
 

 

Олимпиада школьников СПбГУ по математике. 

Заключительный этап. 2016/2017 учебный год. 

 

Задания для 6-7 классов 

(Правильное и полное решение каждой задачи оценивается в 20 баллов) 



�«¨¬¯¨ ¤  èª®«ì­¨ª®¢ ��¡�� ¯® ¬ â¥¬ â¨ª¥.
� ª«îç¨â¥«ì­ë© íâ ¯. 2016/2017 ãç¥¡­ë© £®¤. 6 { 7 ª« ááë.

� à¨ ­â 1

1. �®ª ¦¨â¥ á«¥¤ãîé¨© ¯à¨§­ ª ¤¥«¨¬®áâ¨: ç¨á«® 1207 ¤¥«¨âáï ­  ¤¢ã§­ ç­®¥ ç¨á«® x ¢ â®¬ ¨ â®«ìª®
â®¬ á«ãç ¥, ª®£¤  áã¬¬  ªã¡®¢ æ¨äà ç¨á«  x à ¢­  344.

�¥è¥­¨¥. � ¬¥â¨¬, çâ® 1207 = 17 ·71. � ª ª ª ç¨á«  17 ¨ 71 ¯à®áâë¥, â®«ìª® ®­¨ ¨ ¡ã¤ãâ ¤¢ã§­ ç­ë¬¨
¤¥«¨â¥«ï¬¨ 1207. � ®¡®¨å ç¨á¥« áã¬¬  ªã¡®¢ æ¨äà à ¢­  344. �¡à â­®, áã¬¬  ªã¡®¢ ¤¢ãå æ¨äà à ¢­ 
344 â®«ìª® â®£¤ , ª®£¤  íâ¨ æ¨äàë 1 ¨ 7. �

2. �£®« à §¡¨â ­  âà¥ã£®«ì­¨çª¨ á® áâ®à®­®© 1 á¬ â ª, ª ª ¯®ª § ­® ­  à¨áã­ª¥. � ­¨å ¯® áâà®ª ¬
á«¥¢  ­ ¯à ¢® à ááâ ¢«ïîâ ­ âãà «ì­ë¥ ç¨á« , ­ ç¨­ ï á 1. � ­ï ®â¬¥â¨«  £®à¨§®­â «ì­ë© ®â-
à¥§®ª, ª®â®àë© ï¢«ï¥âáï ®¡é¥© áâ®à®­®© ¤¢ãå âà¥ã£®«ì­¨çª®¢. � ®¤­®¬ ¨§ ­¨å áâ®¨â ç¨á«® 267.
� ª®¥ ç¨á«® áâ®¨â ¢ ¤àã£®¬ âà¥ã£®«ì­¨çª¥?
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�â¢¥â: 301.

�¥è¥­¨¥. � ª ­¥âàã¤­® § ¬¥â¨âì, ¢ k-© áâà®ª¥ ã£«  à á¯®«®¦¥­ë ç¨á«  ®â (k − 1)2 + 1 ¤® k2. �¨á«®
267 à á¯®«®¦¥­® ¢ 17-© áâà®ª¥ (¢ ­¥© ­ å®¤ïâáï ç¨á«  ®â 257 ¤® 289). �à¨ ­¥ç¥â­®¬ k âà¥ã£®«ì­¨ª¨, ¯à¨-
¬ëª îé¨¥ ª ­¥ç¥â­ë¬ ç¨á« ¬, à á¯®« £ îâáï áâà®çª®© ­¨¦¥. �®¤ ç¨á«®¬ 257 ­ å®¤¨âáï 291. �¤¢¨£ ïáì
¢ ®¡¥¨å áâà®ª å ­  10 ¯®§¨æ¨© ¢¯à ¢®, ¬ë ¯®«ãç¨¬, çâ® ¯®¤ ç¨á«®¬ 267 ­ å®¤¨âáï 301. �

3. �  ¯àï¬®© à á¯®«®¦¥­ë â®çª¨ A, B, C, D (¨¬¥­­® ¢ â ª®¬ ¯®àï¤ª¥). �  ¯«®áª®áâ¨, á®¤¥à¦ é¥©
íâã ¯àï¬ãî, ®â¬¥ç¥­  â®çª  E. �ª § «®áì, çâ® AB = BE ¨ EC = CD. �®ª ¦¨â¥, çâ® ã£®« AED
âã¯®©.

E

A B C D
α β

�¥è¥­¨¥. �ãáâì α = ∠BAE = ∠AEB, β = ∠CDE = ∠CED. �®£¤ 

180◦ = ∠AED + α+ β > 2α+ 2β.

�âáî¤  α+ β < 90◦ ¨ ∠AED > 90◦. �

4. � à®­ �î­å£ ã§¥­ ãâ¢¥à¦¤ ¥â, çâ® áãé¥áâ¢ãîâ ¤¢  â ª¨å à §«¨ç­ëå 10-§­ ç­ëå ç¨á« , ­¥ ¤¥«ï-
é¨åáï ­  10, çâ® ¥á«¨ ª ª ¦¤®¬ã ¨§ íâ¨å ç¨á¥« ¤®¡ ¢¨âì áã¬¬ã æ¨äà ¥£® ª¢ ¤à â , à¥§ã«ìâ âë
¡ã¤ãâ ®¤¨­ ª®¢ë. �¥ ®¡¬ ­ë¢ ¥â «¨ ¡ à®­?

�â¢¥â: ­¥ ®¡¬ ­ë¢ ¥â.

�¥è¥­¨¥. �à¨¬¥à ¬¨ â ª¨å ç¨á¥« ¬®£ãâ ¡ëâì 109 + 7 ¨ 109 + 8. �¥©áâ¢¨â¥«ì­®, ª¢ ¤à â ¯¥à¢®£®
ç¨á«  à ¢¥­

(109 + 7)2 = 1018 + 14 · 109 + 49 = 1 · 1018 + 1 · 1010 + 4 · 109 + 4 · 10 + 9,

¨ áã¬¬  ¥£® æ¨äà à ¢­  19. �¢ ¤à â ¢â®à®£® ç¨á«  à ¢¥­

(109 + 8)2 = 1018 + 16 · 109 + 64 = 1 · 1018 + 1 · 1010 + 6 · 109 + 6 · 10 + 4,



¨ áã¬¬  ¥£® æ¨äà à ¢­  18. �à¨ íâ®¬ ¯¥à¢®¥ ç¨á«® ­  1 ¬¥­ìè¥ ¢â®à®£®. �

5. �á¥ âà¥å§­ ç­ë¥ ç¨á«  ®â 100 ¤® 999 ­ ¯¨á ­ë ¯®¤àï¤ ¡¥§ ¯à®¡¥«®¢. �®áâï ¯®¤ç¥àª­ã« k æ¨äà, à á-
¯®«®¦¥­­ëå ¯®¤àï¤ ¢ íâ®© § ¯¨á¨, �­¤à¥© ¯®¤ç¥àª­ã« ¤àã£¨¥ k æ¨äà, à á¯®«®¦¥­­ëå ¯®¤àï¤ ¢ íâ®©
§ ¯¨á¨. �ª § «®áì, çâ® k-§­ ç­ë¥ ç¨á« , ¯®¤ç¥àª­ãâë¥ ¬ «ìç¨ª ¬¨, à ¢­ë. �à¨ ª ª®¬ ­ ¨¡®«ìè¥¬
k â ª®¥ ¬®£«® ¯à®¨§®©â¨?

�â¢¥â: k = 5.

�¥è¥­¨¥. �à¨¬¥à®¬ ¯ïâ¨§­ ç­®£® ç¨á« , ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨î § ¤ ç¨, ï¢«ï¥âáï 22923. �¥©-
áâ¢¨â¥«ì­®, �®áâï ¬®£ ¯®¤ç¥àª­ãâì äà £¬¥­â ý22923þ ­  áâëª¥ ç¨á¥« 229 ¨ 230,   �­¤à¥© | ­  áâëª¥
ç¨á¥« 922 ¨ 923.

�®ª ¦¥¬ â¥¯¥àì, çâ® è¥áâ¨§­ ç­ë© äà £¬¥­â ¢ë¡à âì ­¥ ã¤ áâáï. �â¬¥â¨¬ ¢­ ç «¥ ¤¢  ®ç¥¢¨¤­ëå
ä ªâ .

1) �á«¨ ã ¤¢ãå ¯®á«¥¤®¢ â¥«ì­ëå âà¥å§­ ç­ëå ç¨á¥« à §«¨ç îâáï áà¥¤­¨¥ æ¨äàë, â® ¬¥­ìè¥¥ ç¨á«®
®ª ­ç¨¢ ¥âáï ­  9,   ¡®«ìè¥¥ | ­  0.

2) �á«¨ ã ¤¢ãå ¯®á«¥¤®¢ â¥«ì­ëå âà¥å§­ ç­ëå ç¨á¥« à §«¨ç îâáï áâ àè¨¥ æ¨äàë, â® ¬¥­ìè¥¥ ç¨á«®
®ª ­ç¨¢ ¥âáï ­  99,   ¡®«ìè¥¥ | ­  00.

�à¥¤¯®«®¦¨¬, çâ® ¬ «ìç¨ª¨ ¯®¤ç¥àª­ã«¨ è¥áâ¨§­ ç­ë© äà £¬¥­â ýabcdefþ. �£® ¬®¦­® ¢ë¤¥«¨âì ¢
áâà®ª¥ ®¤­¨¬ ¨§ âà¥å á¯®á®¡®¢, ¯®ª § ­­ëå ­  ¤¨ £à ¬¬¥:
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︸ ︷︷ ︸
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(§¤¥áì i, j, k | âà¥å§­ ç­ë¥ ç¨á« ,   §¢¥§¤®çª¨ ®¡®§­ ç îâ ­¥ª®â®àë¥ æ¨äàë). � ¬¥â¨¬, çâ® �®áâï ¨
�­¤à¥© ¨á¯®«ì§®¢ «¨ à §­ë¥ á¯®á®¡ë, ¨­ ç¥ ¡ë ®­¨ ¯®¤ç¥àª­ã«¨ ®¤¨­ ¨ â®â ¦¥ ¡«®ª. �®¯ãáâ¨¬, çâ®
�®áâï ¢ë¡à « á¢®© ¡«®ª âà¥âì¨¬ á¯®á®¡®¬. �®£¤  b ¨ e | ¬« ¤è¨¥ æ¨äàë á®á¥¤­¨å ç¨á¥« k ¨ k + 1,
¯®íâ®¬ã ®­¨ à §«¨ç­ë. �á«¨ �­¤à¥© ¨á¯®«ì§®¢ « ¢â®àãî ª®­ä¨£ãà æ¨î, â® ç¨á«  j + 1 ¨ j + 2 ¨¬¥îâ
à §­ë¥ áâ àè¨¥ æ¨äàë. � á¨«ã 2) ç¨á«® j + 2 ®ª ­ç¨¢ ¥âáï ­  00 ¨, ¢ ç áâ­®áâ¨, f = 0. �á«¨ ¦¥
�­¤à¥© ¨á¯®«ì§®¢ « ¯¥à¢ãî ª®­ä¨£ãà æ¨î, â® ç¨á«  i ¨ i + 1 ¨¬¥îâ à §­ë¥ áà¥¤­¨¥ æ¨äàë, ¨ f = 0 ¢
á¨«ã 1). �® f ̸= 0, ¯®áª®«ìªã ç¨á«® k+2 âà¥å§­ ç­®¥. �«ãç ©, ª®£¤  ¬ «ìç¨ª¨ ¨á¯®«ì§®¢ «¨ ¯¥à¢ë¥ ¤¢¥
ª®­ä¨£ãà æ¨¨, à §¡¨à ¥âáï  ­ «®£¨ç­®. �

6. �áâì n ¬¨­¨áâà®¢, ª ¦¤ë© ¨§ ­¨å ¢ë¯ãáâ¨« (ã­¨ª «ì­ë©) ¯à¨ª §. �â®¡ë ®§­ ª®¬¨âì ¢á¥å á ¯à¨ª -
§ ¬¨, ¬¨­¨áâàë ¯®áë« îâ ¤àã£ ¤àã£ã â¥«¥£à ¬¬ë. �¨ª ª¨¥ ¤¢¥ â¥«¥£à ¬¬ë ­¥ ¬®£ãâ ¯¥à¥áë« âìáï
®¤­®¢à¥¬¥­­®. �®£¤  ¬¨­¨áâà ¯®«ãç ¥â â¥«¥£à ¬¬ã, ®­ áà §ã ¦¥ ¥¥ ç¨â ¥â. �®áë« ï â¥«¥£à ¬¬ã,
¬¨­¨áâà ¢ª«îç ¥â ¢ ­¥¥ á¢®© ¯à¨ª §,   â ª¦¥ ¢á¥ ¨§¢¥áâ­ë¥ ¥¬ã ¢ íâ®â ¬®¬¥­â ¯à¨ª §ë ¤àã£¨å
¬¨­¨áâà®¢.
�®á«¥ ¯¥à¥áë«ª¨ ­¥ª®â®à®£® ª®«¨ç¥áâ¢  â¥«¥£à ¬¬ ®ª § «®áì, çâ® ¢á¥ ¬¨­¨áâàë ®§­ ª®¬¨«¨áì á®
¢á¥¬¨ ¯à¨ª § ¬¨. �à®¬¥ â®£®, ­¨ ®¤¨­ ¬¨­¨áâà ­¥ ¯®«ãç « ­¨ª ª®© çã¦®© ¯à¨ª § ¡®«¥¥ ç¥¬ ¢ ®¤­®©
â¥«¥£à ¬¬¥. �à¨ íâ®¬ ­¥ª®â®àë¥ ¬¨­¨áâàë ¯®«ãç «¨ â¥«¥£à ¬¬ë, £¤¥ áà¥¤¨ ¯à®ç¥£® ¡ë« ¯à¨¢¥¤¥­
¨ ¨å á®¡áâ¢¥­­ë© ¯à¨ª §. �®ª ¦¨â¥, çâ® â ª¨å ¬¨­¨áâà®¢ ¡ë«® ­¥ ¬¥­ìè¥ n− 1.

�¥è¥­¨¥. �á«¨ ¬¨­¨áâà®¢ ¢á¥£® ¤¢ , ãâ¢¥à¦¤¥­¨¥ ®ç¥¢¨¤­®: â®â ¬¨­¨áâà, ª®â®àë© ¯¥à¢ë¬ ®â¯à ¢¨«
â¥«¥£à ¬¬ã, ¯®«ãç¨â § â¥¬ ¯à¨ª § ¢â®à®£® ¢¬¥áâ¥ á® á¢®¨¬. �à¥¤¯®«®¦¨¬, çâ® ¤«ï n − 1 ¬¨­¨áâà 
ãâ¢¥à¦¤¥­¨¥ ¤®ª § ­®, ¨ ¯à®¢¥à¨¬ ¥£® ¤«ï n ¬¨­¨áâà®¢. �ãáâì ¯®á«¥¤­ïï ¨§ â¥«¥£à ¬¬ ¡ë«  ¯®á« ­ 
¬¨­¨áâà®¬ A ¬¨­¨áâàã B. �ç¥¢¨¤­®, ¬¨­¨áâà A ª íâ®¬ã ¬®¬¥­âã ã¦¥ §­ ¥â ¢á¥ ¯à¨ª §ë. �âáî¤ 
¢ëâ¥ª îâ ¤¢  á«¥¤áâ¢¨ï.

1) �¨­¨áâà B | ®¤¨­ ¨§ â¥å, ªâ® ¯à®ç¥« á¢®© ¯à¨ª § ¢ â¥«¥£à ¬¬¥ (¯®«ãç¥­­®© ®â A).
2) �¨­¨áâà B ¤® ¯®«ãç¥­¨ï â¥«¥£à ¬¬ë ®â A ­¥ §­ « ­¨ ®¤­®£® ¯à¨ª § , ªà®¬¥ á¢®¥£® á®¡áâ¢¥­­®£®

(¨­ ç¥ ª ª®©-â® ¯à¨ª § ®­ ã§­ « ¡ë ¨§ â¥«¥£à ¬¬ë A ¢® ¢â®à®© à §). �­ ç¨â, à ­¥¥ ¬¨­¨áâà B ­¥ ¯®«ãç «
­¨ ®¤­®© â¥«¥£à ¬¬ë,   â®«ìª® ¯®áë« «.

�§ 2) á«¥¤ã¥â, çâ® B á®®¡é¨« ®áâ «ì­ë¬ ¬¨­¨áâà ¬ â®«ìª® á¢®© ¯à¨ª §. �®£¤ , ã¢®«¨¢ ¬¨­¨áâà  B
¨  ­­ã«¨à®¢ ¢ ¥£® â¥«¥£à ¬¬ë, ¬ë ¯®«ãç¨¬, çâ® ®áâ ¢è¨¥áï ¬¨­¨áâàë â®¦¥ ã¤®¢«¥â¢®àïîâ ãá«®¢¨î
§ ¤ ç¨. �® ¯à¥¤¯®«®¦¥­¨î áà¥¤¨ ­¨å ¯® ªà ©­¥© ¬¥à¥ n − 2 ¯®«ãç «¨ ¢ â¥«¥£à ¬¬ å á¢®© ¯à¨ª §. �
á¨«ã 1) ¢¬¥áâ¥ á B â ª¨å ¬¨­¨áâà®¢ ¡ã¤¥â ­¥ ¬¥­¥¥ n− 1. �



�«¨¬¯¨ ¤  èª®«ì­¨ª®¢ ��¡�� ¯® ¬ â¥¬ â¨ª¥.
� ª«îç¨â¥«ì­ë© íâ ¯. 2015/2016 ãç¥¡­ë© £®¤. 6 { 7 ª« ááë.

� à¨ ­â 2

1. �®ª ¦¨â¥ á«¥¤ãîé¨© ¯à¨§­ ª ¤¥«¨¬®áâ¨: ç¨á«® 2701 ¤¥«¨âáï ­  ¤¢ã§­ ç­®¥ ç¨á«® x ¢ â®¬ ¨ â®«ìª®
â®¬ á«ãç ¥, ª®£¤  áã¬¬  ª¢ ¤à â®¢ æ¨äà ç¨á«  x à ¢­  58.

�¥è¥­¨¥. � ¬¥â¨¬, çâ® 2701 = 37 ·73. � ª ª ª ç¨á«  37 ¨ 73 ¯à®áâë¥, â®«ìª® ®­¨ ¨ ¡ã¤ãâ ¤¢ã§­ ç­ë¬¨
¤¥«¨â¥«ï¬¨ 2701. � ®¡®¨å ç¨á¥« áã¬¬  ª¢ ¤à â®¢ æ¨äà à ¢­  58. �¡à â­®, áã¬¬  ª¢ ¤à â®¢ ¤¢ãå æ¨äà
à ¢­  58 â®«ìª® â®£¤ , ª®£¤  íâ¨ æ¨äàë 3 ¨ 7. �

2. �£®« à §¡¨â ­  âà¥ã£®«ì­¨çª¨ á® áâ®à®­®© 1 á¬ â ª, ª ª ¯®ª § ­® ­  à¨áã­ª¥. � ­¨å ¯® áâà®ª ¬
á«¥¢  ­ ¯à ¢® à ááâ ¢«ïîâ ­ âãà «ì­ë¥ ç¨á« , ­ ç¨­ ï á 1. � ­ï ®â¬¥â¨«  £®à¨§®­â «ì­ë© ®â-
à¥§®ª, ª®â®àë© ï¢«ï¥âáï ®¡é¥© áâ®à®­®© ¤¢ãå âà¥ã£®«ì­¨çª®¢. � ®¤­®¬ ¨§ ­¨å áâ®¨â ç¨á«® 350.
� ª®¥ ç¨á«® áâ®¨â ¢ ¤àã£®¬ âà¥ã£®«ì­¨çª¥?
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�â¢¥â: 314.

�¥è¥­¨¥. � ª ­¥âàã¤­® § ¬¥â¨âì, ¢ k-© áâà®ª¥ ã£«  à á¯®«®¦¥­ë ç¨á«  ®â (k − 1)2 + 1 ¤® k2. �¨á«®
350 à á¯®«®¦¥­® ¢ 19-© áâà®ª¥ (¢ ­¥© ­ å®¤ïâáï ç¨á«  ®â 325 ¤® 361). �à¨ ­¥ç¥â­®¬ k âà¥ã£®«ì­¨ª¨, ¯à¨-
¬ëª îé¨¥ ª ç¥â­ë¬ ç¨á« ¬, à á¯®« £ îâáï áâà®çª®© ¢ëè¥. � ¤ ç¨á«®¬ 360 ­ å®¤¨âáï 324. �¤¢¨£ ïáì
¢ ®¡¥¨å áâà®ª å ­  10 ¯®§¨æ¨© ¢«¥¢®, ¬ë ¯®«ãç¨¬, çâ® ­ ¤ ç¨á«®¬ 350 ­ å®¤¨âáï 314. �

3. �  ¯àï¬®© à á¯®«®¦¥­ë â®çª¨ A, B, C, D (¨¬¥­­® ¢ â ª®¬ ¯®àï¤ª¥). �  ¯«®áª®áâ¨, á®¤¥à¦ é¥©
íâã ¯àï¬ãî, ®â¬¥ç¥­  â®çª  E. �ª § «®áì, çâ® AC = CE ¨ EB = BD. �®ª ¦¨â¥, çâ® ã£®« AED
®áâàë©.

E

A CB D
α β

�¥è¥­¨¥. �ãáâì α = ∠CAE = ∠AEC, β = ∠BDE = ∠BED. �®£¤ 

180◦ = ∠AED + α+ β < 2α+ 2β.

�âáî¤  α+ β > 90◦ ¨ ∠AED < 90◦. �

4. � à®­ �î­å£ ã§¥­ ãâ¢¥à¦¤ ¥â, çâ® áãé¥áâ¢ãîâ ¤¢  â ª¨å à §«¨ç­ëå 10-§­ ç­ëå ç¨á« , ­¥ ¤¥«ï-
é¨åáï ­  10, çâ® ¥á«¨ ¨§ ª ¦¤®£® ¨§ íâ¨å ç¨á¥« ¢ëç¥áâì áã¬¬ã æ¨äà ¥£® ª¢ ¤à â , à¥§ã«ìâ âë
¡ã¤ãâ ®¤¨­ ª®¢ë. �¥ ®¡¬ ­ë¢ ¥â «¨ ¡ à®­?

�â¢¥â: ­¥ ®¡¬ ­ë¢ ¥â.

�¥è¥­¨¥. �à¨¬¥à ¬¨ â ª¨å ç¨á¥« ¬®£ãâ ¡ëâì 109 + 8 ¨ 109 + 9. �¥©áâ¢¨â¥«ì­®, ª¢ ¤à â ¯¥à¢®£®
ç¨á«  à ¢¥­

(109 + 8)2 = 1018 + 16 · 109 + 64 = 1 · 1018 + 1 · 1010 + 6 · 109 + 6 · 10 + 4,

¨ áã¬¬  ¥£® æ¨äà à ¢­  18. �¢ ¤à â ¢â®à®£® ç¨á«  à ¢¥­

(109 + 9)2 = 1018 + 18 · 109 + 81 = 1 · 1018 + 1 · 1010 + 8 · 109 + 8 · 10 + 1,



¨ áã¬¬  ¥£® æ¨äà à ¢­  19. �à¨ íâ®¬ ¯¥à¢®¥ ç¨á«® ­  1 ¬¥­ìè¥ ¢â®à®£®. �

5. �á¥ ç¥âëà¥å§­ ç­ë¥ ç¨á«  ®â 1000 ¤® 9999 ­ ¯¨á ­ë ¯®¤àï¤ ¡¥§ ¯à®¡¥«®¢. �®áâï ¯®¤ç¥àª­ã« k æ¨äà,
à á¯®«®¦¥­­ëå ¯®¤àï¤ ¢ íâ®© § ¯¨á¨, �­¤à¥© ¯®¤ç¥àª­ã« ¤àã£¨¥ k æ¨äà, à á¯®«®¦¥­­ëå ¯®¤àï¤ ¢
íâ®© § ¯¨á¨. �ª § «®áì, çâ® k-§­ ç­ë¥ ç¨á« , ¯®¤ç¥àª­ãâë¥ ¬ «ìç¨ª ¬¨, à ¢­ë. �à¨ ª ª®¬ ­ ¨-
¡®«ìè¥¬ k â ª®¥ ¬®£«® ¯à®¨§®©â¨?

�â¢¥â: k = 7.

�¥è¥­¨¥. �à¨¬¥à®¬ á¥¬¨§­ ç­®£® ç¨á« , ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨î § ¤ ç¨, ï¢«ï¥âáï 2229223. �¥©-
áâ¢¨â¥«ì­®, �®áâï ¬®£ ¯®¤ç¥àª­ãâì äà £¬¥­â ý2229223þ ­  áâëª¥ ç¨á¥« 2229 ¨ 2230,   �­¤à¥© | ­  áâëª¥
ç¨á¥« 9222 ¨ 9223.

�®ª ¦¥¬ â¥¯¥àì, çâ® ¢®áì¬¨§­ ç­ë© äà £¬¥­â ¢ë¡à âì ­¥ ã¤ áâáï. �â¬¥â¨¬ ¢­ ç «¥ ®ç¥¢¨¤­ë© ä ªâ:
¥á«¨ ã ¤¢ãå ¯®á«¥¤®¢ â¥«ì­ëå ç¥âëà¥å§­ ç­ëå ç¨á¥« à §«¨ç îâáï ¯à¥¤¯®á«¥¤­¨¥ æ¨äàë, â® ¬¥­ìè¥¥
ç¨á«® ®ª ­ç¨¢ ¥âáï ­  9,   ¡®«ìè¥¥ | ­  0. �à¥¤¯®«®¦¨¬, çâ® ¬ «ìç¨ª¨ ¯®¤ç¥àª­ã«¨ ¢®áì¬¨§­ ç-
­ë© äà £¬¥­â ýabcdefghþ. �£® ¬®¦­® ¢ë¤¥«¨âì ¢ áâà®ª¥ ®¤­¨¬ ¨§ ç¥âëà¥å á¯®á®¡®¢, ¯®ª § ­­ëå ­ 
¤¨ £à ¬¬¥:

a b c d
︸ ︷︷ ︸

i

e f g h
︸ ︷︷ ︸

i+1

∗ a b c
︸ ︷︷ ︸

j

d e f g
︸ ︷︷ ︸

j+1

h ∗ ∗ ∗
︸ ︷︷ ︸

j+2

∗ ∗ a b
︸ ︷︷ ︸

k

c d e f
︸ ︷︷ ︸

k+1

g h ∗ ∗
︸ ︷︷ ︸

k+2

∗ ∗ ∗ a
︸ ︷︷ ︸

m

b c d e
︸ ︷︷ ︸

m+1

f g h ∗
︸ ︷︷ ︸

m+2

(§¤¥áì i, j, k, m | ç¥âëà¥å§­ ç­ë¥ ç¨á« ,   §¢¥§¤®çª¨ ®¡®§­ ç îâ ­¥ª®â®àë¥ æ¨äàë). � ¬¥â¨¬, çâ®
�®áâï ¨ �­¤à¥© ¨á¯®«ì§®¢ «¨ à §­ë¥ á¯®á®¡ë, ¨­ ç¥ ¡ë ®­¨ ¯®¤ç¥àª­ã«¨ ®¤¨­ ¨ â®â ¦¥ ¡«®ª. �®¯ãáâ¨¬,
çâ® �®áâï ¢ë¡à « á¢®© ¡«®ª ¯¥à¢ë¬ á¯®á®¡®¬,   �­¤à¥© | ¢â®àë¬. �®£¤  c ¨ g | ¬« ¤è¨¥ æ¨äàë
á®á¥¤­¨å ç¨á¥« j ¨ j + 1, ¯®íâ®¬ã ®­¨ à §«¨ç­ë. �­ ç¨â, ç¨á«  i ¨ i + 1 ¨¬¥îâ à §­ë¥ ¯à¥¤¯®á«¥¤­¨¥
æ¨äàë. �® § ¬¥ç ­¨î ¢ëè¥ ç¨á«® i+1 ®ª ­ç¨¢ ¥âáï ­  0, â® ¥áâì h = 0. �® íâ® ­¥¢®§¬®¦­®, ¯®áª®«ìªã
ç¨á«® j + 2 ç¥âëà¥å§­ ç­®¥. �àã£¨¥ ª®­ä¨£ãà æ¨¨ à §¡¨à îâáï  ­ «®£¨ç­®. �

6. � ª ¦¤®£® ¨§ n å¨¬¨ª®¢ ¢ « ¡®à â®à¨¨ ¥áâì 1 ª£ ­¥ª®â®à®£® å¨¬¨ç¥áª®£® à¥ ªâ¨¢  (ã à §­ëå å¨-
¬¨ª®¢ | à §­ë¥ à¥ ªâ¨¢ë). �¨¬¨ª¨ è«îâ ¤àã£ ¤àã£ã ¯®áë«ª¨. �¨ª ª¨¥ ¤¢¥ ¯®áë«ª¨ ­¥ ¬®£ãâ
¯¥à¥áë« âìáï ®¤­®¢à¥¬¥­­®. �®«ãç¨¢ ¯®áë«ªã, å¨¬¨ª áà §ã ¦¥ ¤®¡ ¢«ï¥â ¢ á¢®î « ¡®à â®à¨î ¢á¥
¥¥ á®¤¥à¦¨¬®¥. �®£¤  å¨¬¨ª è«¥â ¯®áë«ªã ¤àã£®¬ã å¨¬¨ªã, ®­ ª« ¤¥â ¢ ­¥¥ ¯®«®¢¨­ã ª ¦¤®£® ¨§
¨¬¥îé¨åáï ã ­¥£® à¥ ªâ¨¢®¢.
�®á«¥ ¯¥à¥áë«ª¨ ­¥ª®â®à®£® ª®«¨ç¥áâ¢  ¯®áë«®ª ®ª § «®áì, çâ® ã ª ¦¤®£® å¨¬¨ª  â¥¯¥àì ¥áâì ¢á¥
n à¥ ªâ¨¢®¢ (¡ëâì ¬®¦¥â, ¢ ®ç¥­ì ¬ «ëå ª®«¨ç¥áâ¢ å). �à®¬¥ â®£®, ­¨ ®¤¨­ å¨¬¨ª ­¥ ¯®«ãç «
­¨ª ª®© çã¦®© à¥ ªâ¨¢ ¡®«¥¥ ç¥¬ ¢ ®¤­®© ¯®áë«ª¥. �à¨ íâ®¬ ­¥ª®â®àë¥ å¨¬¨ª¨ ¯®«ãç «¨ ¯®áë«-
ª¨, á®¤¥à¦ ¢è¨¥ áà¥¤¨ ¯à®ç¥£® ¨ ¨å á®¡áâ¢¥­­ë© à¥ ªâ¨¢. �®ª ¦¨â¥, çâ® â ª¨å å¨¬¨ª®¢ ¡ë«® ­¥
¬¥­ìè¥ n− 1.

�¥è¥­¨¥. �á«¨ å¨¬¨ª®¢ ¢á¥£® ¤¢ , ãâ¢¥à¦¤¥­¨¥ ®ç¥¢¨¤­®: â®â å¨¬¨ª, ª®â®àë© ¯¥à¢ë¬ ®â¯à ¢¨«
¯®áë«ªã, ¯®«ãç¨â § â¥¬ à¥ ªâ¨¢ ¢â®à®£® ¢¬¥áâ¥ á® á¢®¨¬. �à¥¤¯®«®¦¨¬, çâ® ¤«ï n − 1 å¨¬¨ª®¢ ãâ¢¥à-
¦¤¥­¨¥ ¤®ª § ­®, ¨ ¯à®¢¥à¨¬ ¥£® ¤«ï n å¨¬¨ª®¢. �ãáâì ¯®á«¥¤­ïï ¨§ ¯®áë«®ª ¡ë«  ®â¯à ¢«¥­  å¨¬¨ª®¬
A å¨¬¨ªã B. �ç¥¢¨¤­®, å¨¬¨ª A ã¦¥ ¨¬¥¥â ¢á¥ à¥ ªâ¨¢ë ¢ á¢®¥© « ¡®à â®à¨¨. �âáî¤  ¢ëâ¥ª îâ ¤¢ 
á«¥¤áâ¢¨ï.

1) �¨¬¨ª B | ®¤¨­ ¨§ â¥å, ªâ® ¯®«ãç « á¢®© à¥ ªâ¨¢ ¢ ¯®áë«ª¥ (®â A).
2) �¨¬¨ª B ¤® ¯®«ãç¥­¨ï ¯®áë«ª¨ ®â A ­¥ ¨¬¥« ­¨ ®¤­®£® à¥ ªâ¨¢ , ªà®¬¥ á¢®¥£® á®¡áâ¢¥­­®£® (¨­ ç¥

ª ª®©-â® ¨§ à¥ ªâ¨¢®¢ ®­ ¯®«ãç¨« ¡ë ®â A ¢® ¢â®à®© à §). �­ ç¨â, à ­¥¥ å¨¬¨ª B ­¥ ¯®«ãç « ­¨ ®¤­®©
¯®áë«ª¨,   â®«ìª® ®â¯à ¢«ï« ¨å.
�§ 2) á«¥¤ã¥â, çâ® å¨¬¨ª B ¯®áë« « ª®««¥£ ¬ â®«ìª® á¢®© à¥ ªâ¨¢. �®£¤ , ã¤ «¨¢ å¨¬¨ª  B ¨§ ª®««¥ªâ¨¢ 
¨ ¨§êï¢ ¥£® ¯®áë«ª¨, ¬ë ¯®«ãç¨¬, çâ® ®áâ ¢è¨¥áï å¨¬¨ª¨ â®¦¥ ã¤®¢«¥â¢®àïîâ ãá«®¢¨î § ¤ ç¨. �®
¯à¥¤¯®«®¦¥­¨î áà¥¤¨ ­¨å ¯® ªà ©­¥© ¬¥à¥ n− 2 ¯®«ãç «¨ ¢ ¯®áë«ª å á¢®© à¥ ªâ¨¢. � á¨«ã 1) ¢¬¥áâ¥ á
B â ª¨å å¨¬¨ª®¢ ¡ã¤¥â ­¥ ¬¥­¥¥ n− 1. �
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