¥åã£®«ì­¨ª OBZC | ¢¯¨á ­­ë©. �®£¤ 

∠OZB = ∠OCB = ∠OBC = ∠OZC.

Ǳ®íâ®¬ã «ãç ZO | ¡¨áá¥ªâà¨á  à ¢­®¡¥¤à¥­­®£® âà¥ã£®«ì­¨ª  XZY , ª®â®à ï ï¢«ï¥âáï â ª�¥

¬¥¤¨ ­®© ¨ ¢ëá®â®©. � ª¨¬ ®¡à §®¬, â®çª  M «¥�¨â ­  «ãç¥ ZO ¨ ∠OMX = 90

◦
. �

O

A

BC
X

Y

K
M

ω

ω1

ω2

�¥è¥­¨¥ 2. Ǳãáâì ¯àï¬ ïXY ¢â®à¨ç­® ¯¥à¥á¥ª ¥â ®ªàã�­®áâì ω ¢ â®çª¥K. Ǳ®áª®«ìªã ¯àï¬ ï

AC ª á ¥âáï ®ªàã�­®áâ¨ ω
2

,

∠BYK = ∠BY A = ∠BAC.

�£®« Y BA ®¯¨à ¥âáï ­  ¤ã£ã Y A ®ªàã�­®áâ¨ ω
2

, ­¥ á®¤¥à� éãî â®çªã B. �­ ç¨â, ®­ à ¢¥­

ã£«ã ¬¥�¤ã å®à¤®© Y A ¨ ª á â¥«ì­®© ª ω
2

¢ â®çª¥ A, â® ¥áâì ã£«ã XAC. � ãç¥â®¬ ¢¯¨á ­­®áâ¨

ç¥âëà¥åã£®«ì­¨ª  ABCK ¬ë ¯®«ãç ¥¬

∠Y BA = ∠XAC = ∠KAC = ∠KBC,

®âªã¤  ∠Y BK = ∠ABC. Ǳ®íâ®¬ã âà¥ã£®«ì­¨ª¨ Y BK ¨ ABC ¯®¤®¡­ë ¯® ¤¢ã¬ ã£« ¬. �®£¤ 

Y K

AC
=

BK

BC
⇐⇒ Y K =

AC · BK
BC

.

�­ «®£¨ç­® ¯à®¢¥àï¥âáï, çâ® âà¥ã£®«ì­¨ª¨ CAX ¨ CBK ¯®¤®¡­ë ¨

AX
BK =

AC
BC . �­ ç¨â,

AX =

AC · BK
BC

= Y K.

�âáî¤  ¢ëâ¥ª ¥â, çâ® â®çª  M ï¢«ï¥âáï á¥à¥¤¨­®© ®âà¥§ª  AK. � ¬¥â¨¬, çâ® â®çª  O | æ¥­âà

®¯¨á ­­®© ®ªàã�­®áâ¨ âà¥ã£®«ì­¨ª  AKB ¨, §­ ç¨â, «¥�¨â ­  á¥à¥¤¨­­®¬ ¯¥à¯¥­¤¨ªã«ïà¥ ª áâ®-

à®­¥ AK. Ǳ®íâ®¬ã ∠OMX = ∠OMK = 90

◦
. �

4. � ­ë ¤¥¢ïâ¨§­ ç­ë¥ ç¨á«  m ¨ n, ¯®«ãç ¥¬ë¥ ¤àã£ ¨§ ¤àã£  § ¯¨áìî æ¨äà ¢ ®¡à â­®¬ ¯®àï¤ª¥.

�ª § «®áì, çâ® ¯à®¨§¢¥¤¥­¨¥mn á®áâ®¨â ¨§ ­¥ç¥â­®£® ç¨á«  æ¨äà ¨ ®¤¨­ ª®¢® ç¨â ¥âáï á«¥¢ 

­ ¯à ¢® ¨ á¯à ¢  ­ «¥¢®. � ©¤¨â¥ ­ ¨¡®«ìè¥¥ ç¨á«® m, ¤«ï ª®â®à®£® íâ® ¢®§¬®�­®.

�â¢¥â: 220 000 001.



�¥è¥­¨¥. Ǳãáâì m = a
8

. . . a
0

, n = a
0

. . . a
8

. � ª ª ª ç¨á«® mn á®¤¥à�¨â ­¥ç¥â­®¥ ª®«¨ç¥áâ¢®

æ¨äà, ®­® ï¢«ï¥âáï á¥¬­ ¤æ â¨à §àï¤­ë¬. � ¯¨è¥¬ mn = b
16

. . . b
0

. Ǳ®ª �¥¬ ¯® ¨­¤ãªæ¨¨, çâ®

bk = a
0

a
8−k + a

1

a
9−k + . . .+ ak−1a7 + aka8 ¤«ï «î¡®£® k ∈ {0, . . . , 8}. (∗)

�á­®, çâ® b
0

= a
0

a
8

mod 10. � ª ª ª 10

17 > mn > a
0

a
8

·1016, ¬ë ¯®«ãç¨¬ a
0

a
8

6 9, â® ¥áâì b
0

= a
0

a
8

.

Ǳà¥¤¯®«®�¨¬, çâ® ¤«ï ­¥ª®â®à®£® k < 8 à ¢¥­áâ¢® (∗) ¤®ª § ­®. � ¯¨è¥¬

a
0

a
7−k + a

1

a
8−k + . . .+ aka7 + ak+1a8 = 10p+ r, £¤¥ r ∈ {0, . . . , 9}.

� ¬¥â¨¬, çâ® bk+1 = r,   p ­¥ ¯à¥¢®áå®¤¨â ¯¥à¥­®á  ¨§ (15−k)-£® à §àï¤  ¢ (16−k)-© ¯à¨ ã¬­®�¥­¨¨
m ­  n. �® b

16−k = bk, ¨ ¯® ¨­¤ãªæ¨®­­®¬ã ¯à¥¤¯®«®�¥­¨î íâ®â ¯¥à¥­®á ¤®«�¥­ ¡ëâì ­ã«¥¢ë¬.

Ǳ®íâ®¬ã p = 0, çâ® ¨ ¤ ¥â (∗) á § ¬¥­®© k ­  k + 1.

Ǳà¨¬¥­ïï (∗) ¤«ï k = 8, ¬ë ¯®«ãç¨¬ b
8

= a2
0

+ . . .+ a2
8

. Ǳ®áª®«ìªã b
8

6 9, ¯à ¢ ï ç áâì â®�¥ ­¥

¯à¥¢®áå®¤¨â 9. Ǳ® ãá«®¢¨î a
0

¨ a
8

®â«¨ç­ë ®â ­ã«ï, ¯®íâ®¬ã ¢á¥ æ¨äàë m ­¥ ¡®«ìè¥ 2. �­ ç¨â,

¤¢¥ ¬ ªá¨¬ «ì­® ¢®§¬®�­ë¥ áâ àè¨¥ æ¨äàë m à ¢­ë 2. � ª ª ª a
0

> 0, ¬ë ¯®«ãç ¥¬ a
0

= 1 ¨

ak = 0 ¯à¨ k = 1, . . . , 6. �¨á«® m = 220 000 001, ®ç¥¢¨¤­®, ã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨. �

5. � ¢¥àè¨­ å ¯à ¢¨«ì­®£® 2n-ã£®«ì­¨ª  à ááâ ¢«¥­ë ¯ãáâë¥ ç èª¨. Ǳ¥âï ¨ � áï ¯® ®ç¥à¥¤¨

(­ ç¨­ ï á Ǳ¥â¨) ­ «¨¢ îâ ¢ ç èª¨ ç ©. �  ®¤¨­ å®¤ ¬®�­® ­ «¨âì ç © ¢ ¤¢¥ ¯ãáâë¥ ç èª¨,

ª®â®àë¥ «¨¡® áâ®ïâ àï¤®¬, «¨¡® á¨¬¬¥âà¨ç­ë ®â­®á¨â¥«ì­® æ¥­âà  2n-ã£®«ì­¨ª . Ǳà®¨£-

àë¢ ¥â ¨£à®ª, ­¥ ¨¬¥îé¨© å®¤ . Ǳà¨ ª ª¨å n Ǳ¥âï ¢ë¨£à ¥â ¢­¥ § ¢¨á¨¬®áâ¨ ®â ¤¥©áâ¢¨©

� á¨?

�â¢¥â: ¯à¨ ­¥ç¥â­ëå n.

�¥è¥­¨¥. � §®¢¥¬ ¯ à®© ¤¢¥ ç èª¨, á¨¬¬¥âà¨ç­ë¥ ®â­®á¨â¥«ì­® æ¥­âà  2n-ã£®«ì­¨ª . Ǳãáâì
n ç¥â­®. �â® ®§­ ç ¥â, çâ® ª®«¨ç¥áâ¢® ¯ à ç¥â­®. Ǳ®¡¥¤ã � á¥ ®¡¥á¯¥ç¨â á«¥¤ãîé ï áâà â¥£¨ï.

�á«¨ Ǳ¥âï ­ «¨¢ ¥â ç © ¢ ç èª¨ ¨§ ®¤­®© ¯ àë, â® � áï ­ ¯®«­ï¥â ç èª¨ ¨§ ª ª®©-­¨¡ã¤ì ¤àã£®©

¯ àë. Ǳãáâì Ǳ¥âï § ¯®«­¨« ¤¢¥ á®á¥¤­¨¥ ç èª¨. �®£¤  á¨¬¬¥âà¨ç­ë¥ ¨¬ ç èª¨ â®�¥ áâ®ïâ àï¤®¬,

¨ � áï ­ «¨¢ ¥â ç © ¢ ­¨å. Ǳ®á«¥ ç¥â­®£® ç¨á«  å®¤®¢ ç èª¨ «î¡®© ¯ àë ¡ã¤ãâ ®¤­®¢à¥¬¥­­®

«¨¡® ¯®«­ë¬¨, «¨¡® ¯ãáâë¬¨. Ǳ®íâ®¬ã ¯à®æ¥áá ¡ã¤¥â ¯à®¤®«� âìáï ¤® â¥å ¯®à, ¯®ª  ¢á¥ ç èª¨ ­¥

§ ¯®«­ïâáï. � á¨«ã ç¥â­®áâ¨ n ¯ãáâëå ç è¥ª ­¥ ®áâ ­¥âáï ¯®á«¥ å®¤  � á¨, ¨ ®­ ¢ë¨£à ¥â.

Ǳãáâì â¥¯¥àì n ­¥ç¥â­®. Ǳ¥âï ¤®«�¥­ ¯¥à¢ë¬ å®¤®¬ § ¯®«­¨âì ç èª¨ ¨§ ª ª®©-â® ¯ àë. Ǳ®á«¥

íâ®£® ª®«¨ç¥áâ¢® á¢®¡®¤­ëå ¯ à áâ ­¥â ç¥â­ë¬, ¨ § ¤ ç  á¢¥¤¥âáï ª ã�¥ à §®¡à ­­®© á ¯¥à¥¬¥­®©

à®«ï¬¨ Ǳ¥â¨ ¨ � á¨. �á¯®«ì§ãï ®¯¨á ­­ãî à ­¥¥ áâà â¥£¨î � á¨, Ǳ¥âï ¤®¡ì¥âáï ¯®¡¥¤ë. �

6. �  áâ®«¥ «¥� â ¤¢  è à  à ¤¨ãá  12, ª á ïáì ¤àã£ ¤àã£  ¢­¥è­¨¬ ®¡à §®¬. �®­ãá ª á ¥âáï

¡®ª®¢®© ¯®¢¥àå­®áâìî áâ®«  ¨ ®¡®¨å è à®¢ (¢­¥è­¨¬ ®¡à §®¬). � ááâ®ï­¨ï ®â ¢¥àè¨­ë ª®­ãá 

¤® â®ç¥ª ª á ­¨ï è à®¢ á® áâ®«®¬ à ¢­ë 13. � ©¤¨â¥ ã£®« ¯à¨ ¢¥àè¨­¥ ª®­ãá . (�£«®¬ ¯à¨

¢¥àè¨­¥ ª®­ãá  ­ §ë¢ ¥âáï ã£®« ¬¥�¤ã ¥£® ®¡à §ãîé¨¬¨ ¢ ®á¥¢®¬ á¥ç¥­¨¨.)

�â¢¥â: 2 ar

tg

4

3

¨«¨ 2 ar

tg 3.

O1

C

O2

K

H

M

C

K

H

α β
C

K

H

α
β



�¥è¥­¨¥. Ǳãáâì O
1

, O
2

| æ¥­âàë è à®¢, A
1

, A
2

| â®çª¨ ª á ­¨ï è à®¢ á® áâ®«®¬, C |

¢¥àè¨­  ª®­ãá , 2α | ã£®« ¯à¨ ¥£® ¢¥àè¨­¥, ϕ = ∠O
1

CA
1

. Ǳ® ãá«®¢¨î tgϕ =

12

13

. �ë¡¥à¥¬ ­ 

®á¨ á¨¬¬¥âà¨¨ ª®­ãá  â®çªã K â ª, çâ® ¥¥ ¯à®¥ªæ¨ï H ­  ¯«®áª®áâì CO
1

O
2

¯®¯ ¤ ¥â ­  ®âà¥§®ª

O
1

O
2

(á¬. «¥¢ë© à¨áã­®ª). �¡à §ãîé¨¥, ¯® ª®â®àë¬ ª®­ãá ª á ¥âáï ®¤¨­ ª®¢ëå è à®¢, «¥� â ¢

¯«®áª®áâïå KCO
1

¨ KCO
2

, ®âªã¤ 

∠KCO
1

= ∠KCO
2

= ϕ+ α.

�à®¬¥ â®£®, CO
1

= CO
2

. �â¬¥â¨¬ ­¥áª®«ìª® ¯à®áâëå ä ªâ®¢.

1) H | â®çª  ª á ­¨ï è à®¢. �¥©áâ¢¨â¥«ì­®, âà¥ã£®«ì­¨ª¨ KCO
1

¨ KCO
2

à ¢­ë, ®âªã¤ 

KO
1

= KO
2

. � ª ª ª KH ⊥ O
1

O
2

, ¬ë ¯®«ãç¨¬ HO
1

= HO
2

.

2) Ǳ«®áª®áâì HCK ¯¥à¯¥­¤¨ªã«ïà­  O
1

O
2

. �¥©áâ¢¨â¥«ì­®, âà¥ã£®«ì­¨ª O
1

CO
2

à ¢­®¡¥¤à¥­-

­ë©,   H | á¥à¥¤¨­  O
1

O
2

, ®âªã¤  CH ⊥ O
1

O
2

. �ç¥¢¨¤­® â ª�¥, çâ® KH ⊥ O
1

O
2

.

3) �á«¨ KM | ¯¥à¯¥­¤¨ªã«ïà, ®¯ãé¥­­ë© ¨§ â®çª¨ K ­  CO
1

, â® MH ⊥ CO
1

. �â® ¢ëâ¥ª ¥â

¨§ ®¡à â­®© â¥®à¥¬ë ® âà¥å ¯¥à¯¥­¤¨ªã«ïà å.

Ǳãáâì KM | ¯¥à¯¥­¤¨ªã«ïà, ®¯ãé¥­­ë© ¨§ â®çª¨ K ­  CO
1

. �§ 1) ¨ 2) ¢ëâ¥ª ¥â, çâ® ¯àï¬ ï

CH ª á ¥âáï ®¡®¨å è à®¢. �®£¤  ∠O
1

CH = ∠O
1

CA
1

= ϕ, ¨ ¢ á¨«ã 3)


os∠KCH =

CH

CK
=

CM


os∠O
1

CH
:

CM


os∠KCO
1

=


os(ϕ+ α)


osϕ
= 
osα− tgϕ sinα = 
osα− 12

13

sinα.

Ǳãáâì β | ã£®« ¬¥�¤ã CH ¨ áâ®«®¬. � ª ª ª ®âà¥§®ª O
1

O
2

¯ à ««¥«¥­ áâ®«ã, ¨§ 2) ¢ëâ¥ª ¥â, çâ®

β ¥áâì ã£®« ¬¥�¤ã CH ¨ «¨­¨¥© ¯¥à¥á¥ç¥­¨ï ¯«®áª®áâ¨ HCK á® áâ®«®¬. Ǳ®áª®«ìªã CH ¨ CA
1

|

®âà¥§ª¨ ª á â¥«ì­ëå ª áä¥à¥, ¬ë ¯®«ãç ¥¬

sinβ =
12

CH
=

12

CA
1

=

12

13

¨ 
osβ =

5

13

.

�®§¬®�­ë ¤¢  á«ãç ï.

1) ∠KCH = 180

◦ − α− β (á¬. áà¥¤­¨© à¨áã­®ª). �®£¤ 


osα− 12

13

sinα = 
os∠KCH = − 
os(α+ β) = sinα sinβ − 
osα 
osβ =

12

13

sinα− 5

13


osα,

®âªã¤  
tgα =

4

3

.

2) ∠KCH = β − α (á¬. ¯à ¢ë© à¨áã­®ª). �®£¤ 


osα− 12

13

sinα = 
os∠KCH = 
os(β − α) = 
osα 
osβ + sinα sinβ = 5

13


osα+ 12

13

sinα,

®âªã¤  
tgα = 3. �



� à¨ ­â 9

1. � â ¡«¨æ¥ 3× 3 à ááâ ¢«¥­ë 9 ç¨á¥« â ª, çâ® ¢á¥ è¥áâì ¯à®¨§¢¥¤¥­¨© íâ¨å ç¨á¥« ¢ áâà®ª å

¨ ¢ áâ®«¡æ å â ¡«¨æë à §«¨ç­ë. � ª®¥ ­ ¨¡®«ìè¥¥ ª®«¨ç¥áâ¢® ç¨á¥« ¢ íâ®© â ¡«¨æ¥ ¬®�¥â

à ¢­ïâìáï ¥¤¨­¨æ¥?

�â¢¥â: 5.

�¥è¥­¨¥. � §®¢¥¬ ¨­¤¥ªá®¬ â ¡«¨æë ®¡é¥¥ ç¨á«® ¥¥ áâà®ª ¨ áâ®«¡æ®¢, á®áâ®ïé¨å ¨§ ¥¤¨­¨æ.

Ǳ® ãá«®¢¨î ¨­¤¥ªá ­¥ ¯à¥¢®áå®¤¨â 1. Ǳãáâì n | í«¥¬¥­â â ¡«¨æë, ®â«¨ç­ë© ®â 1. �®£¤  ¢ ®¤­®©

áâà®ª¥ ¨«¨ ¢ ®¤­®¬ áâ®«¡æ¥ á n ¥áâì ¥é¥ ®¤­® ç¨á«®, ­¥ à ¢­®¥ 1 (¨­ ç¥ ¯à®¨§¢¥¤¥­¨ï ¢ áâà®ª¥

¨ áâ®«¡æ¥, á®¤¥à� é¨å n, à ¢­ë n). �­ ç¨â, ­¥¥¤¨­¨ç­ë¥ í«¥¬¥­âë ¢áâà¥ç îâáï ¯ à ¬¨. � ª¨å

¯ à ¯® ªà ©­¥© ¬¥à¥ ¤¢¥, ¨­ ç¥ ¨­¤¥ªá â ¡«¨æë ­¥ ¬¥­ìè¥ 3. �á«¨ ¯ à à®¢­® ¤¢¥, â® ®­¨ ­¥

¯¥à¥á¥ª îâáï, ¢ ¯à®â¨¢­®¬ á«ãç ¥ ¨­¤¥ªá â ¡«¨æë à ¢¥­ 2. � ª¨¬ ®¡à §®¬, â ¡«¨æ  á®¤¥à�¨â ­¥

¬¥­¥¥ 4 ç¨á¥«, ®â«¨ç­ëå ®â 1,   ª®«¨ç¥áâ¢® ¥¤¨­¨æ ­¥ ¯à¥¢®áå®¤¨â 5. Ǳà¨¬¥à â ¡«¨æë á 5 ¥¤¨­¨æ ¬¨

¯à¨¢¥¤¥­ ­¨�¥. �

1 1 1

1 2 3

5 7 1

2. � ­ë ç¨á«  x, y, z ∈
[

0, π
2

]

. � ©¤¨â¥ ¬ ªá¨¬ «ì­®¥ §­ ç¥­¨¥ ¢ëà �¥­¨ï

A = sin(x− y) + sin(y − z) + sin(z − x).

�â¢¥â:

√
2− 1.

�¥è¥­¨¥. �ë ¬®�¥¬ áç¨â âì, çâ® x 6 y ¨ x 6 z, ¯®áª®«ìªã ¢ëà �¥­¨¥ A ­¥ ¬¥­ï¥âáï ¯à¨

æ¨ª«¨ç¥áª®© ¯¥à¥áâ ­®¢ª¥ ¯¥à¥¬¥­­ëå. � ¬¥â¨¬, çâ®

sin(x− y) + sin(z − x) = 2 sin

(

z−y
2

)


os

(

z+y
2

− x
)

.

�à£ã¬¥­â á¨­ãá  ¨§ ¯à ¢®© ç áâ¨ «¥�¨â ­ 

[

−π
2

, π
2

]

,   ª®á¨­ãá  | ­ 

[

0, π
2

]

, â ª ª ª

π
2

>
z+y
2

> x.
� áá¬®âà¨¬ ¤¢  á«ãç ï.

1) z > y. � ¨¡®«ìè¥© ¯à ¢ ï ç áâì ¡ã¤¥â ¯à¨ ¬ ªá¨¬ «ì­® ¢®§¬®�­®¬ x, â® ¥áâì ¯à¨ x = y, ¨
§­ ç¥­¨¥ A ®ª �¥âáï ­ã«¥¢ë¬.

2) z 6 y. Ǳà¨ ä¨ªá¨à®¢ ­­ëå y ¨ z ¯à ¢ ï ç áâì ¤®áâ¨£­¥â ¬ ªá¨¬ã¬  ¯à¨ x = 0. � íâ®¬ á«ãç ¥

A = sin z − sin y + sin(y − z) = − sin y + 2 sin

y
2

· 
os
(

y
2

− z
)

6 2 sin

y
2

− sin y = 2 sin

y
2

·
(

1− 
os

y
2

)

.

�ëà �¥­¨¥ ¢ ¯à ¢®© ç áâ¨ ã¢¥«¨ç¨¢ ¥âáï á à®áâ®¬ y, ¯®íâ®¬ã ¥£® ¬ ªá¨¬ã¬ ¤®áâ¨£ ¥âáï ¯à¨ y = π
2

¨ à ¢¥­

√
2− 1. � ª¨¬ ®¡à §®¬, A 6

√
2− 1. � ¢¥­áâ¢® à¥ «¨§ã¥âáï ¯à¨ x = 0, y = π

2

, z = π
4

. �

3. �®çª  O | æ¥­âà ®¯¨á ­­®© ®ªàã�­®áâ¨ âà¥ã£®«ì­¨ª  ABC. �  ®¯¨á ­­®© ®ªàã�­®áâ¨ âà¥-

ã£®«ì­¨ª  BOC ¢­¥ âà¥ã£®«ì­¨ª  ABC ¢ë¡à ­  â®çª  X. �  «ãç å XB ¨ XC §  â®çª ¬¨ B
¨ C ¢ë¡à ­ë â ª¨¥ â®çª¨ Y ¨ Z á®®â¢¥âáâ¢¥­­®, çâ® XY = XZ. �¯¨á ­­ ï ®ªàã�­®áâì

âà¥ã£®«ì­¨ª  ABY ¯¥à¥á¥ª ¥â áâ®à®­ã AC ¢ â®çª¥ T . � ©¤¨â¥ ã£®« ∠Y TZ.

�â¢¥â: 180

◦
.

�¥è¥­¨¥. � ¬¥â¨¬, çâ® ∠BY T = ∠BAT ª ª ¢¯¨á ­­ë¥ ã£«ë, ®¯¨à îé¨¥áï ­  ®¡éãî ¤ã£ã.

Ǳ®áª®«ìªã ç¥âëà¥åã£®«ì­¨ª BOCX ¢¯¨á ­­ë©, ¬ë ¯®«ãç¨¬

180

◦ − ∠BXC = ∠BOC = 2∠BAC = 2∠BY T.



� ¤àã£®© áâ®à®­ë, âà¥ã£®«ì­¨ª Y XZ à ¢­®¡¥¤à¥­­ë©, ®âªã¤  180

◦ − ∠Y XZ = 2∠XYZ. Ǳ®íâ®¬ã
∠XY T = ∠XY Z, â® ¥áâì â®çª  T «¥�¨â ­  ®âà¥§ª¥ Y Z. �

OA

B

C

X

Y

Z

T

4. �  ¤®áª¥ ­ ¯¨á ­® ¯à®¨§¢¥¤¥­¨¥ âà¥å§­ ç­ëå ç¨á¥« ��� ¨ ���, £¤¥ ¡ãª¢ë á®®â¢¥âáâ¢ãîâ

à §«¨ç­ë¬ ­¥­ã«¥¢ë¬ ¤¥áïâ¨ç­ë¬ æ¨äà ¬. �â® ¯à®¨§¢¥¤¥­¨¥ ®¤¨­ ª®¢® ç¨â ¥âáï á«¥¢  ­ -

¯à ¢® ¨ á¯à ¢  ­ «¥¢®, ¤¢¥ ¥£® æ¨äàë à ¢­ë 4,   ®áâ «ì­ë¥ ç¥âëà¥ æ¨äàë á®¢¯ ¤ îâ á �. �â®

­ ¯¨á ­® ­  ¤®áª¥?

�â¢¥â: 477 774 = 762 · 627 ¨«¨ 554 455 = 593 · 935.

�¥è¥­¨¥. Ǳ®«®�¨¬ p = ��� · ���. �§ ãá«®¢¨ï ­  p ¢ëâ¥ª ¥â, çâ® p
.

.

.

11 ¨, §­ ç¨â, ®¤¨­ ¨§

¬­®�¨â¥«¥© p ªà â¥­ 11. Ǳãáâì ¢­ ç «¥ ���

.

.

.

11. �â® ®§­ ç ¥â, çâ® � + �−�

.

.

.

11, ®âªã¤  «¨¡®

�+� = �, «¨¡® �+� = �+11. � ¬¥â¨¬ â ª�¥, çâ® ç¨á«  (�+�+�)

2

¨ 4�+8 ¤ îâ ¯à¨ ¤¥«¥­¨¨

­  9 ®¤¨­ ª®¢ë¥ ®áâ âª¨. � áá¬®âà¨¬ ¤¢  á«ãç ï.

1) �+� = �. �®£¤  (2�)

2

mod 9 = (4�+8)mod 9, â® ¥áâì �

2

mod 9 = (�+2)mod 9. � ¢¨á¨¬®áâì

¬¥�¤ã ç¨á« ¬¨ n ¨ n2mod 9 ¯à¨¢¥¤¥­  ¢ â ¡«¨æ¥:

n 1 2 3 4 5 6 7 8 9

n2mod 9 1 4 0 7 7 0 4 1 0

(¤ «¥¥ ®áâ âª¨ ¡ã¤ãâ æ¨ª«¨ç¥áª¨ ¯®¢â®àïâìáï). Ǳ®íâ®¬ã (�+2)mod 9 ∈ {0, 1, 4, 7} ¨ � ∈ {7, 8, 2, 5}.
Ǳ®¤áâ ¢«ïï (�+2)mod 9 ¢ ­¨�­îî áâà®ªã â ¡«¨æë, ¬ë ¡ã¤¥¬ ¯®«ãç âì � ¢ ¢¥àå­¥©. �á«¨ � = 5,

â® � à ¢­® 4 ¨«¨ 5, çâ® ­¥¢®§¬®�­®. �«ï � = 8 ¬ë ¯®«ãç¨¬ � = 8 = �, çâ® ­¥ ¯®¤å®¤¨â ¯®

ãá«®¢¨î. �­ ç¥­¨ï¬ � = 7 ¨ � = 2 á®®â¢¥âáâ¢ãîâ ¯ àë (�,�) = (9, 2) ¨ (�,�) = (7, 5). � ª ª ª

792 · 927 = 734 184, 275 · 752 = 206 800,

íâ¨ á«ãç ¨ ­ ¬ â®�¥ ­¥ ¯®¤å®¤ïâ.

2) � + � = �+ 11. �®£¤ 

(4�+ 8)mod 9 = (2� + 11)

2

mod 9 = 4 (� + 1)

2

mod 9⇐⇒ (� + 1)

2

mod 9 = (� + 2)mod 9,

¨ á­®¢  � ∈ {7, 8, 2, 5}. �«ãç ¨ � = 2 ¨ � = 8 ­¥ ¯®¤å®¤ïâ: ¯à¨ ¤®¯ãáâ¨¬ëå §­ ç¥­¨ïå � ¨§

à ¢¥­áâ¢  � = �−�+ 11 ¬ë ¯®«ãç¨¬ � > 10. �«ï ®áâ «ì­ëå � ¯® â ¡«¨æ¥ ­ å®¤ïâáï á«¥¤ãîé¨¥

âà®©ª¨ (�,�,�): (5, 3, 9), (7, 2, 6), (7, 5, 9). � ª ª ª

539 · 395 = 212 905, 726 · 267 = 193 842, 759 · 597 = 453 123,

®­¨ ­ ¬ â®�¥ ­¥ ¯®¤å®¤ïâ.



Ǳãáâì â¥¯¥àì ���

.

.

.

11. �â® ®§­ ç ¥â, çâ® «¨¡® �+� = �, «¨¡® �+� = �+ 11. Ǳ¥à¥áâ ¢«ïï ¢

¯à¥¤ë¤ãé¨å à ááã�¤¥­¨ïå � ¨ �, ¬ë ¯®«ãç¨¬, çâ® âà®©ª  (�,�,�) ¯à¨­¨¬ ¥â ®¤­® ¨§ á«¥¤ãîé¨å
§­ ç¥­¨©: (2, 5, 7), (7, 2, 9), (7, 9, 5), (7, 6, 2), (5, 9, 3). � ª ª ª

257·572 = 147 004, 729·297 = 216 513, 795·957 = 760 815, 762·627 = 477 774, 593·935 = 554 455,

­ ¬ ¯®¤å®¤ïâ â®«ìª® ¤¢¥ ¯®á«¥¤­¨¥ âà®©ª¨. �

5. �  áâ®«¥ áâ®ïâ ¢ àï¤ n ¯ãáâëå áâ ª ­®¢. Ǳ¥âï ¨ � áï ¯® ®ç¥à¥¤¨ (­ ç¨­ ï á Ǳ¥â¨) ­ «¨¢ îâ
¢ ­¨å ­ ¯¨âª¨: Ǳ¥âï | «¨¬®­ ¤, � áï | ª®¬¯®â. �  ®¤¨­ å®¤ ¨£à®ª ¬®�¥â § ¯®«­¨âì ®¤¨­

¯ãáâ®© áâ ª ­ ­  á¢®© ¢ë¡®à â ª, çâ®¡ë ¯®á«¥ ¥£® å®¤  ­¥ ®¡à §®¢ «®áì ¤¢  á®á¥¤­¨å áâ ª ­ 

á ®¤¨­ ª®¢ë¬ ­ ¯¨âª®¬. �á«¨ ¢ à¥§ã«ìâ â¥ ¤¥©áâ¢¨© ¨£à®ª®¢ § ¯®«­ïîâáï ¢á¥ áâ ª ­ë, â®

¨£à  § ª ­ç¨¢ ¥âáï ¢­¨çìî. � ¯à®â¨¢­®¬ á«ãç ¥ ¯à®¨£àë¢ ¥â ¨£à®ª, ­¥ ¨¬¥îé¨© å®¤ . Ǳà¨

ª ª¨å n � áï ¢ë¨£à ¥â ¢­¥ § ¢¨á¨¬®áâ¨ ®â ¤¥©áâ¢¨© Ǳ¥â¨?

�â¢¥â: n /∈ {1, 2, 4, 6}.
�¥è¥­¨¥. � ­ã¬¥àã¥¬ áâ ª ­ë á«¥¢  ­ ¯à ¢® ç¨á« ¬¨ ®â 1 ¤® n. Ǳà¨ n = 1 ¨ n = 2, ®ç¥¢¨¤­®,

¡ã¤¥â ­¨çìï. �á«¨ n à ¢­® 4 ¨«¨ 6, â® Ǳ¥âï ¯¥à¢ë¬ å®¤®¬ ­ «¨¢ ¥â «¨¬®­ ¤ ¢ ¯¥à¢ë© áâ ª ­.

Ǳà¨ n = 4 Ǳ¥âï á¬®�¥â ¥é¥ § ¯®«­¨âì ®¤¨­ ¨§ ¤¢ãå ¯®á«¥¤­¨å áâ ª ­®¢ ¨, §­ ç¨â, ­¥ ¯à®¨£à ¥â.

� á«ãç ¥ n = 6 Ǳ¥âï ¢â®àë¬ å®¤®¬ § ¯®«­ï¥â ¯®á«¥¤­¨© áâ ª ­ (¥á«¨ ®­ ¯ãáâ),   § â¥¬ | ®¤¨­ ¨§

¤¢ãå áà¥¤­¨å; ¥á«¨ �¥ ¯®á«¥¤­¨© áâ ª ­ § ¯®«­¨« � áï, â® Ǳ¥âï ­ «¨¢ ¥â ª®¬¯®â ¢ âà¥â¨© áâ ª ­,

  § â¥¬ | ¢ ¯ïâë©. � «î¡®¬ á«ãç ¥ Ǳ¥âï ­¥ ¯à®¨£à ¥â.

� áá¬®âà¨¬ â¥¯¥àì n /∈ {1, 2, 4, 6}. �®ª �¥¬ ¤¢  ãâ¢¥à�¤¥­¨ï.

1) �á«¨ � áï á¢®¨¬ ¯¥à¢ë¬ å®¤®¬ § ¯®«­ï¥â áâ ª ­ á ­®¬¥à®¬ 1, â® ¤ «¥¥ ã ­¥£® ¢á¥£¤  ¡ã¤ãâ

å®¤ë. � §®¢¥¬ á¥£¬¥­â®¬ ­ ¡®à áâ ª ­®¢, áâ®ïé¨å ¬¥�¤ã ¤¢ã¬ï ¯®á«¥¤®¢ â¥«ì­ë¬¨ áâ ª ­ ¬¨ á

«¨¬®­ ¤®¬. Ǳ® ãá«®¢¨î ª �¤ë© á¥£¬¥­â ­¥¯ãáâ,   «î¡®© áâ ª ­ á¥£¬¥­â  «¨¡® ­¥ § ¯®«­¥­, «¨¡®

á®¤¥à�¨â ª®¬¯®â. Ǳãáâì k > 2. Ǳ®á«¥ k-£® å®¤  Ǳ¥â¨ ®¡à §ã¥âáï k−1 á¥£¬¥­â. � áï ­  íâ®â ¬®¬¥­â

§ ¯®«­¨« k − 1 áâ ª ­, ¢ â®¬ ç¨á«¥ ¯¥à¢ë©, ª®â®àë© ­¥ ¢å®¤¨â ­¨ ¢ ®¤¨­ á¥£¬¥­â. �®£¤  ­ ©¤¥âáï

â ª®© á¥£¬¥­â, çâ® ¢á¥ ¢å®¤ïé¨¥ ¢ ­¥£® áâ ª ­ë ¯ãáâë. � ®¤¨­ ¨§ ­¨å � áï ¨ ¬®�¥â ­ «¨âì ª®¬¯®â.

2) �á«¨ � áï á¢®¨¬ ¯¥à¢ë¬ å®¤®¬ § ¯®«­ï¥â áâ ª ­ á ­®¬¥à®¬ 1, â® ®­ ­¥ ¬®�¥â ¯à®¨£à âì.

�¥©áâ¢¨â¥«ì­®, ¢ á¨«ã 1) � áï ¢á¥£¤  ¡ã¤¥â ¨¬¥âì å®¤ ¨, §­ ç¨â, ¤®¡ì¥âáï ª ª ¬¨­¨¬ã¬ ­¨çì¥©.

�¯¨è¥¬ ¯®¡¥¤­ãî áâà â¥£¨î � á¨. �¢®¨¬ ¯¥à¢ë¬ å®¤®¬ � áï ¢á¥£¤  ­ «¨¢ ¥â ª®¬¯®â ¢ ªà ©­¨©

áâ ª ­ (¬®�­® áç¨â âì, çâ® ¢ ¯¥à¢ë©, ¨­ ç¥ ¯¥à¥­ã¬¥àã¥¬ áâ ª ­ë ¢ ®¡à â­®¬ ¯®àï¤ª¥). � á¨«ã 2)

¤®áâ â®ç­® ¯®ª § âì, çâ® � áï á¬®�¥â ¨§¡¥� âì ­¨çì¥©. � áá¬®âà¨¬ ¤¢  á«ãç ï.

 ) n ­¥ç¥â­®. � áï ¬®�¥â ¨£à âì ¯à®¨§¢®«ì­ë¬ ®¡à §®¬. �¨çìï ­¥¢®§¬®�­ , ¯®áª®«ìªã ¢ íâ®¬

á«ãç ¥ ¯®á«¥¤­¨© áâ ª ­ § ¯®«­¨« ¡ë Ǳ¥âï, çâ® ¯à®â¨¢®à¥ç¨â 1).

¡) n = 2m ¯à¨ m > 4. �¢®¨¬ ¢â®àë¬ å®¤®¬ � áï ¤®«�¥­ § ¯®«­¨âì áâ ª ­ á ç¥â­ë¬ ­®¬¥-

à®¬, ¡�®«ìè¨¬ 2. �â® ¢®§¬®�­®, â ª ª ª ¨¬¥¥âáï ­¥ ¬¥­¥¥ âà¥å áâ ª ­®¢ á â ª¨¬¨ ­®¬¥à ¬¨ ¨,

§­ ç¨â, ®¤¨­ ¨§ ­¨å ¯ãáâ. � «¥¥ � áï ¬®�¥â ¨£à âì ¯à®¨§¢®«ì­ë¬ ®¡à §®¬. �®¯ãáâ¨¬, çâ® ¨£à 

§ ¢¥àè¨« áì ¢­¨çìî. �®£¤  m áâ ª ­®¢ á «¨¬®­ ¤®¬ à §¬¥áâ¨«¨áì ­  ¯®§¨æ¨ïå 2, 3, . . . , 2m. �­¨
¤®«�­ë à á¯®« £ âìáï ­  ç¥â­ëå ¬¥áâ å, ¯®áª®«ìªã ­¨ª ª¨¥ ¤¢  áâ ª ­  ­¥ áâ®ïâ àï¤®¬. �® íâ®

­¥¢®§¬®�­®, â ª ª ª ç¥â­ëå ¬¥áâ ¢á¥£® m ¨ ®¤­® ¨§ ­¨å ã�¥ ¨á¯®«ì§®¢ « � áï. �

6. �  áâ®«¥ «¥� â ¤¢  è à  à ¤¨ãá®¢ 4 ¨ 1 á æ¥­âà ¬¨ O
1

¨ O
2

, ª á ïáì ¤àã£ ¤àã£  ¢­¥è­¨¬ ®¡à -

§®¬. �®­ãá ª á ¥âáï ¡®ª®¢®© ¯®¢¥àå­®áâìî áâ®«  ¨ ®¡®¨å è à®¢ (¢­¥è­¨¬ ®¡à §®¬). �¥àè¨­ 

C ª®­ãá  ­ å®¤¨âáï ­  ®âà¥§ª¥, á®¥¤¨­ïîé¥¬ â®çª¨ ª á ­¨ï è à®¢ á® áâ®«®¬. �§¢¥áâ­®, çâ®

«ãç¨ CO
1

¨ CO
2

®¡à §ãîâ à ¢­ë¥ ã£«ë á® áâ®«®¬. � ©¤¨â¥ ã£®« ¯à¨ ¢¥àè¨­¥ ª®­ãá . (�£«®¬

¯à¨ ¢¥àè¨­¥ ª®­ãá  ­ §ë¢ ¥âáï ã£®« ¬¥�¤ã ¥£® ®¡à §ãîé¨¬¨ ¢ ®á¥¢®¬ á¥ç¥­¨¨.)

�â¢¥â: 2 ar
tg

2

5

.

�¥è¥­¨¥. Ǳãáâì A
1

, A
2

| â®çª¨ ª á ­¨ï è à®¢ á® áâ®«®¬, 2α | ã£®« ¯à¨ ¢¥àè¨­¥ ª®­ãá . Ǳ®

ãá«®¢¨î ã£«ë O
1

CA
1

¨ O
2

CA
2

à ¢­ë, ®¡®§­ ç¨¬ ¨å ®¡é¥¥ §­ ç¥­¨¥ ç¥à¥§ ϕ. � ¬¥â¨¬, çâ® â®çª¨



O
1

, O
2

, A
1

, A
2

, C «¥� â ¢ ®¤­®© ¯«®áª®áâ¨, ¯®áª®«ìªã O
1

A
1

‖ O
2

A
2

,   C ¯à¨­ ¤«¥�¨â ®âà¥§ªã A
1

A
2

.

�®£¤ 

4 
tgϕ+ 
tgϕ = A
1

C + CA
2

= A
1

A
2

=

√

(4 + 1)

2 − (4− 1)

2

= 4⇐⇒ 
tgϕ =

4

5

.

�ë¡¥à¥¬ ­  ®á¨ á¨¬¬¥âà¨¨ ª®­ãá  â®çªã K â ª, çâ® ¥¥ ¯à®¥ªæ¨ï H ­  ¯«®áª®áâì CO
1

O
2

¯®¯ ¤ ¥â

­  ®âà¥§®ª O
1

O
2

(á¬. «¥¢ë© à¨áã­®ª). �¡à §ãîé¨¥, ¯® ª®â®àë¬ ª®­ãá ª á ¥âáï ®¤¨­ ª®¢ëå è à®¢,

«¥� â ¢ ¯«®áª®áâïå KCO
1

¨ KCO
2

, ®âªã¤ 

∠KCO
1

= ∠KCO
2

= ϕ+ α.

�¯ãáâ¨¬ ¨§ â®çª¨ K ¯¥à¯¥­¤¨ªã«ïàë KM ¨ KN ­  CO
1

¨ CO
2

á®®â¢¥âáâ¢¥­­®. Ǳàï¬®ã£®«ì­ë¥

âà¥ã£®«ì­¨ª¨ KCM ¨ KCN à ¢­ë, ¯®íâ®¬ã CM = CN . �â¬¥â¨¬ ­¥áª®«ìª® ¯à®áâëå ä ªâ®¢.

1) MH ⊥ CO
1

¨ NH ⊥ CO
2

. �â® ¢ëâ¥ª ¥â ¨§ ®¡à â­®© â¥®à¥¬ë ® âà¥å ¯¥à¯¥­¤¨ªã«ïà å.

2) ∠MCH = ∠NCH. �¥©áâ¢¨â¥«ì­®, ¢ á¨«ã 1) ¯àï¬®ã£®«ì­ë¥ âà¥ã£®«ì­¨ª¨MCH ¨ NCH à ¢-

­ë ¯® £¨¯®â¥­ã§¥ ¨ ª â¥âã, ¯®íâ®¬ã ¨ ¨å á®®â¢¥âáâ¢ãîé¨¥ ã£«ë à ¢­ë. �¡®§­ ç¨¬ ®¡é¥¥ §­ ç¥­¨¥

ã£«®¢ MCH ¨ NCH ç¥à¥§ ψ.
3) Ǳàï¬ ï CH ¯¥à¯¥­¤¨ªã«ïà­  áâ®«ã. �¥©áâ¢¨â¥«ì­®,

180

◦
= 2ϕ+ 2ψ, ®âªã¤  ∠A

1

CH = ϕ+ ψ = 90

◦. (∗)

Ǳ®íâ®¬ã ¯àï¬ ï CH ¯ à ««¥«ì­  A
1

O
1

¨, §­ ç¨â, ¯¥à¯¥­¤¨ªã«ïà­  áâ®«ã.

�§ 1) á ãç¥â®¬ (∗) ¬ë ¯®«ãç ¥¬


os∠KCH =

CH

CK
=

CM


os∠O
1

CH
:

CM


os∠KCO
1

=


os(ϕ+ α)


osψ
=


os(ϕ+ α)

sinϕ
= 
tgϕ 
osα− sinα.

�ãç CK ®¡à §ã¥â á® áâ®«®¬ ã£®« α, ¨ ¨§ 3) ¢ëâ¥ª ¥â, çâ® ∠KCH = 90

◦ − α. Ǳ®íâ®¬ã

sinα = 
os∠KCH = 
tgϕ 
osα− sinα =

4

5


osα− sinα ⇐⇒ tgα =

2

5

. �

O1

C

O2

K

H

M
N

A1 A2C

O1

O2

H

ϕ
ψ



� à¨ ­â 10

1. � â ¡«¨æ¥ 3 × 4 à ááâ ¢«¥­ë 12 ç¨á¥« â ª, çâ® ¢á¥ á¥¬ì áã¬¬ íâ¨å ç¨á¥« ¢ áâà®ª å ¨ ¢

áâ®«¡æ å â ¡«¨æë à §«¨ç­ë. � ª®¥ ­ ¨¡®«ìè¥¥ ª®«¨ç¥áâ¢® ç¨á¥« ¢ íâ®© â ¡«¨æ¥ ¬®�¥â

à ¢­ïâìáï ­ã«î?

�â¢¥â: 8.

�¥è¥­¨¥. � §®¢¥¬ ¨­¤¥ªá®¬ â ¡«¨æë ®¡é¥¥ ç¨á«® ¥¥ ­ã«¥¢ëå áâà®ª ¨ áâ®«¡æ®¢. Ǳ® ãá«®¢¨î

¨­¤¥ªá ­¥ ¯à¥¢®áå®¤¨â 1. Ǳãáâì n | ­¥­ã«¥¢®© í«¥¬¥­â â ¡«¨æë. �®£¤  ¢ ®¤­®© áâà®ª¥ ¨«¨ ¢

®¤­®¬ áâ®«¡æ¥ á n ¥áâì ¥é¥ ®¤­® ­¥­ã«¥¢®¥ ç¨á«® (¨­ ç¥ áã¬¬ë ¢ áâà®ª¥ ¨ áâ®«¡æ¥, á®¤¥à� é¨å n,
à ¢­ë n). �­ ç¨â, ­¥­ã«¥¢ë¥ í«¥¬¥­âë ¢áâà¥ç îâáï ¯ à ¬¨. � ª¨å ¯ à ¯® ªà ©­¥© ¬¥à¥ ¤¢¥,

¨­ ç¥ ¨­¤¥ªá â ¡«¨æë ­¥ ¬¥­ìè¥ 4. �á«¨ ¯ à à®¢­® ¤¢¥, â® ®­¨ ­¥ ¯¥à¥á¥ª îâáï, ¢ ¯à®â¨¢­®¬

á«ãç ¥ ¨­¤¥ªá â ¡«¨æë à ¢¥­ 3. � ª¨¬ ®¡à §®¬, â ¡«¨æ  á®¤¥à�¨â ­¥ ¬¥­¥¥ 4 ­¥­ã«¥¢ëå ç¨á¥«,  

ª®«¨ç¥áâ¢® ­ã«¥© ­¥ ¯à¥¢®áå®¤¨â 8. Ǳà¨¬¥à â ¡«¨æë á 8 ­ã«ï¬¨ ¯à¨¢¥¤¥­ ­¨�¥. �

0 0 0 0

1 2 0 0

0 0 4 5

2. � ­ë ç¨á«  x, y, z ∈ [0, π℄. � ©¤¨â¥ ¬ ªá¨¬ «ì­®¥ §­ ç¥­¨¥ ¢ëà �¥­¨ï

A = sin(x− y) + sin(y − z) + sin(z − x).

�â¢¥â: 2.

�¥è¥­¨¥ 1. �ë ¬®�¥¬ áç¨â âì, çâ® x 6 y ¨ x 6 z, ¯®áª®«ìªã ¢ëà �¥­¨¥ A ­¥ ¬¥­ï¥âáï ¯à¨

æ¨ª«¨ç¥áª®© ¯¥à¥áâ ­®¢ª¥ ¯¥à¥¬¥­­ëå. � ¬¥â¨¬, çâ®

sin(x− y) + sin(z − x) = 2 sin

(

z−y
2

)


os

(

z+y
2

− x
)

.

�à£ã¬¥­â á¨­ãá  ¨§ ¯à ¢®© ç áâ¨ «¥�¨â ­ 

[

−π
2

, π
2

]

,   ª®á¨­ãá  | ­  [0, π℄, â ª ª ª π >
z+y
2

> x.
� áá¬®âà¨¬ ¤¢  á«ãç ï.

1) z > y. � ¨¡®«ìè¥© ¯à ¢ ï ç áâì ¡ã¤¥â ¯à¨ ¬ ªá¨¬ «ì­® ¢®§¬®�­®¬ x, â® ¥áâì ¯à¨ x = y, ¨
§­ ç¥­¨¥ A ®ª �¥âáï ­ã«¥¢ë¬.

2) z 6 y. Ǳà¨ ä¨ªá¨à®¢ ­­ëå y ¨ z ¯à ¢ ï ç áâì ¤®áâ¨£­¥â ¬ ªá¨¬ã¬  ¯à¨ x = 0. � íâ®¬ á«ãç ¥

A = sin z − sin y + sin(y − z) = − sin y + 2 sin

y
2

· 
os
(

y
2

− z
)

6 2 sin

y
2

− sin y 6 2.

� ª¨¬ ®¡à §®¬, A 6 2. � ¢¥­áâ¢® à¥ «¨§ã¥âáï ¯à¨ x = 0, y = π, z = π
2

. �

�¥è¥­¨¥ 2. Ǳ®«®�¨¬ a = x − y, b = y − z, c = z − x. �ã¬¬  ç¨á¥« a, b, c à ¢­  ­ã«î, ¯®íâ®¬ã
å®âï ¡ë ®¤­® ¨§ ­¨å ­¥¯®«®�¨â¥«ì­®. Ǳãáâì, ­ ¯à¨¬¥à, c 6 0. �®£¤  c ∈ [−π, 0℄, ®âªã¤  sin c 6 0.

Ǳ®íâ®¬ã

A = sin a+ sin b+ sin c 6 sina+ sin b 6 2.

� ¢¥­áâ¢® à¥ «¨§ã¥âáï ¯à¨ x = 0, y = π, z = π
2

. �

3. �®çª  O | æ¥­âà ®¯¨á ­­®© ®ªàã�­®áâ¨ âà¥ã£®«ì­¨ª  ABC. �  áâ®à®­ å AB ¨ BC ¢ë¡à ­ë

â®çª¨ Q ¨ R á®®â¢¥âáâ¢¥­­®. Ǳàï¬ ï QR ¢â®à¨ç­® ¯¥à¥á¥ª ¥â ®¯¨á ­­ãî ®ªàã�­®áâì âà¥-

ã£®«ì­¨ª  ABR ¢ â®çª¥ P ¨ ¢â®à¨ç­® ¯¥à¥á¥ª ¥â ®¯¨á ­­ãî ®ªàã�­®áâì âà¥ã£®«ì­¨ª  BCQ
¢ â®çª¥ S. Ǳàï¬ë¥ AP ¨ CS ¯¥à¥á¥ª îâáï ¢ â®çª¥ K. � ©¤¨â¥ ã£®« ¬¥�¤ã ¯àï¬ë¬¨ KO
¨ QR.

�â¢¥â: 90

◦
.



O

A
B

C

Q

R

P

S

K

�¥è¥­¨¥. � ¬¥â¨¬, çâ® ∠CSQ = ∠CBQ ¨ ∠APR = ∠ABR ª ª ¢¯¨á ­­ë¥ ã£«ë, ®¯¨à î-

é¨¥áï ­  ®¡éãî ¤ã£ã. Ǳ®íâ®¬ã ∠KSP = ∠KPS, â® ¥áâì âà¥ã£®«ì­¨ª PKS | à ¢­®¡¥¤à¥­­ë©.

Ǳ®áª®«ìªã

180

◦ − ∠AKC = 2∠KSP = 2∠ABC = ∠AOC,

ç¥âëà¥åã£®«ì­¨ª AOCK | ¢¯¨á ­­ë©. � ª ª ª âà¥ã£®«ì­¨ª AOC à ¢­®¡¥¤à¥­­ë©, ¬ë ¯®«ãç¨¬

∠AKO = ∠ACO = ∠CAO = ∠CKO.

Ǳ®íâ®¬ã ¯àï¬ ï KO ï¢«ï¥âáï ¡¨áá¥ªâà¨á®© à ¢­®¡¥¤à¥­­®£® âà¥ã£®«ì­¨ª  PKS,   §­ ç¨â, ¨ ¥£®

¢ëá®â®©. � ª¨¬ ®¡à §®¬, KO ⊥ QR. �

4. �  ¤®áª¥ ­ ¯¨á ­® ¯à®¨§¢¥¤¥­¨¥ âà¥å§­ ç­ëå ç¨á¥« ��� ¨ ���, £¤¥ ¡ãª¢ë á®®â¢¥âáâ¢ãîâ

à §«¨ç­ë¬ ¤¥áïâ¨ç­ë¬ æ¨äà ¬. �â® ¯à®¨§¢¥¤¥­¨¥ è¥áâ¨§­ ç­®¥, ¥£® ªà ©­¨¥ æ¨äàë à ¢­ë,  

¬¥�¤ã ­¨¬¨ ­ å®¤ïâáï ¤¢¥ ¯ àë ®¤¨­ ª®¢ëå á®á¥¤­¨å æ¨äà. �â® ­ ¯¨á ­® ­  ¤®áª¥?

�â¢¥â: 633 556 = 847 · 748.
�¥è¥­¨¥. Ǳ®áª®«ìªã § ¤ ç  ­¥ ¬¥­ï¥âáï ¯à¨ ¯¥à¥áâ ­®¢ª¥ � ¨ �, ¬ë ¡ã¤¥¬ áç¨â âì � < �.

Ǳãáâì p = ��� ·���, d | ¬« ¤è ï æ¨äà  p. � ª ª ª d = � ·�mod 10, § ¯¨è¥¬ � ·� = 10m+ d,
£¤¥ m | æ¥«®¥ ç¨á«®. Ǳ® ãá«®¢¨î d ¡ã¤¥â â ª�¥ áâ àè¥© æ¨äà®© p. �®£¤ 

(d+ 1) · 100 000 > p > � ·� · 10 000 > m · 100 000.

�âáî¤  d > m, ¯à¨ç¥¬ à ¢¥­áâ¢  ¡ëâì ­¥ ¬®�¥â, ¨­ ç¥ � · � .

.

.

11. �à®¬¥ â®£®, á¯à ¢¥¤«¨¢®

­¥à ¢¥­áâ¢® p < (� + 1)(� + 1) · 10 000, ®âªã¤ 

m < d 6

[

� ·�+�+�+ 1

10

]

= m+

[

d+�+�+ 1

10

]

. (∗)

�§ ãá«®¢¨ï ¢ëâ¥ª ¥â, çâ® p ªà â­® 11. �®£¤  ­  11 ¤¥«¨âáï ��� ¨«¨ ���, çâ® íª¢¨¢ «¥­â­®

� +�− �

.

.

.

11. Ǳ®íâ®¬ã «¨¡® � = �+�, «¨¡® � = �+�− 11. � áá¬®âà¨¬ íâ¨ á«ãç ¨.

1) Ǳãáâì � = �+�. � ª ª ª d+�+�+1 = d+1+� < 20, ¨§ (∗) ¬ë ¯®«ãç ¥¬ d = m+1, â® ¥áâì

� ·� = 11m+1. �à®¬¥ â®£®, �+� 6 9, ®âªã¤  � ·� 6 20. Ǳ®íâ®¬ã � ·� = 12, ¨ ¯ à  (�,�) à ¢­ 
(2, 6) ¨«¨ (3, 4). Ǳ®áª®«ìªã 682 · 286 = 195 052 ¨ 473 · 374 = 176 902, íâ¨ á«ãç ¨ ­ ¬ ­¥ ¯®¤å®¤ïâ.

2) Ǳãáâì � = � + � − 11. � ª ª ª d + �+ � + 1 6 27 < 30, ¨§ (∗) ¬ë ¯®«ãç ¥¬ d = m + 1 ¨«¨

d = m+ 2, ®âªã¤  � ·�mod 11 à ¢­® 1 ¨«¨ 2. �à®¬¥ â®£®, �+� > 11, ®âªã¤  � ·� > 18. Ǳ®íâ®¬ã

� ·� ¬®�¥â ¯à¨­¨¬ âì §­ ç¥­¨ï 24, 35, 45, 56,   ¯ à  (�,�) | (3, 8), (5, 7), (5, 9), (7, 8). Ǳ®áª®«ìªã

308 · 803 = 247 324, 715 · 517 = 369 655, 935 · 539 = 503 965 847 · 748 = 633 556,



­ ¬ ¯®¤å®¤¨â â®«ìª® ¯®á«¥¤­¨© á«ãç ©. �

5. Ǳ® ªà î ªàã£«®£® áâ®«  áâ®ïâ n ¯ãáâëå áâ ª ­®¢ (n > 3). Ǳ¥âï ¨ � áï ¯® ®ç¥à¥¤¨ (­ ç¨­ ï

á Ǳ¥â¨) ­ «¨¢ îâ ¢ ­¨å ª®¬¯®â ¨«¨ «¨¬®­ ¤. �  ®¤¨­ å®¤ ¨£à®ª ¬®�¥â § ¯®«­¨âì ®¤¨­

¯ãáâ®© áâ ª ­ «î¡ë¬ ¨§ ¤¢ãå ­ ¯¨âª®¢ ­  á¢®© ¢ë¡®à. �£à®ª, ¯®á«¥ çì¥£® å®¤  ®¡à §®¢ «áï

áâ ª ­ á «¨¬®­ ¤®¬, ã ª®â®à®£® ®¡  á®á¥¤­¨å áâ ª ­  á ª®¬¯®â®¬, ¢ë¨£àë¢ ¥â. �á«¨ ¨£à®ªã ­¥

¤®áâ «®áì ¯ãáâ®£® áâ ª ­ , â® ®­ ¯à®¨£àë¢ ¥â. Ǳà¨ ª ª¨å n Ǳ¥âï ¢ë¨£à ¥â ¢­¥ § ¢¨á¨¬®áâ¨

®â ¤¥©áâ¢¨© � á¨?

�â¢¥â: ¯à¨ ­¥ç¥â­ëå n.

�¥è¥­¨¥. Ǳãáâì n ­¥ç¥â­®. Ǳ®¡¥¤­ ï áâà â¥£¨ï Ǳ¥â¨ § ª«îç ¥âáï ¢ á«¥¤ãîé¥¬. Ǳ¥à¢ë© áâ -

ª ­ ®­ ¢ë¡¨à ¥â ¯à®¨§¢®«ì­®. �®¯ãáâ¨¬, çâ® ®ç¥à¥¤­ë¬ å®¤®¬ � áï § ¯®«­¨« áâ ª ­, ®âáâ®ïé¨©

®â ¯¥à¢®£® ­  k ¯®§¨æ¨©, áç¨â ï ¯® ªà âç ©è¥© ¤ã£¥. �á«¨ ã Ǳ¥â¨ ¯®á«¥ íâ®£® ¯®ï¢«ï¥âáï ¯®¡¥¤-

­ë© å®¤ | ®­ ¢ë¨£àë¢ ¥â. � ¯à®â¨¢­®¬ á«ãç ¥ Ǳ¥âï ­ «¨¢ ¥â â®â �¥ ­ ¯¨â®ª ¢ áâ ª ­, ®âáâ®ïé¨©

®â ¯¥à¢®£® ­  k ¯®§¨æ¨© ¢ ¤àã£ãî áâ®à®­ã. �§ á¨¬¬¥âà¨¨ ïá­®, çâ® ã � á¨ ¯®¡¥¤­®£® å®¤  â®�¥

­¥ ¯®ï¢¨âáï. � á¨«ã ­¥ç¥â­®áâ¨ n ¯®á«¥¤­¨© ¯ãáâ®© áâ ª ­ § ¯®«­¨â Ǳ¥âï, ¥á«¨ ®­ ­¥ ¢ë¨£à ¥â

¤®áà®ç­®. � «î¡®¬ á«ãç ¥ � áï ¯à®¨£àë¢ ¥â.

Ǳãáâì â¥¯¥àì n ç¥â­®. �ã¤¥¬ áç¨â âì, çâ® áâ ª ­ë áâ®ïâ ¢ ¢¥àè¨­ å ¯à ¢¨«ì­®£® n-ã£®«ì­¨ª .
� §®¢¥¬ ª«îç¥¢®© âà®©ª®© â ª¨¥ âà¨ ¯®á«¥¤®¢ â¥«ì­ëå áâ ª ­ , çâ®, § ¯®«­¨¢ ®¤¨­ ¨§ ­¨å ¯®¤å®-

¤ïé¨¬ ­ ¯¨âª®¬, ¬®�­® ¯®«ãç¨âì ¯®¡¥¤­ãî ª®¬¡¨­ æ¨î. �âà â¥£¨ï � á¨ á®áâ®¨â ¢ á«¥¤ãîé¥¬:

¥á«¨ Ǳ¥âï § ¯®«­¨« ®ç¥à¥¤­®© áâ ª ­ ¨ ­¥ ®¡à §®¢ «®áì ª«îç¥¢®© âà®©ª¨ | � áï ­ «¨¢ ¥â â®â

�¥ ­ ¯¨â®ª ¢ áâ ª ­, á¨¬¬¥âà¨ç­ë© áâ ª ­ã Ǳ¥â¨ ®â­®á¨â¥«ì­® æ¥­âà  n-ã£®«ì­¨ª . �¢¨¤ã ç¥â­®-
áâ¨ n Ǳ¥âï ¬®�¥â ¯®¡¥¤¨âì «¨èì ¤®áà®ç­®. Ǳ®ª �¥¬, çâ® íâ®£® ­¥ ¯à®¨§®©¤¥â. Ǳãáâì ¯®á«¥ å®¤ 

� á¨ ®¡à §®¢ « áì ª«îç¥¢ ï âà®©ª  T ,   ¤® íâ®£® â ª¨å âà®¥ª ­¥ ¡ë«®. �®£¤  ¢ T ¢å®¤¨â ¯®á«¥¤-

­¨© áâ ª ­, § ¯®«­¥­­ë© � á¥©. Ǳ® ¯®áâà®¥­¨î áâ ª ­ë âà®©ª¨ T ′
, á¨¬¬¥âà¨ç­®© T ®â­®á¨â¥«ì­®

æ¥­âà  n-ã£®«ì­¨ª , § ¯®«­¥­ë â ª �¥, ª ª ¢ T , ­® ¢ ®¡à â­®¬ ¯®àï¤ª¥. �­ ç¨â, T ′
â®�¥ ï¢«ï¥âáï

ª«îç¥¢®© âà®©ª®©. �® ®­  áãé¥áâ¢®¢ «  ¥é¥ ¤® å®¤  � á¨, çâ® ­¥¢®§¬®�­®. �

6. �  áâ®«¥ «¥� â ¤¢  è à , ª á ïáì ¤àã£ ¤àã£  ¢­¥è­¨¬ ®¡à §®¬. �®­ãá ª á ¥âáï ¡®ª®¢®© ¯®-

¢¥àå­®áâìî áâ®«  ¨ ®¡®¨å è à®¢ (¢­¥è­¨¬ ®¡à §®¬). �¥àè¨­  ª®­ãá  ­ å®¤¨âáï ­  ®âà¥§ª¥,

á®¥¤¨­ïîé¥¬ â®çª¨ ª á ­¨ï è à®¢ á® áâ®«®¬. �§¢¥áâ­®, çâ® «ãç¨, á®¥¤¨­ïîé¨¥ ¢¥àè¨­ã ª®-

­ãá  á æ¥­âà ¬¨ è à®¢, ®¡à §ãîâ à ¢­ë¥ ã£«ë á® áâ®«®¬. � ©¤¨â¥ ¬ ªá¨¬ «ì­® ¢®§¬®�­ë©

ã£®« ¯à¨ ¢¥àè¨­¥ ª®­ãá . (�£«®¬ ¯à¨ ¢¥àè¨­¥ ª®­ãá  ­ §ë¢ ¥âáï ã£®« ¬¥�¤ã ¥£® ®¡à §ãîé¨¬¨

¢ ®á¥¢®¬ á¥ç¥­¨¨.)

�â¢¥â: 2 ar

tg 2.
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C

O2

K

H

M
N

A1 A2C

O1

O2

H

ϕ
ψ

�¥è¥­¨¥. Ǳãáâì O
1

¨ O
2

| æ¥­âàë è à®¢, R ¨ r | à ¤¨ãáë è à®¢, A
1

¨ A
2

| â®çª¨ ª á ­¨ï

è à®¢ á® áâ®«®¬, C | ¢¥àè¨­  ª®­ãá , 2α | ã£®« ¯à¨ ¢¥àè¨­¥. Ǳ® ãá«®¢¨î ∠O
1

CA
1

= ∠O
2

CA
2

,

®¡®§­ ç¨¬ ®¡é¥¥ §­ ç¥­¨¥ íâ¨å ã£«®¢ ç¥à¥§ ϕ. � ¬¥â¨¬, çâ® â®çª¨ O
1

, O
2

, A
1

, A
2

, C «¥� â ¢ ®¤­®©

¯«®áª®áâ¨, ¯®áª®«ìªã O
1

A
1

‖ O
2

A
2

,   C ¯à¨­ ¤«¥�¨â ®âà¥§ªã A
1

A
2

. �®£¤ 

R 
tgϕ+ r 
tgϕ = A
1

C + CA
2

= A
1

A
2

=

√

(R+ r)2 − (R− r)2 = 2

√
Rr ⇐⇒ 
tgϕ =

2

√
Rr

R+ r
.



�ë¡¥à¥¬ ­  ®á¨ á¨¬¬¥âà¨¨ ª®­ãá  â®çªã K â ª, çâ® ¥¥ ¯à®¥ªæ¨ï H ­  ¯«®áª®áâì CO
1

O
2

¯®¯ ¤ ¥â

­  ®âà¥§®ª O
1

O
2

(á¬. «¥¢ë© à¨áã­®ª). �¡à §ãîé¨¥, ¯® ª®â®àë¬ ª®­ãá ª á ¥âáï ®¤¨­ ª®¢ëå è à®¢,

«¥� â ¢ ¯«®áª®áâïå KCO
1

¨ KCO
2

, ®âªã¤ 

∠KCO
1

= ∠KCO
2

= ϕ+ α.

�¯ãáâ¨¬ ¨§ â®çª¨ K ¯¥à¯¥­¤¨ªã«ïàë KM ¨ KN ­  CO
1

¨ CO
2

á®®â¢¥âáâ¢¥­­®. Ǳàï¬®ã£®«ì­ë¥

âà¥ã£®«ì­¨ª¨ KCM ¨ KCN à ¢­ë, ¯®íâ®¬ã CM = CN . �â¬¥â¨¬ ­¥áª®«ìª® ¯à®áâëå ä ªâ®¢.

1) MH ⊥ CO
1

¨ NH ⊥ CO
2

. �â® ¢ëâ¥ª ¥â ¨§ ®¡à â­®© â¥®à¥¬ë ® âà¥å ¯¥à¯¥­¤¨ªã«ïà å.

2) ∠MCH = ∠NCH. �¥©áâ¢¨â¥«ì­®, ¢ á¨«ã 1) ¯àï¬®ã£®«ì­ë¥ âà¥ã£®«ì­¨ª¨MCH ¨ NCH à ¢-

­ë ¯® £¨¯®â¥­ã§¥ ¨ ª â¥âã, ¯®íâ®¬ã ¨ ¨å á®®â¢¥âáâ¢ãîé¨¥ ã£«ë à ¢­ë. �¡®§­ ç¨¬ ®¡é¥¥ §­ ç¥­¨¥

ã£«®¢ MCH ¨ NCH ç¥à¥§ ψ.
3) Ǳàï¬ ï CH ¯¥à¯¥­¤¨ªã«ïà­  áâ®«ã. �¥©áâ¢¨â¥«ì­®,

180

◦
= 2ϕ+ 2ψ, ®âªã¤  ∠A

1

CH = ϕ+ ψ = 90

◦. (∗)

Ǳ®íâ®¬ã ¯àï¬ ï CH ¯ à ««¥«ì­  A
1

O
1

¨, §­ ç¨â, ¯¥à¯¥­¤¨ªã«ïà­  áâ®«ã.

�§ 1) á ãç¥â®¬ (∗) ¬ë ¯®«ãç ¥¬


os∠KCH =

CH

CK
=

CM


os∠O
1

CH
:

CM


os∠KCO
1

=


os(ϕ+ α)


osψ
=


os(ϕ+ α)

sinϕ
= 
tgϕ 
osα− sinα.

�ãç CK ®¡à §ã¥â á® áâ®«®¬ ã£®« α, ¨ ¨§ 3) ¢ëâ¥ª ¥â, çâ® ∠KCH = 90

◦ − α. Ǳ®íâ®¬ã

sinα = 
os∠KCH = 
tgϕ 
osα− sinα =

2

√
Rr

R+ r

osα− sinα ⇐⇒ 
tgα =

R+ r√
Rr

.

Ǳ® ­¥à ¢¥­áâ¢ã �®è¨ 
tgα > 2, â® ¥áâì α 6 ar

tg 2. � ¢¥­áâ¢® à¥ «¨§ã¥âáï ¢ á«ãç ¥ R = r. �
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