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�«¨¬¯¨ ¤  èª®«ì¨ª®¢ �Ǳ¡�� ¯® ¬ â¥¬ â¨ª¥.

� ª«îç¨â¥«ìë© íâ ¯. 2015/2016 ãç¥¡ë© £®¤.

� à¨ â 1

1. Ǳà¨ ª ª®¬  ¨¬¥ìè¥¬ k ¬®�® ®â¬¥â¨âì k ª«¥â®ª ¤®áª¨ 10×11 â ª, çâ® ¯à¨ «î¡®¬ à §¬¥é¥¨¨

  ¤®áª¥ âà¥åª«¥â®ç®£® ã£®«ª  ® § ¤¥¢ ¥â å®âï ¡ë ®¤ã ®â¬¥ç¥ãî ª«¥âªã?

�â¢¥â: 50.

�¥è¥¨¥. �¥á«®�® § ¬¥â¨âì, çâ® ¢ «î¡®¬ ª¢ ¤à â¥ 2 × 2 ¥áâì å®âï ¡ë ¤¢¥ ®â¬¥ç¥ë¥ ª«¥âª¨.

Ǳ®áª®«ìªã ¨§ ¤®áª¨ 10×11 ¬®�® ¢ëà¥§ âì 25 â ª¨å ª¢ ¤à â®¢, ¢ ¥© ¤®«�® ¡ëâì ¥ ¬¥¥¥ 50 ®â¬¥ç¥-

ëå ª«¥â®ª. Ǳà¨¬¥à á 50 ®â¬¥ç¥ë¬¨ ª«¥âª ¬¨ ¯®«ãç ¥âáï, ¥á«¨ ®â¬¥â¨âì ª«¥âª¨, ¯¥à¢ ï ª®®à¤¨ â 

ª®â®àëå ç¥â . �

2. � ë ç¨á«  x, y, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î x8+y8 6 1. �®ª �¨â¥ ¥à ¢¥áâ¢® x12−y12+2x6y6 6 π
2

.

O
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B

CD

uv 1

u

v

�¥è¥¨¥ 1. � á¨«ã ç¥â®áâ¨ ¤®áâ â®ç® à áá¬®âà¥âì ¥®âà¨æ â¥«ìë¥ x ¨ y. �®�® â ª�¥ áç¨â âì,

çâ® x > y, ¨ ç¥ ¯¥à¥áâ ¢¨¬ x ¨ y, ã¢¥«¨ç¨¢ «¥¢ãî ç áâì ¥à ¢¥áâ¢ . �§ ãá«®¢¨ï ¢ëâ¥ª ¥â, çâ® x 6 1 ¨

y 6 1. Ǳ®«®�¨¬ u = x6, v = y6 ¨ à áá¬®âà¨¬ ¯ïâ¨ã£®«ì¨ª OABCD á ¢¥àè¨ ¬¨ ¢ â®çª å

O = (0, 0), A = (u, 0), B = (u, v), C = (v, u), D = (0, u)

(á¬. à¨áã®ª). � ª ª ª u 6 1 ¨

u2 + v2 = x12 + y12 6 x8 + y8 6 1,

¯ïâ¨ã£®«ì¨ª á®¤¥à�¨âáï ¢ ç¥â¢¥àâ¨ ¥¤¨¨ç®£® ªàã£  á æ¥âà®¬ ¢ O, «¥� é¥© ¢ ¯¥à¢®¬ ª¢ ¤à â¥.

Ǳ®íâ®¬ã

π
2

> 2SOABCD = (u+ v)(u − v) + 2uv = u2 − v2 + 2uv = x12 − y12 + 2x6y6. �

�¥è¥¨¥ 2. � á¨«ã ç¥â®áâ¨ ¤®áâ â®ç® à áá¬®âà¥âì ¥®âà¨æ â¥«ìë¥ x ¨ y. Ǳ®«®�¨¬

x = r
6

√
os t, y = r

6

√
sin t, £¤¥ r > 0, t ∈

[

0, π
2

]

.

Ǳ® ãá«®¢¨î

1 > x8 + y8 = r8
(

os

4

3 t+ sin

4

3 t
)

> r8
(

os

2 t+ sin

2 t
)

= r8,

®âªã¤  r 6 1. Ǳ®íâ®¬ã

x12 − y12 + 2x6y6 = r12
(

os

2 t− sin

2 t+ 2 sin t os t
)

6 os 2t+ sin 2t =
√
2 sin

(

2t+ π
4

)

6
√
2 < π

2

. �

�¥è¥¨¥ 3. Ǳ®«®�¨¬ u = x6 ¨ v = y6. �®£¤ 

u2 + v2 = x12 + y12 6 x8 + y8 6 1.



� á¨«ã ¥à ¢¥áâ¢  �®è¨

2uv = 2

(
√
2− 1

)

u ·
(
√
2 + 1

)

v 6
(
√
2− 1

)

u2 +
(
√
2 + 1

)

v2.

Ǳ®íâ®¬ã

u2 − v2 + 2uv 6
√
2

(

u2 + v2
)

6
√
2 < π

2

. �

3. �  ¯àï¬®ã£®«ìë© âà¥ã£®«ì¨ª ABC. �  ¯à®¤®«�¥¨¨ £¨¯®â¥ã§ë BC ¢ë¡à   â®çª  D â ª, çâ®

¯àï¬ ï AD | ª á â¥«ì ï ª ®¯¨á ®© ®ªàã�®áâ¨ ω âà¥ã£®«ì¨ª  ABC. Ǳàï¬ ï AC ¯¥à¥á¥ª ¥â

®¯¨á ãî ®ªàã�®áâì âà¥ã£®«ì¨ª  ABD ¢ â®çª¥ E. �ª § «®áì, çâ® ¡¨áá¥ªâà¨á  ∠ADE ª á ¥âáï

®ªàã�®áâ¨ ω. � ª ª®¬ ®â®è¥¨¨ â®çª  C ¤¥«¨â ®âà¥§®ª AE?

�â¢¥â: AC : CE = 1 : 2.

O

A

B

C

D

EK

L

α

�¥è¥¨¥. Ǳãáâì α = ∠ABD, K ¨ L | â®çª¨ ¯¥à¥á¥ç¥¨ï ¡¨áá¥ªâà¨áë ã£«  ADE á AE ¨ ω á®®â-

¢¥âáâ¢¥®. �£®« ¬¥�¤ã ª á â¥«ì®© AD ª ®ªàã�®áâ¨ ω ¨ å®à¤®© AC à ¢¥ ¢¯¨á ®¬ã ã£«ã, ª®â®àë©

®¯¨à ¥âáï   AC, ®âªã¤  ∠DAE = α. �à®¬¥ â®£®, ¢¯¨á ë¥ ã£«ë AED ¨ α ®¯¨à îâáï   å®à¤ã AD

¨ ¯®â®¬ã à ¢ë. �®£¤  ∠DAE = ∠AED = α ¨ âà¥ã£®«ì¨ª ADE à ¢®¡¥¤à¥ë©. Ǳ®íâ®¬ã ¡¨áá¥ª-

âà¨á  DK ï¢«ï¥âáï â ª�¥ ¥£® ¬¥¤¨ ®© ¨ ¢ëá®â®©. � ç¨â, AB ‖ DL, ¯®áª®«ìªã ¯àï¬ë¥ AB ¨ DL

¯¥à¯¥¤¨ªã«ïàë AE. Ǳàï¬®ã£®«ìë¥ âà¥ã£®«ì¨ª¨ AOD ¨ LOD à ¢ë ¯® ª â¥âã ¨ £¨¯®â¥ã§¥, ®âªã¤ 

∠ADO = ∠LDO = ∠ABD = α. �§ ¯àï¬®ã£®«ì®£® âà¥ã£®«ì¨ª  ADK ¬ë ¯®«ãç ¥¬, çâ® 3α =

π
2

¨

α =

π
6

. �®£¤  AD = 2DK, ¨ ¯® á¢®©áâ¢ã ¡¨áá¥ªâà¨áë

CK

AC
=

DK

AD
=

1

2

,

®âªã¤ 

CE = EK + CK = AK + CK = AC + 2CK = 2AC. �

4. �  áª« ¤¥ åà ¨âáï 400 â® £àã§®¢, ¯à¨ç¥¬ ¢¥á ª �¤®£® ¨§ ¨å ªà â¥ æ¥â¥àã ¨ ¥ ¯à¥¢®áå®¤¨â

10 â®. �§¢¥áâ®, çâ® «î¡ë¥ ¤¢  £àã§  ¨¬¥îâ à §ë© ¢¥á. � ª®¥  ¨¬¥ìè¥¥ ª®«¨ç¥áâ¢® à¥©á®¢

 ¤® á¤¥« âì   10-â®®¬  ¢â®¬®¡¨«¥, çâ®¡ë £ à â¨à®¢ ® ¯¥à¥¢¥§â¨ íâ¨ £àã§ë á® áª« ¤ ?

�â¢¥â: 51.

�¥è¥¨¥. Ǳ®ª �¥¬, çâ® §  51 à¥©á ¯¥à¥¢¥§â¨ £àã§ë ¬®�® ¢á¥£¤ , ¤ �¥ ¥á«¨ ¡ë   áª« ¤¥ ¡ë«¨

¯à¥¤áâ ¢«¥ë ¢á¥ ¢¥á  ®â 1 ¤® 100 æ¥â¥à®¢. �¥©áâ¢¨â¥«ì®, à §®¡ì¥¬ ¢á¥ £àã§ë, ªà®¬¥ 50- ¨ 100-æ¥â-

¥àëå,   49 ¯ à á«¥¤ãîé¨¬ ®¡à §®¬:

(1, 99), (2, 98), (3, 97), . . . , (49, 51).

�«ï ¨å ¯¥à¥¢®§ª¨ ¤®áâ â®ç® 49 à¥©á®¢, ¯®áª®«ìªã ª �¤ ï ¯ à  ¯®¬¥é ¥âáï ¢  ¢â®¬®¡¨«ì. �é¥ ¤¢  à¥©á 

¥®¡å®¤¨¬® ¤«ï ¯¥à¥¢®§ª¨ £àã§®¢ ¢ 50 ¨ 100 æ¥â¥à®¢.

Ǳ®ª �¥¬ â¥¯¥àì, çâ® §  50 à¥©á®¢ ¯¥à¥¢¥áâ¨ £àã§ë ¬®�® ¥ ¢á¥£¤ . Ǳãáâì   áª« ¤¥ åà ïâáï £àã§ë

¢ 31 ¨ 47, 48, . . . , 100 æ¥â¥à®¢. �å áã¬¬ àë© ¢¥á à ¢¥ 31 +

54·(47+100)

2

= 4000 æ¥â¥à®¢. �¨ª ª¨¥ ¤¢ 



£àã§  ¢¥á®¬ ®â 50 ¤® 100 â® ¥ ¬®£ãâ ¡ëâì ¯¥à¥¢¥§¥ë ¢¬¥áâ¥   ®¤®¬  ¢â®¬®¡¨«¥. �® â ª¨å £àã§®¢ 51,

¯®íâ®¬ã ¯®âà¥¡ã¥âáï ¥ ¬¥¥¥ 51 à¥©á . �

5. � ®  âãà «ì®¥ ç¨á«® x = 2

n− 32, £¤¥ n |  âãà «ì®¥ ç¨á«®. �§¢¥áâ®, çâ® x ¨¬¥¥â à®¢® âà¨

à §«¨çëå ¯à®áâëå ¤¥«¨â¥«ï, ®¤¨ ¨§ ª®â®àëå à ¢¥ 7. � ©¤¨â¥ x.

�â¢¥â: 2016 ¨«¨ 16352.

�¥è¥¨¥. � ¯¨è¥¬ x ¢ ¢¨¤¥ 32 ·N , £¤¥ N = 2

n−5 − 1. �¤¨ ¯à®áâ®© ¤¥«¨â¥«ì x à ¢¥ 2. Ǳ®íâ®¬ã ¬ë

¤®«�ë  ©â¨ ¢á¥ N , ¨¬¥îé¨¥ à®¢® ¤¢  ¥ç¥âëå ¯à®áâëå ¤¥«¨â¥«ï, ®¤¨ ¨§ ª®â®àëå à ¢¥ 7. �áâ âª¨

®â ¤¥«¥¨ï áâ¥¯¥¥© ¤¢®©ª¨   7 à ¢ë 2, 4, 1 ¨ ¤ «¥¥ æ¨ª«¨ç¥áª¨ ¯®¢â®àïîâáï. �®£¤  ¤¥«¨¬®áâì N   7

®§ ç ¥â, çâ® n− 5 ªà â® 3, â® ¥áâì N = 2

3m− 1. �á«¨ m = 1, â® N = 7, çâ®  ¬ ¥ ¯®¤å®¤¨â. Ǳà¨ m = 2

¨ m = 3 ¬ë ¯®«ãç¨¬ á®®â¢¥âáâ¢¥® N = 7 · 32 ¨ N = 7 · 73, ®âªã¤  x = 2016 ¨ x = 16352. Ǳ®ª �¥¬, çâ®

¯à¨ m > 3 à¥è¥¨© ¥ ¡ã¤¥â. � áá¬®âà¨¬ ¤¢  á«ãç ï.

1) m ¥ç¥â®. �®£¤ 

N = p · q, £¤¥ p = 2

m − 1, q = 2

2m
+ 2

m
+ 1.

� ¬¥â¨¬, çâ® p ¨ q ¢§ ¨¬® ¯à®áâë, ¯®áª®«ìªã

3 = q − (2

2m − 1)− (2

m − 1) = q − p (2m + 2)

¨ ®¡é¨¬ ¤¥«¨â¥«¥¬ p ¨ q ¬®�¥â ¡ëâì â®«ìª® 3. �® p ¥ ªà â® 3 ¯à¨ ¥ç¥â®¬ m.

�¤® ¨§ ç¨á¥« p ¨ q ¤¥«¨âáï   7. �á«¨ p
.

.

.

7, â® m
.

.

.

3 ¨, ¯®¢â®àïï ¯à¥¤ë¤ãé¨¥ à ááã�¤¥¨ï ¤«ï

p ¢¬¥áâ® N , ¬ë à §«®�¨¬ p ¢ ¯à®¨§¢¥¤¥¨¥ ¤¢ãå ¢§ ¨¬® ¯à®áâëå ç¨á¥«, ®â«¨çëå ®â 1. �®£¤  N

¥áâì ¯à®¨§¢¥¤¥¨¥ âà¥å ¢§ ¨¬® ¯à®áâëå ç¨á¥« ¨, â¥¬ á ¬ë¬, ¨¬¥¥â ¥ ¬¥¥¥ âà¥å à §«¨çëå ¯à®áâëå

¤¥«¨â¥«¥©, çâ® ¥¢®§¬®�®.

Ǳãáâì â¥¯¥àì q
.

.

.

7. � ª ª ª ç¨á«® q ¢§ ¨¬® ¯à®áâ® á p, ®® ¥ ¬®�¥â ¨¬¥âì ¤àã£¨å ¯à®áâëå ¤¥«¨â¥«¥©,

®âªã¤  q = 7

s
¯à¨ ¥ª®â®à®¬  âãà «ì®¬ s. �áâ â®ª ®â ¤¥«¥¨ï   8 ã 7s â ª®© �¥, ª ª ã 22m + 2

m
+ 1,

â® ¥áâì 1, ¯®áª®«ìªã m > 3. �®£¤  s ç¥â® ¨ q ï¢«ï¥âáï â®çë¬ ª¢ ¤à â®¬. �® ç¨á«® 2

2m
+2

m
+1 «¥�¨â

áâà®£® ¬¥�¤ã

(

2

m
)

2

¨

(

2

m
+ 1

)

2

¨ ¯®â®¬ã â®çë¬ ª¢ ¤à â®¬ ¡ëâì ¥ ¬®�¥â.

2) m ç¥â®. �®£¤  m = 2k ¯à¨ k > 1, ¨

N = p · q, £¤¥ p = 2

3k − 1, q = 2

3k
+ 1.

�¨á«  p ¨ q ¢§ ¨¬® ¯à®áâë, â ª ª ª ®¨ ¥ç¥âë ¨ q − p = 2. � ¬¥â¨¬, çâ® ç¨á«® p à áª« ¤ë¢ ¥âáï  

¤¢  ¢§ ¨¬® ¯à®áâëå ¬®�¨â¥«ï. �¥©áâ¢¨â¥«ì®, ¯à¨ ç¥â®¬ k § ¯¨è¥¬ p ª ª à §®áâì ª¢ ¤à â®¢,   ¯à¨

¥ç¥â®¬ ¢®á¯®«ì§ã¥¬áï à §«®�¥¨¥¬ ¨§ 1). � ç¨â, N ¥áâì ¯à®¨§¢¥¤¥¨¥ âà¥å ¢§ ¨¬® ¯à®áâëå ç¨á¥«,

®â«¨çëå ®â 1. Ǳ®íâ®¬ã N ¨¬¥¥â ¥ ¬¥¥¥ âà¥å à §«¨çëå ¯à®áâëå ¤¥«¨â¥«¥©, çâ® ¥¢®§¬®�®. �

6. �à¨ ª®ãá  á ¢¥àè¨®© A ¨ ®¡à §ãîé¥©

√
8 ª á îâáï ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬. � ¤¢ãå ª®ãá®¢ ã£®«

¬¥�¤ã ®¡à §ãîé¥© ¨ ®áìî á¨¬¬¥âà¨¨ à ¢¥

π
6

,   ã âà¥âì¥£® ® à ¢¥

π
4

. � ©¤¨â¥ ®¡ê¥¬ ¯¨à ¬¨¤ë

O
1

O
2

O
3

A, £¤¥ O
1

, O
2

, O
3

| æ¥âàë ®á®¢ ¨© ª®ãá®¢.

�â¢¥â:

√√
3 + 1.
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C

O

l

2

O3

α β



�¥è¥¨¥. Ǳãáâì α =

π
6

, β =

π
4

, l =
√
8, B | á¥à¥¤¨  ®âà¥§ª  O

1

O
2

, AD | ®¡é ï ®¡à §ãîé ï

¢â®à®£® ¨ âà¥âì¥£® ª®ãá®¢. �®£¤ 

AO
1

= AO
2

= l osα, AO
3

= l osβ = l
√
2

2

.

�¥âëà¥åã£®«ì¨ª AO
2

DO
3

¢¯¨á  ¢ ®ªàã�®áâì á ¤¨ ¬¥âà®¬ AD, ®âªã¤  ¯® â¥®à¥¬¥ á¨ãá®¢

O
1

O
3

= O
2

O
3

= AD · sin∠O
2

AO
3

= l sin(α + β).

� «®£¨çë¬ ®¡à §®¬

O
1

O
2

= l sin 2α ¨ BO
2

= l sinα osα = l
√
3

4

.

�¯ãáâ¨¬ ¯¥à¯¥¤¨ªã«ïà BC   ¯àï¬ãî AO
3

. � ¬¥â¨¬, çâ® ®âà¥§ª¨ AB ¨ O
3

B ¯¥à¯¥¤¨ªã«ïàë O
1

O
2

ª ª ¬¥¤¨ ë à ¢®¡¥¤à¥ëå âà¥ã£®«ì¨ª®¢ O
1

O
2

A ¨ O
1

O
2

O
3

. �®£¤  ®âà¥§®ª O
1

O
2

¯¥à¯¥¤¨ªã«ïà¥

¯«®áª®áâ¨ ABO
3

¨, § ç¨â, ¯àï¬®© AO
3

. Ǳ®íâ®¬ã à¥¡à® AO
3

¯¥à¯¥¤¨ªã«ïà® ¯«®áª®áâ¨ O
1

O
2

C ¨, ¢

ç áâ®áâ¨, ®âà¥§ªã CO
2

. Ǳ®íâ®¬ã

CO
2

= AO
2

· sin∠O
2

AC = l osα sin(α+ β).

Ǳ® â¥®à¥¬¥ Ǳ¨ä £®à  ¬ë ¯®«ãç ¥¬

BC =

√

CO2

2

−BO2

2

= l osα

√

sin

2

(α+ β)− sin

2 α = l osα

√

os 2α− os 2(α+ β)

2

=

l
√
3

√√
3 + 1

4

.

Ǳãáâì V | ®¡ê¥¬ ¯¨à ¬¨¤ë O
1

O
2

O
3

A, AH | ¥¥ ¢ëá®â . �®£¤ 

V =

1

6

· O
1

O
2

· BO
3

·AH =

1

3

·O
1

O
2

· SABO
3

=

1

3

· BO
2

·AO
3

·BC =

=

l3

3

·
√
3

4

·
√
2

2

·
√
3

4

·
√√

3 + 1 =

l3

16

√
2

·
√√

3 + 1 =

√√
3 + 1. �



� à¨ â 2

1. Ǳà¨ ª ª®¬  ¨¬¥ìè¥¬ k ¬®�® ®â¬¥â¨âì k ª«¥â®ª ¤®áª¨ 9× 9 â ª, çâ® ¯à¨ «î¡®¬ à §¬¥é¥¨¨

  ¤®áª¥ âà¥åª«¥â®ç®£® ã£®«ª  ® § ¤¥¢ ¥â å®âï ¡ë ¤¢¥ ®â¬¥ç¥ë¥ ª«¥âª¨?

�â¢¥â: 56.

�¥è¥¨¥. �¥á«®�® § ¬¥â¨âì, çâ® ¢ «î¡®¬ ª¢ ¤à â¥ 2 × 2 ¤®«�® ¡ëâì ®â¬¥ç¥® ¥ ¬¥¥¥ âà¥å

ª«¥â®ª,   ¢ ª �¤®¬ ¯àï¬®ã£®«ì¨ª¥ 1× 2 | ¥ ¬¥¥¥ ¤¢ãå. Ǳ®áª®«ìªã ¨§ ¤®áª¨ 9× 9 ¬®�® ¢ëà¥§ âì 16

ª¢ ¤à â®¢ 2× 2 ¨ 8 ¯àï¬®ã£®«ì¨ª®¢ 1× 2, ¢á¥£® ¤®«�® ¡ëâì ®â¬¥ç¥® ¯® ªà ©¥© ¬¥à¥ 16 · 3 + 8 = 56

ª«¥â®ª. Ǳà¨¬¥à á 56 ®â¬¥ç¥ë¬¨ ª«¥âª ¬¨ ¯®ª §    à¨áãª¥. �

Z Z Z Z

ZZZZZZZZZ

Z Z Z Z

ZZZZZZZZZ

Z Z Z Z

ZZZZZZZZZ

Z Z Z Z

ZZZZZZZZZ

Z Z Z Z

2. � ë ç¨á«  x, y, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î x4 + y4 6 1. �®ª �¨â¥ ¥à ¢¥áâ¢® x6 − y6 + 2y3 < π
2

.

O A

B

C
D

v u

u

v

1

�¥è¥¨¥ 1. �ç¥¢¨¤®, ¤®áâ â®ç® à áá¬®âà¥âì á«ãç © x > y > 0. Ǳ®«®�¨¬ u = x3, v = y3 ¨

à áá¬®âà¨¬ ¯ïâ¨ã£®«ì¨ª OABCD á ¢¥àè¨ ¬¨ ¢ â®çª å

O = (0, 0), A = (1, 0), B = (u, v), C = (v, u), D = (0, 1)

(á¬. à¨áã®ª). � ª ª ª v 6 u 6 1 ¨

u2 + v2 6 u
4

3

+ v
4

3

= x4 + y4 6 1,

¯ïâ¨ã£®«ì¨ª á®¤¥à�¨âáï ¢ ç¥â¢¥àâ¨ ¥¤¨¨ç®£® ªàã£  á æ¥âà®¬ ¢ O, «¥� é¥© ¢ ¯¥à¢®¬ ª¢ ¤à â¥.

Ǳ®íâ®¬ã

π
2

> 2SOABCD = (u + v)(u − v) + 2uv + 2v(1− u) = u2 − v2 + 2v = x6 − y6 + 2y3. �

�¥è¥¨¥ 2. �ç¥¢¨¤®, ¤®áâ â®ç® à áá¬®âà¥âì á«ãç © x > y > 0. Ǳ®«®�¨¬ u = x3, v = y3. �®£¤ 

v 6 u 6 1 ¨

u2 + v2 6 u
4

3

+ v
4

3

= x4 + y4 6 1.

�âáî¤ 

u2 − v2 + 2v 6 1 + 2v − 2v2 6 3

2

< π
2

,

¯®áª®«ìªã  ¨¡®«ìè¥¥ § ç¥¨¥ âà¥åç«¥  1 + 2v − 2v2 ¤®áâ¨£ ¥âáï ¯à¨ v = 1

2

. �



3. �  ¯à®¤®«�¥¨¨ áâ®à®ë BC âà¥ã£®«ì¨ª  ABC ¢§ïâ  â®çª  D â ª, çâ® ¯àï¬ ï AD | ª á â¥«ì-

 ï ª ®¯¨á ®© ®ªàã�®áâ¨ ω âà¥ã£®«ì¨ª  ABC. Ǳàï¬ ï AC ¯¥à¥á¥ª ¥â ®¯¨á ãî ®ªàã�®áâì

âà¥ã£®«ì¨ª  ABD ¢ â®çª¥ E, ¯à¨ç¥¬ AC : CE = 1 : 2. �ª § «®áì, çâ® ¡¨áá¥ªâà¨á  ã£«  ADE

ª á ¥âáï ®ªàã�®áâ¨ ω. � ©¤¨â¥ ã£«ë âà¥ã£®«ì¨ª  ABC.

�â¢¥â: 30

◦, 60◦, 90◦.

O

A

B

C

D

EK

L

M

α
ω

�¥è¥¨¥ 1. ǱãáâìM | á¥à¥¤¨  áâ®à®ë AC, K ¨ L | â®çª¨ ¯¥à¥á¥ç¥¨ï ¡¨áá¥ªâà¨áë ã£«  ADE á

AE ¨ ω á®®â¢¥âáâ¢¥®. �£®« ¬¥�¤ã ª á â¥«ì®©AD ª ®ªàã�®áâ¨ ω ¨ å®à¤®©AC à ¢¥ ¢¯¨á ®¬ã ã£«ã,

ª®â®àë© ®¯¨à ¥âáï   AC, ®âªã¤  ∠DAE = ∠ABD. �à®¬¥ â®£®, ¢¯¨á ë¥ ã£«ë ABD ¨ AED ®¯¨à îâáï

  å®à¤ã AD ¨ ¯®â®¬ã à ¢ë. �®£¤  ∠DAE = ∠AED, â® ¥áâì âà¥ã£®«ì¨ª ADE | à ¢®¡¥¤à¥ë©.

Ǳ®íâ®¬ã ¡¨áá¥ªâà¨á  DK âà¥ã£®«ì¨ª  ADE ï¢«ï¥âáï â ª�¥ ¥£® ¬¥¤¨ ®© ¨ ¢ëá®â®©. � ç áâ®áâ¨,

DK ⊥ AE, ®âªã¤  OL ‖ AE. �®£¤ 

AO = OL =MK = 2AM, ®âªã¤  ∠ABC = ∠AOM = 30

◦.

� ç¨â, ∠ADK = 60

◦
, ¨ à ¢®¡¥¤à¥ë© âà¥ã£®«ì¨ª ADL ®ª §ë¢ ¥âáï à ¢®áâ®à®¨¬. Ǳ®íâ®¬ã

∠LBC = ∠LAC = ∠LAD − ∠KAD = 30

◦
= ∠ABC,

â® ¥áâì BD | ¡¨áá¥ªâà¨á  ã£«  ∠ABL. � ª¨¬ ®¡à §®¬, C ï¢«ï¥âáï á¥à¥¤¨®© ¤ã£¨ AL, ®âªã¤  DB |

¡¨áá¥ªâà¨á  ã£«  ∠ADL. � ç¨â, ∠KDB = 30

◦
. �®£¤  ∠ACB = 60

◦
,   ®áâ ¢è¨©áï ã£®« ¢ âà¥ã£®«ì¨ª¥

à ¢¥ 90

◦
. �

�¥è¥¨¥ 2. Ǳãáâì α = ∠ABC, r| à ¤¨ãá ω,K ¨ L| â®çª¨ ¯¥à¥á¥ç¥¨ï ¡¨áá¥ªâà¨áë ã£«  ADE á AE

¨ ω á®®â¢¥âáâ¢¥®. �£®« ¬¥�¤ã ª á â¥«ì®© AD ª ®ªàã�®áâ¨ ω ¨ å®à¤®© AC à ¢¥ ¢¯¨á ®¬ã ã£«ã,

ª®â®àë© ®¯¨à ¥âáï   AC, ®âªã¤  ∠DAE = ∠ABD. �à®¬¥ â®£®, ¢¯¨á ë¥ ã£«ë ABD ¨ AED ®¯¨à îâáï

  å®à¤ã AD ¨ ¯®â®¬ã à ¢ë. �®£¤  ∠DAE = ∠AED, â® ¥áâì âà¥ã£®«ì¨ª ADE | à ¢®¡¥¤à¥ë©.

Ǳ®íâ®¬ã ¡¨áá¥ªâà¨á  DK âà¥ã£®«ì¨ª  ADE ï¢«ï¥âáï â ª�¥ ¥£® ¬¥¤¨ ®© ¨ ¢ëá®â®©. � ç áâ®áâ¨,

DK ⊥ AE, ®âªã¤  OL ‖ AE. �®£¤ 

r sinα+ r = AK = KE =

1

2

AE =

3

2

AC = 3r sinα, ®âªã¤  sinα =

1

2

.

� ¬¥â¨¬, çâ® α < ∠ABL =

1

2

∠AOL < π
2

, ¯®áª®«ìªã ç¥âëà¥åã£®«ì¨ª DAOL ¢¯¨á ë©. Ǳ®íâ®¬ã α =

π
6

.

�à®¬¥ â®£®,

CK = AK −AC = AK − 2

3

AK =

1

3

KE,

®âªã¤ 

tg∠ACB = tg∠DCK =

DK

CK
= 3 · DK

KE
= 3 tgα =

√
3.

Ǳ®íâ®¬ã ∠ACB =

π
3

¨ ∠BAC = π − α− ∠ACB =

π
2

. �



4. � ª¨®â¥ âà ¯à¨è«® 50 §à¨â¥«¥©, áã¬¬ àë© ¢®§à áâ ª®â®àëå à ¢¥ 1555 «¥â, ¯à¨ç¥¬ áà¥¤¨ ¨å

¥â ®¤®£®¤ª®¢. �«ï ª ª®£®  ¨¡®«ìè¥£® k ¬®�® £ à â¨à®¢ ® ¢ë¡à âì 16 §à¨â¥«¥©, áã¬¬ àë©

¢®§à áâ ª®â®àëå ¥ ¬¥ìè¥ k «¥â?

�â¢¥â: 776.

�¥è¥¨¥. Ǳ®ª �¥¬, çâ® k > 776, â® ¥áâì áã¬¬ àë© ¢®§à áâ 16 á ¬ëå áâ àè¨å §à¨â¥«¥© ¢á¥£¤  ¥

¬¥ìè¥ 776. � á¯®«®�¨¬ §à¨â¥«¥© ¢ ¯®àï¤ª¥ ã¢¥«¨ç¥¨ï ¢®§à áâ , ¨ ¯ãáâì ai | ç¨á«® «¥â i-¬ã ¨§ ¨å.

Ǳ®áª®«ìªã áà¥¤¨ §à¨â¥«¥© ¥â ®¤®£®¤ª®¢, ¬ë ¯®«ãç¨¬

a
1

6 a
2

− 1 6 a
3

− 2 6 . . . 6 a
50

− 49,

â® ¥áâì ç¨á«  bi = ai − (i− 1) ¢®§à áâ îâ. �à®¬¥ â®£®,

b
1

+ b
2

+ . . .+ b
50

= a
1

+ a
2

+ . . .+ a
50

− (0 + 1 + 2 + . . .+ 49) = 1555− 49 · 50
2

= 330,

®âªã¤  áà¥¤¥¥  à¨ä¬¥â¨ç¥áª®¥ ç¨á¥« bk à ¢®

330

50

= 6, 6. � á¨«ã ¢®§à áâ ¨ï ç¨á¥« bi  ©¤¥âáï â ª®©

¨¤¥ªá m, çâ® bi 6 6 ¯à¨ i 6 m ¨ bi > 7 ¯à¨ i > m. �á«¨ m 6 34, â®

b
35

+ b
36

+ . . .+ b
50

> 16 · 7 = 112,

  ¯à¨ m > 34

b
1

+ b
2

+ . . .+ b
34

6 34 · 6 = 204 ¨ b
35

+ b
36

+ . . .+ b
50

> 330− 204 = 126 > 112.

� ®¡®¨å á«ãç ïå

a
35

+ a
36

+ . . .+ a
50

= b
35

+ b
36

+ . . .+ b
50

+ (34 + 35 + . . .+ 49) > 112 +

16 · (34 + 49)

2

= 776.

Ǳ®ª �¥¬ â¥¯¥àì, çâ® k 6 776. �ë ¤®«�ë ¯à¨¢¥áâ¨ ¯à¨¬¥à, ª®£¤  áã¬¬ àë© ¢®§à áâ 16 á ¬ëå

áâ àè¨å §à¨â¥«¥© à ¢¥ 776. Ǳãáâì ¢ ª¨®â¥ âà ¯à¨è«¨ «î¤¨, ª®â®àë¬ 6, 7, . . . , 25 ¨ 27, 28, . . . , 56 «¥â.

�å áã¬¬ àë© ¢®§à áâ à ¢¥

51·(6+56)

2

− 26 = 1555,   áã¬¬ àë© ¢®§à áâ 16 á ¬ëå áâ àè¨å ¨§ ¨å à ¢¥

41 + 42 + . . .+ 56 =

16·(41+56)

2

= 776. �

5. � ®  âãà «ì®¥ ç¨á«® x = 2

n− 32, £¤¥ n |  âãà «ì®¥ ç¨á«®. �§¢¥áâ®, çâ® x ¨¬¥¥â à®¢® âà¨

à §«¨çëå ¯à®áâëå ¤¥«¨â¥«ï, ®¤¨ ¨§ ª®â®àëå à ¢¥ 3. � ©¤¨â¥ x.

�â¢¥â: 480 ¨«¨ 2016.

�¥è¥¨¥. � ¯¨è¥¬ x ¢ ¢¨¤¥ 32 · N , £¤¥ N = 2

n−5 − 1. �¤¨ ¯à®áâ®© ¤¥«¨â¥«ì x à ¢¥ 2. Ǳ®íâ®¬ã

¬ë ¤®«�ë  ©â¨ ¢á¥ N , ¨¬¥îé¨¥ à®¢® ¤¢  ¥ç¥âëå ¯à®áâëå ¤¥«¨â¥«ï, ®¤¨ ¨§ ª®â®àëå à ¢¥ 3.

�¥«¨¬®áâì N   3 ®§ ç ¥â, çâ® n − 5 ç¥â®, â® ¥áâì N = 2

2m − 1. �á«¨ m = 1, â® N = 3, çâ®  ¬ ¥

¯®¤å®¤¨â. Ǳà¨ m = 2 ¨ m = 3 ¬ë ¯®«ãç¨¬ á®®â¢¥âáâ¢¥® N = 3 ·5 ¨ N = 3

2 ·7, ®âªã¤  x = 480 ¨ x = 2016.

Ǳ®ª �¥¬, çâ® ¯à¨ m > 3 à¥è¥¨© ¥ ¡ã¤¥â. � ¬¥â¨¬, çâ®

N = p · q, £¤¥ p = 2

m − 1, q = 2

m
+ 1.

�¨á«  p ¨ q ¢§ ¨¬® ¯à®áâë, â ª ª ª ®¨ ¥ç¥âë ¨ q − p = 2. �¤® ¨å ¨å ªà â® 3. �á«¨ p
.

.

.

3, â®

m ç¥â®, ¨ ¬ë ¬®�¥¬ à §«®�¨âì p ¢ ¯à®¨§¢¥¤¥¨¥ ¤¢ãå ¢§ ¨¬® ¯à®áâëå ç¨á¥«, ®â«¨çëå ®â 1, â¥¬ �¥

á¯®á®¡®¬, çâ® ¨ N . �®£¤  N ¥áâì ¯à®¨§¢¥¤¥¨¥ âà¥å ¢§ ¨¬® ¯à®áâëå ç¨á¥« ¨, â¥¬ á ¬ë¬, ¨¬¥¥â ¥ ¬¥¥¥

âà¥å à §«¨çëå ¯à®áâëå ¤¥«¨â¥«¥©, çâ® ¥¢®§¬®�®.

Ǳãáâì â¥¯¥àì q
.

.

.

3. � ª ª ª ç¨á«® q ¢§ ¨¬® ¯à®áâ® á p, ®® ¥ ¬®�¥â ¨¬¥âì ¤àã£¨å ¯à®áâëå ¤¥«¨â¥«¥©.

�âáî¤  q = 3

s
¨ 2

m
+ 1 = 3

s
¯à¨ ¥ª®â®à®¬  âãà «ì®¬ s. � áá¬®âà¨¬ ¤¢  á«ãç ï.

1) s ç¥â®. �®£¤  s = 2k, ¯à¨ç¥¬ k > 1, â ª ª ª m > 3. Ǳ®íâ®¬ã

2

m
= (3

k − 1)(3

k
+ 1).



� ¯à ¢®© ç áâ¨ à ¢¥áâ¢  áâ®¨â ¯à®¨§¢¥¤¥¨¥ á®á¥¤¨å ç¥âëå ç¨á¥«, ¡�®«ìè¨å 4. �® ®¤® ¨§ ¨å ¥

¤¥«¨âáï   4 ¨ ¯®â®¬ã ¥ ï¢«ï¥âáï áâ¥¯¥ìî ¤¢®©ª¨, çâ® ¥¢®§¬®�®.

2) s ¥ç¥â®. �®£¤  s = 2k + 1 ¯à¨ ¥ª®â®à®¬  âãà «ì®¬ k, ¨

2

m − 2 = 3

2k+1 − 3 = 3 (3

k − 1)(3

k
+ 1).

Ǳà ¢ ï ç áâì íâ®£® à ¢¥áâ¢  ªà â  4, â ª ª ª á®¤¥à�¨â ¤¢  ç¥âëå ¬®�¨â¥«ï,   «¥¢ ï ç áâì ¯à¨

m > 3 ¥ ¤¥«¨âáï   4. � ç¨â, íâ®â á«ãç © â ª�¥ ¥¢®§¬®�¥. �

6. �à¨ ª®ãá  á ¢¥àè¨®© A ¨ ®¡à §ãîé¥© 6 ª á îâáï ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬. � ¤¢ãå ª®ãá®¢ ã£®«

¬¥�¤ã ®¡à §ãîé¥© ¨ ®áìî á¨¬¬¥âà¨¨ à ¢¥

π
8

,   ã âà¥âì¥£® ® à ¢¥

π
4

. � ©¤¨â¥ ®¡ê¥¬ ¯¨à ¬¨¤ë

O
1

O
2

O
3

A, £¤¥ O
1

, O
2

, O
3

| æ¥âàë ®á®¢ ¨© ª®ãá®¢.

�â¢¥â: 9

√√
2 + 1.

A

B

C

H

O1

O2

O3

D

A

C

O

l

2

O3

α β

�¥è¥¨¥. Ǳãáâì α =

π
8

, β = π
4

, l = 6, B | á¥à¥¤¨  ®âà¥§ª  O
1

O
2

, AD | ®¡é ï ®¡à §ãîé ï ¢â®à®£®

¨ âà¥âì¥£® ª®ãá®¢. �®£¤ 

AO
1

= AO
2

= l osα, AO
3

= l osβ = l
√
2

2

.

�¥âëà¥åã£®«ì¨ª AO
2

DO
3

¢¯¨á  ¢ ®ªàã�®áâì á ¤¨ ¬¥âà®¬ AD, ®âªã¤  ¯® â¥®à¥¬¥ á¨ãá®¢

O
1

O
3

= O
2

O
3

= AD · sin∠O
2

AO
3

= l sin(α + β).

� «®£¨çë¬ ®¡à §®¬

O
1

O
2

= l sin 2α ¨ BO
2

= l sinα osα =

l
2

sin 2α = l
√
2

4

.

�¯ãáâ¨¬ ¯¥à¯¥¤¨ªã«ïà BC   ¯àï¬ãî AO
3

. � ¬¥â¨¬, çâ® ®âà¥§ª¨ AB ¨ O
3

B ¯¥à¯¥¤¨ªã«ïàë O
1

O
2

ª ª ¬¥¤¨ ë à ¢®¡¥¤à¥ëå âà¥ã£®«ì¨ª®¢ O
1

O
2

A ¨ O
1

O
2

O
3

. �®£¤  ®âà¥§®ª O
1

O
2

¯¥à¯¥¤¨ªã«ïà¥

¯«®áª®áâ¨ ABO
3

¨, § ç¨â, ¯àï¬®© AO
3

. Ǳ®íâ®¬ã à¥¡à® AO
3

¯¥à¯¥¤¨ªã«ïà® ¯«®áª®áâ¨ O
1

O
2

C ¨, ¢

ç áâ®áâ¨, ®âà¥§ªã CO
2

. Ǳ®íâ®¬ã

CO
2

= AO
2

· sin∠O
2

AC = l osα sin(α+ β).

Ǳ® â¥®à¥¬¥ Ǳ¨ä £®à  ¬ë ¯®«ãç ¥¬

BC =

√

CO2

2

−BO2

2

= l osα

√

sin

2

(α+ β)− sin

2 α = l osα

√

os 2α− os 2(α+ β)

2

=

= l os π
8

√√
2

2

= l
√

1√
2

· os2 π
8

= l
√

1

2

√
2

(

1 + os

π
4

)

=

l
√√

2+1

2

.

Ǳãáâì V | ®¡ê¥¬ ¯¨à ¬¨¤ë O
1

O
2

O
3

A, AH | ¥¥ ¢ëá®â . �®£¤ 

V =

1

6

· O
1

O
2

· BO
3

·AH =

1

3

·O
1

O
2

· SABO
3

=

1

3

· BO
2

·AO
3

·BC =

=

l3

3

·
√
2

4

·
√
2

2

· 1
2

√√
2 + 1 =

l3

24

·
√√

2 + 1 = 9

√√
2 + 1. �



� à¨ â 3

1. Ǳà¨ ª ª®¬  ¨¬¥ìè¥¬ k ¬®�® â ª ®â¬¥â¨âì k ª«¥â®ª ¤®áª¨ 12× 12, çâ® ¯à¨ «î¡®¬ à §¬¥é¥-

¨¨   ¤®áª¥ ç¥âëà¥åª«¥â®ç®© ä¨£ãàª¨ ®  § ¤¥¢ ¥â å®âï ¡ë ®¤ã ®â¬¥ç¥ãî ª«¥âªã?

(�¨£ãàªã ¬®�® ¯®¢®à ç¨¢ âì ¨ ¯¥à¥¢®à ç¨¢ âì.)

�â¢¥â: 48.

�¥è¥¨¥. �¥á«®�® § ¬¥â¨âì, çâ® ¢ «î¡®¬ ¯àï¬®ã£®«ì¨ª¥ 2 × 3 ¥áâì å®âï ¡ë ¤¢¥ ®â¬¥ç¥ë¥

ª«¥âª¨. Ǳ®áª®«ìªã ¤®áª  12× 12 à §à¥§ ¥âáï   24 â ª¨å ¯àï¬®ã£®«ì¨ª , ¢ ¥© ¤®«�® ¡ëâì ¥ ¬¥¥¥

48 ®â¬¥ç¥ëå ª«¥â®ª. Ǳà¨¬¥à á 48 ®â¬¥ç¥ë¬¨ ª«¥âª ¬¨ ¯®«ãç ¥âáï, ¥á«¨ ®â¬¥â¨âì ª«¥âª¨, áã¬¬ 

ª®®à¤¨ â ª®â®àëå ¤¥«¨âáï   4. �

2. � ë ç¨á«  x, y, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î x8 + y8 6 2. �®ª �¨â¥ ¥à ¢¥áâ¢® x2y2 +
∣

∣x2 − y2
∣

∣ 6 π
2

.

O
A

B

C

u1

v

1

2√¯

�¥è¥¨¥ 1. Ǳ®«®�¨¬ u = x2, v = y2. Ǳ® ãá«®¢¨î

4 > 2

(

u4 + v4
)

>
(

u2 + v2
)

2

, ®âªã¤  u2 + v2 6 2.

� á¨«ã á¨¬¬¥âà¨¨ ¥à ¢¥áâ¢  ¬®�® áç¨â âì u > v. � áá¬®âà¨¬ ç¥âëà¥åã£®«ì¨ª OABC (á¬. à¨áã®ª)

á ¢¥àè¨ ¬¨ ¢ â®çª å

O = (0, 0), A = (u, 0), B = (u, v), C = (1, 1)

� ¬¥â¨¬, çâ® u − v = 2SOBC , ¯®áª®«ìªã OC =

√
2,  

u−v√
2

¥áâì à ááâ®ï¨¥ ®â B ¤® ¯àï¬®© OC. � ª¨¬

®¡à §®¬, uv+u− v = 2SOABC . �áâ «®áì § ¬¥â¨âì, çâ® ¯«®é ¤ì OABC ¥ ¯à¥¢®áå®¤¨â ¯«®é ¤¨ á¥ªâ®à 

à ¤¨ãá 

√
2 à áâ¢®à 

π
4

, ª®â®à ï à ¢ 

π
4

. �

�¥è¥¨¥ 2. Ǳ®«®�¨¬ u = x2, v = y2. � á¨«ã ãá«®¢¨ï

4 > 2

(

u4 + v4
)

>
(

u2 + v2
)

2

, ®âªã¤  u2 + v2 6 2.

�®£¤ 

uv + |u− v| = u2+v2

2

+ |u− v| − (u−v)2
2

6 1 + |u− v| − |u−v|2
2

=

1

2

(

3− (|u − v| − 1)

2

)

6 3

2

< π
2

. �

3. �  ¢ëá®â¥ BH âà¥ã£®«ì¨ª  ABC ®â¬¥ç¥  ¥ª®â®à ï â®çª  D. Ǳàï¬ ï AD ¯¥à¥á¥ª ¥â áâ®à®ã

BC ¢ â®çª¥ E, ¯àï¬ ï CD ¯¥à¥á¥ª ¥â áâ®à®ã AB ¢ â®çª¥ F . �®çª¨ G ¨ J ï¢«ïîâáï ¯à®¥ªæ¨ï¬¨

á®®â¢¥âáâ¢¥® â®ç¥ª F ¨ E   áâ®à®ã AC. Ǳ«®é ¤ì âà¥ã£®«ì¨ª  HEJ ¢¤¢®¥ ¡®«ìè¥ ¯«®é ¤¨

âà¥ã£®«ì¨ª  HFG. � ª ª®¬ ®â®è¥¨¨ ¢ëá®â  BH ¤¥«¨â ®âà¥§®ª FE?

�â¢¥â:

√
2 : 1, áç¨â ï ®â â®çª¨ E.

�¥è¥¨¥ 1. Ǳãáâì T | â®çª  ¯¥à¥á¥ç¥¨ï AE ¨ FG, M | â®çª  ¯¥à¥á¥ç¥¨ï CF ¨ EJ , K | â®çª 

¯¥à¥á¥ç¥¨ï BH ¨ FE (á¬. à¨áã®ª). � ª ª ª âà¥ã£®«ì¨ª¨ FDT ¨ MDE ¯®¤®¡ë, ¯® â¥®à¥¬¥ � «¥á 

EM

FT
=

DE

DT
=

HJ

GH
.



�à¥ã£®«ì¨ª¨ AFT ¨ ABD ¯®¤®¡ë á ª®íää¨æ¨¥â®¬, à ¢ë¬ ®â®è¥¨î ¨å ¢ëá®â. Ǳ®íâ®¬ã

FT

BD
=

AG

AH
=

FG

BH
, â® ¥áâì

FG

FT
=

BH

BD
.

� «®£¨çë¬ ®¡à §®¬ ¯®«ãç ¥¬, çâ®

EJ
EM

=

BH
BD

. �®£¤ 

FG

FT
=

EJ

EM
, ®âªã¤ 

EJ

FG
=

EM

FT
=

HJ

GH
.

� ç¨â, ¯àï¬®ã£®«ìë¥ âà¥ã£®«ì¨ª¨ HEJ ¨ HFG ¯®¤®¡ë. � á¨«ã â¥®à¥¬ë � «¥á 

EK

KF
=

HJ

GH
=

√

SHEJ

SHFG
=

√
2. �

A

B

CHG J

F

E
K

D

T
M

�¥è¥¨¥ 2. Ǳãáâì λ = GH
HA

, µ = HJ
CH

, K | â®çª  ¯¥à¥á¥ç¥¨ï BH ¨ FE. � ¬¥â¨¬, çâ®

GF = (1− λ) ·BH, EJ = (1− µ) · BH.

� á¨«ã â¥®à¥¬ë �¥¢ë

1 =

AF

FB
· BE
EC

· CH
HA

=

1− λ

λ
· µ

1− µ
· CH
HA

=

1− λ

1− µ
· µ · CH
λ ·HA =

GF

EJ
· HJ
GH

.

�®£¤ 

HJ
GH

=

EJ
GF

, ®âªã¤  ¢ëâ¥ª ¥â ¯®¤®¡¨¥ ¯àï¬®ã£®«ìëå âà¥ã£®«ì¨ª®¢ HEJ ¨ HFG. � á¨«ã â¥®à¥¬ë

� «¥á 

EK

KF
=

HJ

GH
=

√

SHEJ

SHFG
=

√
2. �

4. �  âà¨¡ã å å®ªª¥©®©  à¥ë ¥áª®«ìª® àï¤®¢ ¯® 168 ¬¥áâ ¢ ª �¤®¬ àï¤ã. �  ä¨ «ìë© ¬ âç ¢

ª ç¥áâ¢¥ §à¨â¥«¥© ¯à¨£« á¨«¨ 2016 ãç¥¨ª®¢ ¥áª®«ìª¨å á¯®àâ¨¢ëå èª®«, ¥ ¡®«¥¥ 40 ®â ª �¤®©

èª®«ë. �ç¥¨ª®¢ «î¡®© èª®«ë âà¥¡ã¥âáï à §¬¥áâ¨âì   ®¤®¬ àï¤ã. � ª®¥  ¨¬¥ìè¥¥ ª®«¨ç¥áâ¢®

àï¤®¢ ¤®«�® ¡ëâì    à¥¥, çâ®¡ë íâ® ¢ «î¡®¬ á«ãç ¥ ã¤ «®áì á¤¥« âì?

�â¢¥â: 15.

�¥è¥¨¥. �®¯ãáâ¨¬, çâ® 57 èª®« ¯à¨á« «¨   ä¨ «ìë© ¬ âç ¯® 35 ãç¥¨ª®¢ ¨ ®¤  èª®«  | 21

ãç¥¨ª . Ǳ®áª®«ìªã   ®¤®¬ àï¤ã ã¬¥é îâáï «¨èì ç¥âëà¥ £àã¯¯ë ¯® 35 èª®«ì¨ª®¢, ¤«ï à §¬¥é¥¨ï

ãç¥¨ª®¢ 57 èª®« ª®«¨ç¥áâ¢® àï¤®¢ ¤®«�® ¡ëâì ¥ ¬¥ìè¥

57

4

= 14

1

4

, â® ¥áâì ¯® ªà ©¥© ¬¥à¥ 15.

Ǳ®ª �¥¬, çâ® 15 àï¤®¢ ¤®áâ â®ç®. Ǳà¥¤¯®«®�¨¬, çâ®   âà¨¡ã¥ ¥áâì ®¤¨ ¡®«ìè®© àï¤, à §¤¥«¥ë©

¯à®å®¤ ¬¨   á¥ªâ®à  ¯® 168 ¬¥áâ. Ǳ®á ¤¨¬   íâ®â ¡®«ìè®© àï¤, ¨£®à¨àãï ¯à®å®¤ë, á ç «  ãç¥¨ª®¢

¯¥à¢®© èª®«ë, § â¥¬ ¢â®à®©, ¨ â ª ¤ «¥¥. � à¥§ã«ìâ â¥ ¡ã¤¥â ¯®«®áâìî § ïâ® 12 á¥ªâ®à®¢. Ǳà¨ â ª®©

à áá ¤ª¥   ¤¢ãå á¥ªâ®à å ¬®£ãâ ®ª § âìáï ãç¥¨ª¨ ¥ ¡®«¥¥ 11 èª®«. � ª ª ª «î¡ë¥ ç¥âëà¥ èª®«ë

¯®¬¥é îâáï   ®¤®¬ á¥ªâ®à¥, ¤«ï à áá ¤ª¨ íâ¨å ®áâ ¢è¨åáï ãç¥¨ª®¢ ¤®áâ â®ç® âà¥å á¥ªâ®à®¢. �



5. � ®  âãà «ì®¥ ç¨á«® x = 9

n − 1, £¤¥ n |  âãà «ì®¥ ç¨á«®. �§¢¥áâ®, çâ® x ¨¬¥¥â à®¢® âà¨

à §«¨çëå ¯à®áâëå ¤¥«¨â¥«ï, ®¤¨ ¨§ ª®â®àëå à ¢¥ 13. � ©¤¨â¥ x.

�â¢¥â: 728.

�¥è¥¨¥. Ǳ®áª®«ìªã ç¨á«® x ç¥â®, ®¤¨ ¨§ ¥£® ¯à®áâëå ¤¥«¨â¥«¥© à ¢¥ 2. Ǳ®íâ®¬ã ¬ë ¤®«�ë

 ©â¨ ¢á¥ x, ¨¬¥îé¨¥ à®¢® ¤¢  ¥ç¥âëå ¯à®áâëå ¤¥«¨â¥«ï, ®¤¨ ¨§ ª®â®àëå à ¢¥ 13. �áâ âª¨ ®â

¤¥«¥¨ï áâ¥¯¥¥© 9   13 à ¢ë 9, 3, 1 ¨ ¤ «¥¥ æ¨ª«¨ç¥áª¨ ¯®¢â®àïîâáï. �®£¤  ¤¥«¨¬®áâì x   13 ®§ ç ¥â,

çâ® n ªà â® 3, â® ¥áâì x = 9

3m − 1. �âáî¤ 

x = p · q, £¤¥ p = 9

m − 1, q = 9

2m
+ 9

m
+ 1.

� ¬¥â¨¬, çâ® ç¨á«  p ¨ q ¢§ ¨¬® ¯à®áâë. �¥©áâ¢¨â¥«ì®, ¥á«¨ ç¨á«® r ¤¥«¨â p ¨ q, â® ®® ¤¥«¨â ¨ 3, â ª

ª ª

3 = q − (9

2m − 1)− (9

m − 1) = q − p (9m + 2).

�® p ¥ ªà â® 3, ®âªã¤  r = 1.

�®ª �¥¬, çâ® ç¨á«® p ¥áâì áâ¥¯¥ì ¤¢®©ª¨ â®«ìª® ¯à¨ m = 1. �¥©áâ¢¨â¥«ì®, ¯ãáâì m > 1. � ¯¨è¥¬

p = (3

m − 1)(3

m
+ 1). � ¯à ¢®© ç áâ¨ áâ®¨â ¯à®¨§¢¥¤¥¨¥ á®á¥¤¨å ç¥âëå ç¨á¥«, ¡�®«ìè¨å 4. Ǳ®íâ®¬ã

å®âï ¡ë ®¤® ¨§ ¨å ¥ ¤¥«¨âáï   4 ¨, § ç¨â, ¥ ï¢«ï¥âáï áâ¥¯¥ìî 2.

�á«¨ m = 1, ¬ë ¯®«ãç¨¬ x = 9

3 − 1 = 728 = 2

3 · 7 · 13, çâ®  ¬ ¯®¤å®¤¨â. Ǳ®ª �¥¬, çâ® ¯à¨ m > 1

à¥è¥¨© ¥â. �¤® ¨§ ç¨á¥« p ¨ q ¤¥«¨âáï   13. � áá¬®âà¨¬ ¤¢  á«ãç ï.

1) p ªà â® 13. �®£¤  m
.

.

.

3, â® ¥áâì m = 3k. �á«¨ k = 1, â® p ¤¥«¨âáï   7 ¨ 13. Ǳà¨ k > 1 ¬ë ¬®�¥¬

¯à¨¬¥¨âì ª p â¥ �¥ à ááã�¤¥¨ï, çâ® ª x. � ®¡®¨å á«ãç ïå p à §«®�¨âáï   ¤¢  ¢§ ¨¬® ¯à®áâëå ¬®-

�¨â¥«ï, ¥ ï¢«ïîé¨åáï áâ¥¯¥ï¬¨ ¤¢®©ª¨. Ǳ®íâ®¬ã x ¨¬¥¥â ¥ ¬¥¥¥ âà¥å à §«¨çëå ¯à®áâëå ¥ç¥âëå

¤¥«¨â¥«¥©, çâ® ¥¢®§¬®�®.

2) q ªà â® 13. � ¬¥â¨¬, çâ® p ¨¬¥¥â ¥ç¥âë© ¤¥«¨â¥«ì,   q ¥ç¥â® ¨ ¢§ ¨¬® ¯à®áâ® á p. �®£¤  q

¤®«�® ¡ëâì áâ¥¯¥ìî 13, â® ¥áâì q = 13

s
¯à¨ ¥ª®â®à®¬  âãà «ì®¬ s. � ç¨â, ®áâ â®ª ®â ¤¥«¥¨ï q

  8 à ¢¥ 5 ¯à¨ ¥ç¥â®¬ s ¨ 1 ¯à¨ ç¥â®¬. � ¤àã£®© áâ®à®ë, íâ®â ®áâ â®ª ¤®«�¥ ¡ëâì â ª¨¬ �¥, ª ª

ã 9

2m
+ 9

m
+ 1, â® ¥áâì 3, çâ® ¥¢®§¬®�®. �

6. �à¨ ®¤¨ ª®¢ëå ª®ãá  á ¢¥àè¨®© A ª á îâáï ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬. � �¤ë© ¨§ ¨å ª á ¥âáï

¢ãâà¥¨¬ ®¡à §®¬ ç¥â¢¥àâ®£® ª®ãá  á ¢¥àè¨®© ¢ â®çª¥ A ¨ ã£«®¬ ¯à¨ ¢¥àè¨¥

2π
3

. � ©¤¨â¥

ã£®« ¯à¨ ¢¥àè¨¥ ã ®¤¨ ª®¢ëå ª®ãá®¢. (�£«®¬ ¯à¨ ¢¥àè¨¥ ª®ãá   §ë¢ ¥âáï ã£®« ¬¥�¤ã ¥£®

®¡à §ãîé¨¬¨ ¢ ®á¥¢®¬ á¥ç¥¨¨.)

�â¢¥â: 2 artg

4+

√
3

3

.

O

A

B

O1
H

r

R-r

α

π
3̄

�¥è¥¨¥. �¡®§ ç¨¬ ¨áª®¬ë© ã£®« ç¥à¥§ 2α. �¯¨è¥¬ ¢ à ¢ë¥ ª®ãáë è àë á æ¥âà ¬¨ O
1

, O
2

, O
3

®¤®£® à ¤¨ãá  r. �¨, ®ç¥¢¨¤®, ª á îâáï ¤àã£ ¤àã£ . Ǳãáâì ç¥â¢¥àâë© ª®ãá ª á ¥âáï íâ¨å è à®¢

¢ â®çª å B,C,D. �®£¤  AB = AC = AD ¨, § ç¨â, íâ¨ â®çª¨ «¥� â   ¥ª®â®à®¬ è à¥ á æ¥âà®¬ O

à ¤¨ãá  R, ¢¯¨á ®¬ ¢ ç¥â¢¥àâë© ª®ãá. �â®â è à ª á ¥âáï è à®¢, ¢¯¨á ëå ¢ ®¤¨ ª®¢ë¥ ª®ãáë

(â ª ª ª,  ¯à¨¬¥à, è àë á æ¥âà ¬¨ ¢ O ¨ O
1

ª á îâáï ¢ â®çª¥ B ¯«®áª®áâ¨, á®¤¥à� é¥© ®¡à §ãîéãî

AB ¨ ª á îé¥©áï ç¥â¢¥àâ®£® ª®ãá ). Ǳ®íâ®¬ã â®çª¨ O
1

, O
2

, O
3

«¥� â   ®âà¥§ª å OB, OC, OD á®®â-

¢¥âáâ¢¥®. �®£¤  OO
1

= OO
2

= OO
3

= R − r. �à®¬¥ â®£®, ¯àï¬®ã£®«ìë¥ âà¥ã£®«ì¨ª¨ ABO
1

, ACO
2

¨ ADO
3

à ¢ë ¯® ¤¢ã¬ ª â¥â ¬, ®âªã¤  AO
1

= AO
2

= AO
3

. � ç¨â, ¯àï¬ ï AO ¯à®å®¤¨â ç¥à¥§ æ¥âà



H ®¯¨á ®© ®ªàã�®áâ¨ âà¥ã£®«ì¨ª  O
1

O
2

O
3

¯¥à¯¥¤¨ªã«ïà® ª ¥£® ¯«®áª®áâ¨. � ¬¥â¨¬, çâ® íâ®â

âà¥ã£®«ì¨ª ¯à ¢¨«ìë© ¨ O
1

O
2

= 2r, ®âªã¤  O
1

H =

2r√
3

. � ¤àã£®© áâà®ë,

O
1

H = OO
1

· os∠OO
1

H = (R− r) os π
3

=

1

2

(R − r).

Ǳ®áª®«ìªã R = AB · tg π
3

= r tgα tg

π
3

= r
√
3 tgα, ¬ë ¯®«ãç ¥¬

2r√
3

=

r
2

(
√
3 tgα− 1

)

⇐⇒
√
3 tgα =

4√
3

+ 1⇐⇒ 2α = 2artg

4+

√
3

3

. �



� à¨ â 4

1. Ǳà¨ ª ª®¬  ¨¬¥ìè¥¬ k ¬®�® â ª ®â¬¥â¨âì k ª«¥â®ª ¤®áª¨ 8×9, çâ® ¯à¨ «î¡®¬ à §¬¥é¥¨¨  

¤®áª¥ ç¥âëà¥åª«¥â®ç®© ä¨£ãàª¨ ®  § ¤¥¢ ¥â å®âï ¡ë ®¤ã ®â¬¥ç¥ãî ª«¥âªã? (�¨£ãàªã

¬®�® ¯®¢®à ç¨¢ âì ¨ ¯¥à¥¢®à ç¨¢ âì.)

�â¢¥â: 16.

�¥è¥¨¥. �¥á«®�® § ¬¥â¨âì, çâ® ¢ «î¡®¬ ¯àï¬®ã£®«ì¨ª¥ 2×4 ¥áâì å®âï ¡ë ¤¢¥ ®â¬¥ç¥ë¥ ª«¥âª¨.

Ǳ®áª®«ìªã ¨§ ¤®áª¨ 8×9 ¬®�® ¢ëà¥§ âì 8 ¥¯¥à¥á¥ª îé¨åáï ¯àï¬®ã£®«ì¨ª®¢ 2×4, ¢ ¥© ¤®«�® ¡ëâì

¥ ¬¥¥¥ 16 ®â¬¥ç¥ëå ª«¥â®ª. Ǳà¨¬¥à á 16 ®â¬¥ç¥ë¬¨ ª«¥âª ¬¨ ¯®ª §    à¨áãª¥. �

Z Z Z Z

Z Z Z Z

Z Z Z Z

Z Z Z Z

2. � ë ç¨á«  x, y, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î x12 + y12 6 2. �®ª �¨â¥ ¥à ¢¥áâ¢® x2 + y2 + x2y2 6 3.

�¥è¥¨¥. Ǳ®«®�¨¬ u = x2, v = y2. �¥®¡å®¤¨¬® ¤®ª § âì, çâ® u+ v + uv 6 3. � ¬¥â¨¬, çâ®

(a+ b)3 6 4

(

a3 + b3
)

¯à¨ ¢á¥å a, b > 0.

�¥©áâ¢¨â¥«ì®, ¯à¨ a = b = 0 ¢á¥ ®ç¥¢¨¤®. � ¯à®â¨¢®¬ á«ãç ¥ ¯®á«¥ á®ªà é¥¨ï   a+ b ¬ë ¯®«ãç¨¬

a2+2ab+b2 6 4 (a2−ab+b2), çâ® íª¢¨¢ «¥â® 3 (a−b)2 > 0. Ǳà¨ a = u2 ¨ b = v2 ¤®ª § ®¥ ¥à ¢¥áâ¢®

¤ ¥â

8 > 4

(

u6 + v6
)

>
(

u2 + v2
)

3

, ®âªã¤  u2 + v2 6 2.

� á¨«ã ¥à ¢¥áâ¢ �®è¨

u+ v 6
√
2 ·
√

u2 + v2 6 2, uv 6 1

2

(

u2 + v2
)

6 1,

â® ¥áâì u+ v + uv 6 3. �

3. �  ¢ëá®â¥ BH âà¥ã£®«ì¨ª  ABC ®â¬¥ç¥  ¥ª®â®à ï â®çª  D. Ǳàï¬ ï AD ¯¥à¥á¥ª ¥â áâ®à®ã

BC ¢ â®çª¥ E, ¯àï¬ ï CD ¯¥à¥á¥ª ¥â áâ®à®ã AB ¢ â®çª¥ F . �§¢¥áâ®, çâ® BH ¤¥«¨â ®âà¥§®ª

FE ¢ ®â®è¥¨¨ 1 : 3, áç¨â ï ®â â®çª¨ F . � ©¤¨â¥ ®â®è¥¨¥ FH : HE.

�â¢¥â: 1 : 3.

A

B

CHG J

F

E
K

D

T
M

A

B

CH

DF

E

M N

K

�¥è¥¨¥ 1. Ǳãáâì G ¨ H | ¯à®¥ªæ¨¨   AC â®ç¥ª F ¨ E á®®â¢¥âáâ¢¥®, T | â®çª  ¯¥à¥á¥ç¥¨ï

AE ¨ FG, M | â®çª  ¯¥à¥á¥ç¥¨ï CF ¨ EJ , K | â®çª  ¯¥à¥á¥ç¥¨ï BH ¨ FE (á¬. «¥¢ë© à¨áã®ª).

� ª ª ª âà¥ã£®«ì¨ª¨ FDT ¨ MDE ¯®¤®¡ë, ¯® â¥®à¥¬¥ � «¥á 

EM

FT
=

DE

DT
=

HJ

GH
.



�à¥ã£®«ì¨ª¨ AFT ¨ ABD ¯®¤®¡ë á ª®íää¨æ¨¥â®¬, à ¢ë¬ ®â®è¥¨î ¨å ¢ëá®â. Ǳ®íâ®¬ã

FT

BD
=

AG

AH
=

FG

BH
, â® ¥áâì

FG

FT
=

BH

BD
.

� «®£¨çë¬ ®¡à §®¬ ¯®«ãç ¥¬, çâ®

EJ
EM

=

BH
BD

. �®£¤ 

FG

FT
=

EJ

EM
, ®âªã¤ 

EJ

FG
=

EM

FT
=

HJ

GH
.

� ç¨â, ¯àï¬®ã£®«ìë¥ âà¥ã£®«ì¨ª¨ HEJ ¨ HFG ¯®¤®¡ë. Ǳ®áª®«ìªã

∠KHF = ∠HFG = ∠HEJ = ∠KHE,

®âà¥§®ª HK ï¢«ï¥âáï ¡¨áá¥ªâà¨á®© âà¥ã£®«ì¨ª  EHF . Ǳ®íâ®¬ã

FH : HE = FK : KE = 1 : 3. �

�¥è¥¨¥ 2. �¡®§ ç¨¬ ç¥à¥§ K â®çªã ¯¥à¥á¥ç¥¨ï BH ¨ EF . Ǳãáâì ¯àï¬ ï, ¯à®å®¤ïé ï ç¥à¥§ â®çªã

B ¯ à ««¥«ì® AC, ¯¥à¥á¥ª ¥â «ãç¨ HF ¨ HE ¢ â®çª å M ¨ N á®®â¢¥âáâ¢¥® (á¬. ¯à ¢ë© à¨áã®ª).

�§ ¯®¤®¡¨ï âà¥ã£®«ì¨ª®¢ AFH ¨ BFM

BM

AH
=

BF

AF
, ®âªã¤  BM =

BF · AH
AF

.

Ǳ®¤®¡¨¥ âà¥ã£®«ì¨ª®¢ CEH ¨ BEN ¤ ¥â

BN

CH
=

BE

CE
, â® ¥áâì BN =

BE · CH
CE

.

� á¨«ã â¥®à¥¬ë �¥¢ë

1 =

BF

AF
· CE
BE

· AH
CH

=

BF ·AH
AF

· CE

BE · CH =

BM

BN
.

�®£¤  ®âà¥§®ª HB ï¢«ï¥âáï ¬¥¤¨ ®© ¨ ¢ëá®â®© âà¥ã£®«ì¨ª  MHN ,   § ç¨â, ¨ ¥£® ¡¨áá¥ªâ¨á®©. Ǳ®-

íâ®¬ã HK | ¡¨áá¥ªâà¨á  âà¥ã£®«ì¨ª  EHF , ®âªã¤  FH : HE = FK : KE = 1 : 3. �

4. �  âà¨¡ã å å®ªª¥©®©  à¥ë ¥áª®«ìª® àï¤®¢ ¯® 168 ¬¥áâ ¢ ª �¤®¬ àï¤ã. �  ä¨ «ìë© ¬ âç ¢

ª ç¥áâ¢¥ §à¨â¥«¥© ¯à¨£« á¨«¨ 2016 ãç¥¨ª®¢ ¥áª®«ìª¨å á¯®àâ¨¢ëå èª®«, ¥ ¡®«¥¥ 45 ®â ª �¤®©

èª®«ë. �ç¥¨ª®¢ «î¡®© èª®«ë âà¥¡ã¥âáï à §¬¥áâ¨âì   ®¤®¬ àï¤ã. � ª®¥  ¨¬¥ìè¥¥ ª®«¨ç¥áâ¢®

àï¤®¢ ¤®«�® ¡ëâì    à¥¥, çâ®¡ë íâ® ¢ «î¡®¬ á«ãç ¥ ã¤ «®áì á¤¥« âì?

�â¢¥â: 16.

�¥è¥¨¥. �®¯ãáâ¨¬, çâ® 46 èª®« ¯à¨á« «¨   ä¨ «ìë© ¬ âç ¯® 43 ãç¥¨ª  ¨ ®¤  èª®«  | 34

ãç¥¨ª . Ǳ®áª®«ìªã   ®¤®¬ àï¤ã ã¬¥é îâáï «¨èì âà¨ £àã¯¯ë ¯® 43 èª®«ì¨ª , ¤«ï à §¬¥é¥¨ï

ãç¥¨ª®¢ 46 èª®« ª®«¨ç¥áâ¢® àï¤®¢ ¤®«�® ¡ëâì ¥ ¬¥ìè¥

46

3

= 15

1

3

, â® ¥áâì ¯® ªà ©¥© ¬¥à¥ 16.

Ǳ®ª �¥¬, çâ® 16 àï¤®¢ ¤®áâ â®ç®. Ǳà¥¤¯®«®�¨¬, çâ®   âà¨¡ã¥ ¥áâì ®¤¨ ¡®«ìè®© àï¤, à §¤¥«¥ë©

¯à®å®¤ ¬¨   á¥ªâ®à  ¯® 168 ¬¥áâ. Ǳ®á ¤¨¬   íâ®â ¡®«ìè®© àï¤, ¨£®à¨àãï ¯à®å®¤ë, á ç «  ãç¥¨ª®¢

¯¥à¢®© èª®«ë, § â¥¬ ¢â®à®©, ¨ â ª ¤ «¥¥. � à¥§ã«ìâ â¥ ¡ã¤¥â ¯®«®áâìî § ïâ® 12 á¥ªâ®à®¢. Ǳà¨

â ª®© à áá ¤ª¥   ¤¢ãå á¥ªâ®à å ¬®£ãâ ®ª § âìáï ãç¥¨ª¨ ¥ ¡®«¥¥ 11 èª®«. � ª ª ª «î¡ë¥ âà¨ èª®«ë

¯®¬¥é îâáï   ®¤®¬ á¥ªâ®à¥, ¤«ï à áá ¤ª¨ íâ¨å ®áâ ¢è¨åáï ãç¥¨ª®¢ ¤®áâ â®ç® ç¥âëà¥å á¥ªâ®à®¢. �

5. � ®  âãà «ì®¥ ç¨á«® x = 9

n − 1, £¤¥ n |  âãà «ì®¥ ç¨á«®. �§¢¥áâ®, çâ® x ¨¬¥¥â à®¢® âà¨

à §«¨çëå ¯à®áâëå ¤¥«¨â¥«ï, ®¤¨ ¨§ ª®â®àëå à ¢¥ 7. � ©¤¨â¥ x.

�â¢¥â: 728.

�¥è¥¨¥. Ǳ®áª®«ìªã ç¨á«® x ç¥â®, ®¤¨ ¨§ ¥£® ¯à®áâëå ¤¥«¨â¥«¥© à ¢¥ 2. Ǳ®íâ®¬ã ¬ë ¤®«�ë

 ©â¨ ¢á¥ x, ¨¬¥îé¨¥ à®¢® ¤¢  ¥ç¥âëå ¯à®áâëå ¤¥«¨â¥«ï, ®¤¨ ¨§ ª®â®àëå à ¢¥ 7. �áâ âª¨ ®â



¤¥«¥¨ï áâ¥¯¥¥© 9   7 à ¢ë 2, 4, 1 ¨ ¤ «¥¥ æ¨ª«¨ç¥áª¨ ¯®¢â®àïîâáï. �®£¤  ¤¥«¨¬®áâì x   7 ®§ ç ¥â,

çâ® n ªà â® 3, â® ¥áâì x = 9

3m − 1. �âáî¤ 

x = p · q, £¤¥ p = 9

m − 1, q = 9

2m
+ 9

m
+ 1.

� ¬¥â¨¬, çâ® ç¨á«  p ¨ q ¢§ ¨¬® ¯à®áâë. �¥©áâ¢¨â¥«ì®, ¥á«¨ ç¨á«® r ¤¥«¨â p ¨ q, â® ®® ¤¥«¨â ¨ 3, â ª

ª ª

3 = q − (9

2m − 1)− (9

m − 1) = q − p (9m + 2).

�® p ¥ ªà â® 3, ®âªã¤  r = 1.

�®ª �¥¬, çâ® ç¨á«® p ¥áâì áâ¥¯¥ì ¤¢®©ª¨ â®«ìª® ¯à¨ m = 1. �¥©áâ¢¨â¥«ì®, ¯ãáâì m > 1. � ¯¨è¥¬

p = (3

m − 1)(3

m
+ 1). � ¯à ¢®© ç áâ¨ áâ®¨â ¯à®¨§¢¥¤¥¨¥ á®á¥¤¨å ç¥âëå ç¨á¥«, ¡�®«ìè¨å 4. Ǳ®íâ®¬ã

å®âï ¡ë ®¤® ¨§ ¨å ¥ ¤¥«¨âáï   4 ¨, § ç¨â, ¥ ï¢«ï¥âáï áâ¥¯¥ìî 2.

�á«¨ m = 1, ¬ë ¯®«ãç¨¬ x = 9

3 − 1 = 728 = 2

3 · 7 · 13, çâ®  ¬ ¯®¤å®¤¨â. Ǳ®ª �¥¬, çâ® ¯à¨ m > 1

à¥è¥¨© ¥â. �¤® ¨§ ç¨á¥« p ¨ q ¤¥«¨âáï   7. � áá¬®âà¨¬ ¤¢  á«ãç ï.

1) p ªà â® 7. �®£¤  m
.

.

.

3, â® ¥áâì m = 3k. �á«¨ k = 1, â® p ¤¥«¨âáï   7 ¨ 13. Ǳà¨ k > 1 ¬ë ¬®�¥¬

¯à¨¬¥¨âì ª p â¥ �¥ à ááã�¤¥¨ï, çâ® ª x. � ®¡®¨å á«ãç ïå p à §«®�¨âáï   ¤¢  ¢§ ¨¬® ¯à®áâëå ¬®-

�¨â¥«ï, ¥ ï¢«ïîé¨åáï áâ¥¯¥ï¬¨ ¤¢®©ª¨. Ǳ®íâ®¬ã x ¨¬¥¥â ¥ ¬¥¥¥ âà¥å à §«¨çëå ¯à®áâëå ¥ç¥âëå

¤¥«¨â¥«¥©, çâ® ¥¢®§¬®�®.

2) q ªà â® 7. � ¬¥â¨¬, çâ® p ¨¬¥¥â ¥ç¥âë© ¤¥«¨â¥«ì,   q ¥ç¥â® ¨ ¢§ ¨¬® ¯à®áâ® á p. �®£¤  q

¤®«�® ¡ëâì áâ¥¯¥ìî 7, â® ¥áâì q = 7

s
¯à¨ ¥ª®â®à®¬  âãà «ì®¬ s. � ç¨â, ®áâ â®ª ®â ¤¥«¥¨ï q  

8 à ¢¥ 7 ¯à¨ ¥ç¥â®¬ s ¨ 1 ¯à¨ ç¥â®¬. � ¤àã£®© áâ®à®ë, íâ®â ®áâ â®ª ¤®«�¥ ¡ëâì â ª¨¬ �¥, ª ª ã

9

2m
+ 9

m
+ 1, â® ¥áâì 3, çâ® ¥¢®§¬®�®. �

6. �à¨ ®¤¨ ª®¢ëå ª®ãá  á ¢¥àè¨®© A ¨ ã£«®¬ ¯à¨ ¢¥àè¨¥

π
3

ª á îâáï ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬.

� �¤ë© ¨§ ¨å ª á ¥âáï ¢ãâà¥¨¬ ®¡à §®¬ ç¥â¢¥àâ®£® ª®ãá  á ¢¥àè¨®© ¢ â®çª¥ A. � ©¤¨â¥

¥£® ã£®« ¯à¨ ¢¥àè¨¥. (�£«®¬ ¯à¨ ¢¥àè¨¥ ª®ãá   §ë¢ ¥âáï ã£®« ¬¥�¤ã ¥£® ®¡à §ãîé¨¬¨ ¢ ®á¥¢®¬

á¥ç¥¨¨.)

�â¢¥â:

π
3

+ 2arsin

1√
3

.

O

A

B

O1
H

r

R-r

π
6̄

γ

�¥è¥¨¥. �¡®§ ç¨¬ ¨áª®¬ë© ã£®« ç¥à¥§ 2γ. �¯¨è¥¬ ¢ à ¢ë¥ ª®ãáë è àë á æ¥âà ¬¨ O
1

, O
2

, O
3

®¤®£® à ¤¨ãá  r. �¨, ®ç¥¢¨¤®, ª á îâáï ¤àã£ ¤àã£ . Ǳãáâì ç¥â¢¥àâë© ª®ãá ª á ¥âáï íâ¨å è à®¢

¢ â®çª å B,C,D. �®£¤  AB = AC = AD ¨, § ç¨â, íâ¨ â®çª¨ «¥� â   ¥ª®â®à®¬ è à¥ á æ¥âà®¬ O

à ¤¨ãá  R, ¢¯¨á ®¬ ¢ ç¥â¢¥àâë© ª®ãá. �â®â è à ª á ¥âáï è à®¢, ¢¯¨á ëå ¢ ®¤¨ ª®¢ë¥ ª®ãáë

(â ª ª ª,  ¯à¨¬¥à, è àë á æ¥âà ¬¨ ¢ O ¨ O
1

ª á îâáï ¢ â®çª¥ B ¯«®áª®áâ¨, á®¤¥à� é¥© ®¡à §ãîéãî

AB ¨ ª á îé¥©áï ç¥â¢¥àâ®£® ª®ãá ). Ǳ®íâ®¬ã â®çª¨ O
1

, O
2

, O
3

«¥� â   ®âà¥§ª å OB, OC, OD á®®â-

¢¥âáâ¢¥®. �®£¤  OO
1

= OO
2

= OO
3

= R − r. �à®¬¥ â®£®, ¯àï¬®ã£®«ìë¥ âà¥ã£®«ì¨ª¨ ABO
1

, ACO
2

¨ ADO
3

à ¢ë ¯® ¤¢ã¬ ª â¥â ¬, ®âªã¤  AO
1

= AO
2

= AO
3

. � ç¨â, ¯àï¬ ï AO ¯à®å®¤¨â ç¥à¥§ æ¥âà

H ®¯¨á ®© ®ªàã�®áâ¨ âà¥ã£®«ì¨ª  O
1

O
2

O
3

¯¥à¯¥¤¨ªã«ïà® ª ¥£® ¯«®áª®áâ¨. � ¬¥â¨¬, çâ® íâ®â

âà¥ã£®«ì¨ª ¯à ¢¨«ìë© ¨ O
1

O
2

= 2r, ®âªã¤  O
1

H =

2r√
3

. � ¤àã£®© áâà®ë,

O
1

H = OO
1

· os∠OO
1

H = (R− r) os γ.

Ǳ®áª®«ìªã R = AB · tg γ = r tg π
6

tg γ = r
√
3 tg γ, ¬ë ¯®«ãç ¥¬

2r√
3

= r
(
√
3 sin γ − os γ

)

⇐⇒ 1√
3

= sin

(

γ − π
6

)

⇐⇒ 2γ = π
3

+ 2arsin

1√
3

. �



� à¨ â 5

1. � ª«¥âª å â ¡«¨æë 10× 10 à ááâ ¢«¥ë ç¨á«  1, 2, 3, . . . , 100 â ª, çâ® áã¬¬  ç¨á¥«, à á¯®«®�¥ëå

¢ «î¡®¬ ª¢ ¤à â¨ª¥ 2× 2, ¥ ¯à¥¢®áå®¤¨â S. � ©¤¨â¥  ¨¬¥ìè¥¥ ¢®§¬®�®¥ § ç¥¨¥ S.

�â¢¥â: 202.

�¥è¥¨¥. � §®¡ì¥¬ â ¡«¨æã 10× 10   25 ª¢ ¤à â®¢ 2× 2. Ǳ®áª®«ìªã áã¬¬  ç¨á¥« ¢® ¢á¥© â ¡«¨æ¥

à ¢ 

1 + 2 + · · ·+ 100 =

100 · 101
2

= 5050,

áà¥¤¥¥  à¨ä¬¥â¨ç¥áª®¥ áã¬¬ ç¨á¥« ¢ íâ¨å 25 ª¢ ¤à â å à ¢® 202. � ç¨â, å®âï ¡ë ¢ ®¤®¬ ª¢ ¤à â¥

áã¬¬  ç¨á¥« ¥ ¬¥ìè¥ 202, â® ¥áâì S > 202. Ǳà¨¬¥à à ááâ ®¢ª¨, ¯à¨ ª®â®à®© à¥ «¨§ã¥âáï § ç¥¨¥

S = 202, ¯à¨¢¥¤¥   à¨áãª¥. �

100 99 98 97 96 95 94 93 92 91

1 2 3 4 5 6 7 8 9 10

90 89 88 87 86 85 84 83 82 81

11 12 13 14 15 16 17 18 19 20

80 79 78 77 76 75 74 73 72 71

21 22 23 24 25 26 27 28 29 30

70 69 68 67 66 65 64 63 62 61

31 32 33 34 35 36 37 38 39 40

60 59 58 57 56 55 54 53 52 51

41 42 43 44 45 46 47 48 49 50

2. � ë ç¨á«  a, b, c, d, e, f , ¯à¨ç¥¬ b2 6 ac. �®ª �¨â¥ ¥à ¢¥áâ¢®

(af − cd)2 > (ae− bd)(bf − ce).

�¥è¥¨¥. �á«¨ a = 0 ¨«¨ c = 0, â® b = 0, ¨ ¥à ¢¥áâ¢® ®ç¥¢¨¤®. Ǳãáâì a ¨ c ®â«¨çë ®â ã«ï.

Ǳà ¢ ï ç áâì ¥à ¢¥áâ¢  ¥áâì ª¢ ¤à âë© âà¥åç«¥ ®â e

ϕ(e) = −ace2 + eb(af + cd)− b2df

á ®âà¨æ â¥«ìë¬ áâ àè¨¬ ª®íää¨æ¨¥â®¬. � ªá¨¬ã¬ ϕ à¥ «¨§ã¥âáï ¯à¨ e =
b(af + dc)

2ac
¨ à ¢¥

b2
(

af + cd

2c
− d

)(

f − af + cd

2a

)

=

b2

4ac
(af − cd)2,

®âªã¤  ¨ ¢ëâ¥ª ¥â âà¥¡ã¥¬®¥ ¥à ¢¥áâ¢®. �

3. �  ®áâà®ã£®«ìë© âà¥ã£®«ì¨ª ABC á ã£«®¬ ∠ABC = α. �  ¯à®¤®«�¥¨¨ áâ®à®ë BC ¢§ïâ 

â ª ï â®çª  D, çâ® ¯àï¬ ï AD | ª á â¥«ì ï ª ®¯¨á ®© ®ªàã�®áâ¨ ω âà¥ã£®«ì¨ª  ABC.

Ǳàï¬ ï AC ¯¥à¥á¥ª ¥â ®¯¨á ãî ®ªàã�®áâì âà¥ã£®«ì¨ª  ABD ¢ â®çª¥ E. �ª § «®áì, çâ® ¡¨á-

á¥ªâà¨á  ∠ADE ª á ¥âáï ®ªàã�®áâ¨ ω. � ª ª®¬ ®â®è¥¨¨ â®çª  C ¤¥«¨â ®âà¥§®ª AE?

�â¢¥â: AC : CE = sinα.

�¥è¥¨¥. Ǳãáâì r | à ¤¨ãá ω, K ¨ L| â®çª¨ ¯¥à¥á¥ç¥¨ï ¡¨áá¥ªâà¨áë ã£«  ADE á AE ¨ ω á®®â¢¥â-

áâ¢¥® (á¬. à¨áã®ª). �£®« ¬¥�¤ã ª á â¥«ì®© AD ª ®ªàã�®áâ¨ ω ¨ å®à¤®© AC à ¢¥ ¢¯¨á ®¬ã ã£«ã,

ª®â®àë© ®¯¨à ¥âáï   AC, ®âªã¤  ∠DAE = ∠ABD. �à®¬¥ â®£®, ¢¯¨á ë¥ ã£«ë ABD ¨ AED ®¯¨à îâáï

  å®à¤ã AD ¨ ¯®â®¬ã à ¢ë. �®£¤  ∠DAE = ∠AED, â® ¥áâì âà¥ã£®«ì¨ª ADE | à ¢®¡¥¤à¥ë©.



Ǳ®íâ®¬ã AK = KE ¨ DK ⊥ AE. �âà¥§®ª AE ¯ à ««¥«¥ à ¤¨ãáã OL ®ªàã�®áâ¨ ω, ¯®áª®«ìªã ®¨ ®¡ 

¯¥à¯¥¤¨ªã«ïàë DL. �®£¤  AC = 2r sinα ¨

CE = AE −AC = 2AK −AC = 2 (r + r sinα)− 2r sinα = 2r,

çâ® ¨ ¤ ¥â ®â¢¥â. �

O

A

B

C

D

EK

L

α
ω

4. � èª®«¥ 920 ãç¥¨ª®¢, ¯à¨ç¥¬ ¢ ª �¤®¬ ª« áá¥ ¨å ¥ ¡®«¥¥ k ç¥«®¢¥ª. �á¥ èª®«ì¨ª¨ ¤®«�ë ¯®¥å âì

   ¢â®¡ãáãî íªáªãàá¨î. �«ï íâ®£® § ª § ® 16  ¢â®¡ãá®¢ ¯® 71 ¬¥áâã ¢ ª �¤®¬. �ª®«ì¨ª®¢

ã�® à áá ¤¨âì ¯®  ¢â®¡ãá ¬ â ª, çâ®¡ë ãç¥¨ª¨ ª �¤®£® ª« áá  ®ª § «¨áì ¢ ®¤®¬  ¢â®¡ãá¥.

Ǳà¨ ª ª®¬  ¨¡®«ìè¥¬ k íâ® £ à â¨à®¢ ® ¬®�® á¤¥« âì?

�â¢¥â: 17.

�¥è¥¨¥. �á«¨ k = 18, â® à áá ¤¨âì èª®«ì¨ª®¢ ¯®  ¢â®¡ãá ¬ ¬®�® ¥ ¢á¥£¤ . �¥©áâ¢¨â¥«ì®,

¯ãáâì ¢ èª®«¥ ¨¬¥¥âáï 50 ª« áá®¢ ¯® 18 ãç¥¨ª®¢ ¨ ¤¢  ¯® 10 ãç¥¨ª®¢. � ®¤¨  ¢â®¡ãá ã¬¥é ¥âáï «¨èì

âà¨ ª« áá  ¯® 18 èª®«ì¨ª®¢. Ǳ®íâ®¬ã ¤«ï ¯¥à¥¢®§ª¨ ãç¥¨ª®¢ â ª¨å ª« áá®¢ ¯®âà¥¡ã¥âáï ¥ ¬¥¥¥ 17

 ¢â®¡ãá®¢.

Ǳ®ª �¥¬, çâ® ¥á«¨ ¢ ª �¤®¬ ª« áá¥ ¥ ¡®«¥¥ 17 ãç¥¨ª®¢, â® à §¬¥áâ¨âì èª®«ì¨ª®¢ ¯®  ¢â®¡ãá ¬

¢á¥£¤  ã¤ áâáï. Ǳà®ã¬¥àã¥¬ ¬¥áâ  ¢  ¢â®¡ãá å áª¢®§ë¬ ®¡à §®¬: ¢ ¯¥à¢®¬ | á 1 ¯® 71, ¢® ¢â®à®¬ |

á 72 ¯® 142, ¨ â ª ¤ «¥¥. Ǳ®á ¤¨¬ ¢ ¯®àï¤ª¥ ¢®§à áâ ¨ï ®¬¥à®¢ ¬¥áâ á ç «  ¢á¥å ãç¥¨ª®¢ ¯¥à¢®£®

ª« áá , § â¥¬ | ¢â®à®£®, ¨ â ª ¤ «¥¥. � à¥§ã«ìâ â¥ èª®«ì¨ª¨ ¯®¬¥áâïâáï ¢ 13  ¢â®¡ãá®¢, ¯®áª®«ìªã

13 · 71 = 923 > 920. Ǳà¨ â ª®© à áá ¤ª¥ ¢ ¤¢ãå  ¢â®¡ãá å ¬®£ãâ ®ª § âìáï ãç¥¨ª¨ ¥ ¡®«¥¥ 12 ª« áá®¢.

�«ï à §¬¥é¥¨ï íâ¨å ª« áá®¢ ¤®áâ â®ç® âà¥å  ¢â®¡ãá®¢, ¯®áª®«ìªã ¢ ®¤®¬  ¢â®¡ãá¥ ¯®¬¥é îâáï «î¡ë¥

ç¥âëà¥ ª« áá . �

5. � ®  âãà «ì®¥ ç¨á«® x = 5

n − 1, £¤¥ n |  âãà «ì®¥ ç¨á«®. �§¢¥áâ®, çâ® x ¨¬¥¥â à®¢® âà¨

à §«¨çëå ¯à®áâëå ¤¥«¨â¥«ï, ®¤¨ ¨§ ª®â®àëå à ¢¥ 11. � ©¤¨â¥ x.

�â¢¥â: 3124.

�¥è¥¨¥. Ǳ®áª®«ìªã ç¨á«® x ç¥â®, ®¤¨ ¨§ ¥£® ¯à®áâëå ¤¥«¨â¥«¥© à ¢¥ 2. Ǳ®íâ®¬ã ¬ë ¤®«�ë

 ©â¨ ¢á¥ x, ¨¬¥îé¨¥ à®¢® ¤¢  ¥ç¥âëå ¯à®áâëå ¤¥«¨â¥«ï, ®¤¨ ¨§ ª®â®àëå à ¢¥ 11. �áâ âª¨ ®â

¤¥«¥¨ï áâ¥¯¥¥© 5   11 à ¢ë 5, 3, 4, 9, 1 ¨ ¤ «¥¥ æ¨ª«¨ç¥áª¨ ¯®¢â®àïîâáï. �®£¤  ¤¥«¨¬®áâì x   11

®§ ç ¥â, çâ® n ªà â® 5, â® ¥áâì x = 5

5m− 1. �âáî¤  ¯® ä®à¬ã«¥ ¤«ï áã¬¬ë £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨

x = p · q, £¤¥ p = 5

m − 1, q = 1+ 5

m
+ 5

2m
+ 5

3m
+ 5

4m.

� ¬¥â¨¬, çâ® ç¨á«  p ¨ q ¢§ ¨¬® ¯à®áâë. �¥©áâ¢¨â¥«ì®, ¯ãáâì ç¨á«® r ¤¥«¨â p ¨ q. �®£¤ 

5 = q − (5

m − 1)− (5

2m − 1)− (5

3m − 1)− (5

4m − 1).

� §®áâ¨ ¢¨¤  5

km−1 ¤¥«ïâáï   p ¨, â¥¬ ¡®«¥¥,   r. Ǳ®íâ®¬ã r ï¢«ï¥âáï ¤¥«¨â¥«¥¬ 5. �® p ¥ ªà â® 5,

®âªã¤  r = 1.

�®ª �¥¬, çâ® ç¨á«® p ¥áâì áâ¥¯¥ì ¤¢®©ª¨ â®«ìª® ¯à¨ m = 1. �¥©áâ¢¨â¥«ì®, ¯ãáâì m > 1. �á«¨

m = 2k, â® § ¯¨è¥¬ p = (5

k−1)(5

k
+1). � ¯à ¢®© ç áâ¨ áâ®¨â ¯à®¨§¢¥¤¥¨¥ á®á¥¤¨å ç¥âëå ç¨á¥«. �®âï



¡ë ®¤® ¨§ ¨å ¡®«ìè¥ 4 ¨ ¥ ¤¥«¨âáï   4, ¯®íâ®¬ã ®® ¥ ï¢«ï¥âáï áâ¥¯¥ìî 2. Ǳãáâì â¥¯¥àì m = 2k+1.

�®£¤ 

p = 5

m − 5 + 4 = 5 · (5k − 1)(5

k
+ 1) + 4.

Ǳà ¢ ï ç áâì ¥ ¤¥«¨âáï   8, ¯®áª®«ìªã (5

k − 1)(5

k
+ 1) ªà â® 8 ª ª ¯à®¨§¢¥¤¥¨¥ á®á¥¤¨å ç¥âëå

ç¨á¥«. � ª ª ª p > 4, ç¨á«® p ¥ ¬®�¥â ¡ëâì áâ¥¯¥ìî ¤¢®©ª¨.

Ǳà¨ m = 1 ¬ë ¯®«ãç¨¬ x = 3124 = 4 · 11 · 71, çâ®  ¬ ¯®¤å®¤¨â. Ǳ®ª �¥¬, çâ® ¯à¨ m > 1 à¥è¥¨© ¥

¡ã¤¥â. �¤® ¨§ ç¨á¥« p ¨ q ¤¥«¨âáï   11. � áá¬®âà¨¬ ¤¢  á«ãç ï.

1) p ªà â® 11. �®£¤  m
.

.

.

5, â® ¥áâì m = 5k. �á«¨ k = 1, â® p ¤¥«¨âáï   11 ¨ 71. Ǳà¨ k > 1 ¬ë ¬®�¥¬

¯à¨¬¥¨âì ª p â¥ �¥ à ááã�¤¥¨ï, çâ® ª x. � ®¡®¨å á«ãç ïå p à §«®�¨âáï   ¤¢  ¢§ ¨¬® ¯à®áâëå ¬®-

�¨â¥«ï, ¥ ï¢«ïîé¨åáï áâ¥¯¥ï¬¨ ¤¢®©ª¨. Ǳ®íâ®¬ã x ¨¬¥¥â ¥ ¬¥¥¥ âà¥å à §«¨çëå ¯à®áâëå ¥ç¥âëå

¤¥«¨â¥«¥©, çâ® ¥¢®§¬®�®.

2) q ªà â® 11. � ¬¥â¨¬, çâ® p ¨¬¥¥â ¥ç¥âë© ¤¥«¨â¥«ì,   q ¥ç¥â® ¨ ¢§ ¨¬® ¯à®áâ® á p. �®£¤  q

¤®«�® ¡ëâì áâ¥¯¥ìî 11. �áâ â®ª ®â ¤¥«¥¨ï 5

m
  8 à ¢¥ 5 ¯à¨ ¥ç¥â®¬ m ¨ 1 ¯à¨ ç¥â®¬ m. �á«¨

m ¥ç¥â®, â® ®áâ â®ª ®â ¤¥«¥¨ï q   8 â ª®© �¥, ª ª ã 1 + 5 + 1 + 5 + 1 = 13, â® ¥áâì ® à ¢¥ 5. Ǳà¨

ç¥â®¬ m ®áâ â®ª ®â ¤¥«¥¨ï q   8 â ª�¥ à ¢¥ 5. �® ®áâ âª¨ ®â ¤¥«¥¨ï 11

s
  8 ¯à¨¨¬ îâ â®«ìª®

§ ç¥¨ï 3 ¨ 1, ¯®íâ®¬ã q ¥ ¬®�¥â ¡ëâì áâ¥¯¥ìî 11. �

6. �à¨ ª®ãá  á ¢¥àè¨®© A ª á îâáï ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬, ¯à¨ç¥¬ ã ¯¥à¢ëå ¤¢ãå ã£®« ¯à¨

¢¥àè¨¥ à ¢¥

π
6

. � �¤ë© ¨§ ª®ãá®¢ ª á ¥âáï ¢ãâà¥¨¬ ®¡à §®¬ ç¥â¢¥àâ®£® ª®ãá  á ¢¥àè¨®©

¢ â®çª¥ A ¨ ã£«®¬ ¯à¨ ¢¥àè¨¥

π
3

. � ©¤¨â¥ ã£®« ¯à¨ ¢¥àè¨¥ âà¥âì¥£® ª®ãá . (�£«®¬ ¯à¨ ¢¥àè¨¥

ª®ãá   §ë¢ ¥âáï ã£®« ¬¥�¤ã ¥£® ®¡à §ãîé¨¬¨ ¢ ®á¥¢®¬ á¥ç¥¨¨.)

�â¢¥â: 2 artg

(√
3 + 4

)

.

O

A

D

H
O3

E

β
A

E

O1

O3

α β

�¥è¥¨¥ 1. Ǳãáâì 2β | ¨áª®¬ë© ã£®«, α =

π
12

. �¯¨è¥¬ ¢ ¯¥à¢ë¥ âà¨ ª®ãá  è àë á æ¥âà ¬¨

O
1

, O
2

, O
3

, ª á îé¨¥áï ¤àã£ ¤àã£ . � á â¥«ìë¥, ¯à®¢¥¤¥ë¥ ¨§ A ª® ¢á¥¬ è à ¬, ®¤¨ ª®¢ë, ¯®áª®«ìªã

«î¡ ï ¯ à  è à®¢ ¨¬¥¥â ®¡éãî ª á â¥«ìãî. Ǳãáâì ç¥â¢¥àâë© ª®ãá ª á ¥âáï íâ¨å è à®¢ ¢ â®çª å

B,C,D. �®£¤  AB = AC = AD ¨, § ç¨â, íâ¨ â®çª¨ «¥� â   ¥ª®â®à®¬ è à¥ á æ¥âà®¬ O, ¢¯¨á ®¬

¢ ç¥â¢¥àâë© ª®ãá. �â®â è à ª á ¥âáï ®áâ «ìëå è à®¢ (â ª ª ª,  ¯à¨¬¥à, è àë á æ¥âà ¬¨ ¢ O ¨ O
1

ª á îâáï ¢ â®çª¥ B ¯«®áª®áâ¨, á®¤¥à� é¥© ®¡à §ãîéãî AB ¨ ª á îé¥©áï ç¥â¢¥àâ®£® ª®ãá ). Ǳ®íâ®¬ã

â®çª¨ O
1

, O
2

, O
3

«¥� â   ®âà¥§ª å OB, OC, OD á®®â¢¥âáâ¢¥®. � ¬¥â¨¬, çâ® AO | ®áì á¨¬¬¥âà¨¨

ç¥â¢¥àâ®£® ª®ãá , ¨, § ç¨â, ã£®« ¬¥�¤ã AO ¨ «î¡®© ®¡à §ãîé¥© íâ®£® ª®ãá  à ¢¥ ã£«ã ¯à¨ ¢¥àè¨¥

¤¢ãå ®¤¨ ª®¢ëå ª®ãá®¢. �®£¤  AO ª á ¥âáï íâ¨å ª®ãá®¢, â® ¥áâì ¯à®å®¤¨â ç¥à¥§ â®çªã H ª á ¨ï

è à®¢ á æ¥âà ¬¨ ¢ O
1

¨ O
2

. �âà¥§ª¨ AH ¨ O
3

H ¯¥à¯¥¤¨ªã«ïàë O
1

H ª ª ¬¥¤¨ ë à ¢®¡¥¤à¥ëå

âà¥ã£®«ì¨ª®¢O
1

O
2

A ¨ O
1

O
2

O
3

. Ǳ®íâ®¬ã ®âà¥§®ª O
1

H ¯¥à¯¥¤¨ªã«ïà¥ ¯«®áª®áâ¨ ADO
3

¨, ¢ ç áâ®áâ¨,

¯àï¬®© AO
3

. � ç¨â, H ¨ O
1

¯à¨ ¯à®¥ªâ¨à®¢ ¨¨   ¯àï¬ãî AO
3

¯¥à¥å®¤ïâ ¢ ®¤ã ¨ âã �¥ â®çªã E.

�®£¤ 

AH · os(2α− β) = AH · os∠HAE = AE = AO
1

· os(α+ β) =
AB

osα
· os(α+ β).

� ¬¥â¨¬, çâ® AH = AB ª ª ª á â¥«ìë¥ ª è àã á æ¥âà®¬ ¢ O
1

. Ǳ®íâ®¬ã

os 2α osβ + sin 2α sinβ = osβ − tgα sinβ ⇐⇒ osβ (1− os 2α) = sinβ (tgα+ sin 2α).



Ǳ®áª®«ìªã

tgα+ sin 2α =

sin 2α

1 + os 2α
+ sin 2α = sin 2α · 2 + os 2α

1 + os 2α
,

¬ë ¯®«ãç ¥¬

tg β =
sin 2α (2 + os 2α)

1− os

2

2α
=

2 + os 2α

sin 2α
=

2 +

√
3

2

1

2

= 4 +

√
3⇐⇒ 2β = 2artg

(
√
3 + 4

)

. �

O

A

D

B

N

H

O1

O3
r

x
y

γ

�¥è¥¨¥ 2. Ǳãáâì 2β | ¨áª®¬ë© ã£®«, γ =

π
6

. �¯¨è¥¬ ¢ ¯¥à¢ë¥ âà¨ ª®ãá  è àë á æ¥âà ¬¨

O
1

, O
2

, O
3

¨ à ¤¨ãá ¬¨ r, r, ρ, ª á îé¨¥áï ¤àã£ ¤àã£ . � á â¥«ìë¥, ¯à®¢¥¤¥ë¥ ¨§ A ª® ¢á¥¬ è à ¬,

®¤¨ ª®¢ë, ¯®áª®«ìªã «î¡ ï ¯ à  è à®¢ ¨¬¥¥â ®¡éãî ª á â¥«ìãî. Ǳãáâì ç¥â¢¥àâë© ª®ãá ª á ¥âáï íâ¨å

è à®¢ ¢ â®çª å B,C,D. �®£¤  AB = AC = AD ¨, § ç¨â, íâ¨ â®çª¨ «¥� â   ¥ª®â®à®¬ è à¥ á æ¥âà®¬ O

à ¤¨ãá R, ¢¯¨á ®¬ ¢ ç¥â¢¥àâë© ª®ãá. �â®â è à ª á ¥âáï ®áâ «ìëå è à®¢ (â ª ª ª,  ¯à¨¬¥à, è àë á

æ¥âà ¬¨ ¢ O ¨ O
1

ª á îâáï ¢ â®çª¥ B ¯«®áª®áâ¨, á®¤¥à� é¥© ®¡à §ãîéãî AB ¨ ª á îé¥©áï ç¥â¢¥àâ®£®

ª®ãá ). Ǳ®íâ®¬ã â®çª¨ O
1

, O
2

, O
3

«¥� â   ®âà¥§ª å OB, OC, OD á®®â¢¥âáâ¢¥®. � ¬¥â¨¬, çâ® AO

| ®áì á¨¬¬¥âà¨¨ ç¥â¢¥àâ®£® ª®ãá , ¨, § ç¨â, ã£®« ¬¥�¤ã AO ¨ «î¡®© ®¡à §ãîé¥© íâ®£® ª®ãá  à ¢¥

ã£«ã ¯à¨ ¢¥àè¨¥ ¤¢ãå ®¤¨ ª®¢ëå ª®ãá®¢. �®£¤  AO ª á ¥âáï íâ¨å ª®ãá®¢, â® ¥áâì ¯à®å®¤¨â ç¥à¥§

â®çªã H ª á ¨ï è à®¢ á æ¥âà ¬¨ ¢ O
1

¨ O
2

. �âà¥§ª¨ AH ¨ O
3

H ¯¥à¯¥¤¨ªã«ïàë O
1

H ª ª ¬¥¤¨ ë

à ¢®¡¥¤à¥ëå âà¥ã£®«ì¨ª®¢ O
1

O
2

A ¨ O
1

O
2

O
3

. Ǳ®íâ®¬ã ®âà¥§®ª O
1

H ¯¥à¯¥¤¨ªã«ïà¥ ¯«®áª®áâ¨

ADO
3

¨, ¢ ç áâ®áâ¨, ¯àï¬®© HO
3

. Ǳãáâì N | ¯à®¥ªæ¨ï â®çª¨ O
3

  ¯àï¬ãî AO, x = R− r, y = R− ρ.

�®£¤ 

r = O
1

H = x os γ, NO
3

= y os γ, HN = |x− y| sin γ.

Ǳ® â¥®à¥¬¥ Ǳ¨ä £®à 

O
1

O2

3

= O
1

H2

+HO2

3

= O
1

H2

+NO2

3

+HN2

=

(

x2 + y2
)

os

2 γ + (x − y)2 sin2 γ =

=

(

x2 + y2 − (x − y)2
)

os

2 γ + (x− y)2 = 2xy os2 γ + (x− y)2 = 2ry os γ + (ρ− r)2.

� ¤àã£®© áâ®à®ë, O
1

O
3

= ρ+ r, ®âªã¤ 

2ry os γ = (ρ+ r)2 − (ρ− r)2 = 4ρr ¨ 2ρ = y os γ = (R− ρ) os γ.

� ¬¥â¨¬, çâ® ρ = AD · tg β, R = AD · tg γ. Ǳ®íâ®¬ã

2 tgβ = sin γ − tg β os γ =⇒ tg β =

2 + os γ

sin γ
= 4 +

√
3. �



� à¨ â 6

1. � ç¥àëå ª«¥âª å è å¬ â®© ¤®áª¨ 8 × 8 à ááâ ¢«¥ë ç¨á«  1, 2, 3, . . . , 32 â ª, çâ® áã¬¬  ç¨á¥«,

à á¯®«®�¥ëå ¢ «î¡®¬ ª¢ ¤à â¨ª¥ 2× 2, ¥ ¯à¥¢®áå®¤¨â S. � ©¤¨â¥  ¨¬¥ìè¥¥ ¢®§¬®�®¥ § -

ç¥¨¥ S.

�â¢¥â: 33.

�¥è¥¨¥. � §®¡ì¥¬ è å¬ âãî ¤®áªã   16 ª¢ ¤à â®¢ 2×2. Ǳ®áª®«ìªã áã¬¬  ç¨á¥«, à á¯®«®�¥ëå

¢® ¢á¥å ç¥àëå ª«¥âª å, à ¢ 

1 + 2 + · · ·+ 32 =

32 · 33
2

= 16 · 33,

áà¥¤¥¥  à¨ä¬¥â¨ç¥áª®¥ áã¬¬ ç¨á¥« ¢ íâ¨å 16 ª¢ ¤à â å à ¢® 33. � ç¨â, å®âï ¡ë ¢ ®¤®¬ ª¢ ¤à â¥

áã¬¬  ç¨á¥« ¥ ¬¥ìè¥ 33, â® ¥áâì S > 33. Ǳà¨¬¥à à ááâ ®¢ª¨, ¯à¨ ª®â®à®© à¥ «¨§ã¥âáï § ç¥¨¥ S = 33,

¯à¨¢¥¤¥   à¨áãª¥.

32 31 30 29

1 2 3 4

28 27 26 25

5 6 7 8

24 23 22 21

9 10 11 12

20 19 18 17

13 14 15 16

2. � ë ç¨á«  a, b, c, d, e, f , ¯à¨ç¥¬ b2 > a2 + c2. �®ª �¨â¥ ¥à ¢¥áâ¢®

(af − cd)2 6 (ae− bd)2 + (bf − ce)2.

�¥è¥¨¥. �á«¨ a = c = 0, â® ¥à ¢¥áâ¢® ®ç¥¢¨¤®. � ¯à®â¨¢®¬ á«ãç ¥ ¯à ¢ ï ç áâì ¥à ¢¥áâ¢ 

¥áâì ª¢ ¤à âë© âà¥åç«¥ ®â e

ϕ(e) =
(

a2 + c2
)

e2 − 2eb(ad+ cf) + b2
(

d2 + f2
)

á ¯®«®�¨â¥«ìë¬ áâ àè¨¬ ª®íää¨æ¨¥â®¬. �¨¨¬ã¬ ϕ à ¢¥

− D

4(a2 + c2)
=

b2

a2 + c2

((

d2 + f2
)

− (ad+ cf)2
)

=

b2

a2 + c2
(af − cd)2,

£¤¥ D | ¤¨áªà¨¬¨ â ϕ. �âáî¤  ¨ ¢ëâ¥ª ¥â âà¥¡ã¥¬®¥ ¥à ¢¥áâ¢®. �

3. �à¥ã£®«ì¨ª ABC á ã£«®¬ ∠ABC = 135

◦
¢¯¨á  ¢ ®ªàã�®áâì ω. Ǳàï¬ë¥, ª á îé¨¥áï ω ¢ â®çª å A

¨ C, ¯¥à¥á¥ª îâáï ¢ â®çª¥ D. � ©¤¨â¥ ∠ABD, ¥á«¨ ¨§¢¥áâ®, çâ® AB ¤¥«¨â ®âà¥§®ª CD ¯®¯®« ¬.

�â¢¥â: 90

◦
.

O

A

C

B

D

M



�¥è¥¨¥. Ǳãáâì O | æ¥âà ω, M | â®çª  ¯¥à¥á¥ç¥¨ï ¯àï¬ëå AB ¨ CD. � ¬¥â¨¬, çâ®

∠AOC = 2 (180

◦ − ∠ABC) = 2 (180

◦ − 135

◦
) = 90

◦.

�®£¤  ç¥âëà¥åã£®«ì¨ª AOCD ï¢«ï¥âáï ª¢ ¤à â®¬ ¨, § ç¨â, ∠ADC = 90

◦
. Ǳ® â¥®à¥¬¥ ® ª á â¥«ì®© ¨

á¥ªãé¥©

DM2

=MC2

= BM ·AM, â® ¥áâì

DM

AM
=

BM

DM
.

Ǳ®íâ®¬ã âà¥ã£®«ì¨ª¨ DBM ¨ ADM ¯®¤®¡ë, ®âªã¤ 

∠ABD = 180

◦ − ∠MBD = 180

◦ − ∠ADM = 90

◦. �

4. �  áª« ¤¥ åà ¨âáï 1500 â® à §«¨çëå â®¢ à®¢ ¢ ª®â¥©¥à å. �¥á «î¡®£® ª®â¥©¥à  ªà â¥

â®¥ ¨ ¥ ¯à¥¢®áå®¤¨â k â®. � áª« ¤ã ¯®¤  á®áâ ¢ ¨§ 25 ¯« âä®à¬, £àã§®¯®¤ê¥¬®áâì ª®â®àëå

¯® 80 â®. Ǳà¨ ª ª®¬ ¬ ªá¨¬ «ì®¬ k íâ¨¬ á®áâ ¢®¬ ¬®�® £ à â¨à®¢ ® ¢ë¢¥§â¨ ¢¥áì â®¢ à?

�â¢¥â: 26.

�¥è¥¨¥. �á«¨ k = 27, â® ¢ë¢¥§â¨ ¢¥áì â®¢ à ¬®�® ¥ ¢á¥£¤ . �¥©áâ¢¨â¥«ì®, ¯ãáâì   áª« ¤¥

¨¬¥¥âáï 55 ª®â¥©¥à®¢ ¯® 27 â® ¨ ®¤¨ ¢¥á®¬ 15 â®. �  ®¤ã ¯« âä®à¬ã ã¬¥é ¥âáï «¨èì ¤¢ 

ª®â¥©¥à  ¯® 27 â®. Ǳ®íâ®¬ã ¤«ï ¯¥à¥¢®§ª¨ 55 â ª¨å ª®â¥©¥à®¢ ¯®âà¥¡ã¥âáï ¥ ¬¥¥¥ 28 ¯« âä®à¬.

Ǳ®ª �¥¬, çâ® ¥á«¨ ¢¥á ª �¤®£® ª®â¥©¥à  ¥ ¡®«¥¥ 26 â®, â® ¢ë¢¥§â¨ ¨å á® áª« ¤  ¢á¥£¤  ã¤ áâ-

áï. Ǳà¥¤áâ ¢¨¬ á¥¡¥, çâ® ¢ ª®â¥©¥à å åà ïâáï ïé¨ª¨ ¢¥á®¬ ¯® â®¥ ª �¤ë©,   á ¬¨ ª®â¥©¥àë

¥¢¥á®¬ë¥. �ã¤¥¬ ¯®á«¥¤®¢ â¥«ì® § £àã� âì ïé¨ª ¬¨ ¯« âä®à¬ë: ª ª â®«ìª® ®ç¥à¥¤ ï ¯« âä®à¬ 

§ ¯®«¥  | ¯¥à¥å®¤¨¬ ª á«¥¤ãîé¥©. �àã§¨âì ¡ã¤¥¬ á ç «  ¢á¥ ïé¨ª¨ ¨§ ¯¥à¢®£® ª®â¥©¥à , § â¥¬ ¨§

¢â®à®£®, ¨ â ª ¤ «¥¥. � à¥§ã«ìâ â¥ ïé¨ª¨ ¯®¬¥áâïâáï   19 ¯« âä®à¬ å, ¯®áª®«ìªã 19 · 80 = 1520 > 1500.

Ǳà¨ â ª®¬ à §¬¥é¥¨¨   ¤¢ãå ¯« âä®à¬ å ¬®£ãâ ®ª § âìáï ïé¨ª¨ ¨§ ¥ ¡®«¥¥ ç¥¬ 18 ª®â¥©¥à®¢.

�«ï à §¬¥é¥¨ï íâ¨å ª®â¥©¥à®¢ ¤®áâ â®ç® 6 ¯« âä®à¬, ¯®áª®«ìªã   ®¤®© ¯« âä®à¬¥ ¯®¬¥é îâáï

«î¡ë¥ âà¨ ª®â¥©¥à . �

5. � ®  âãà «ì®¥ ç¨á«® x = 8

n − 1, £¤¥ n |  âãà «ì®¥ ç¨á«®. �§¢¥áâ®, çâ® x ¨¬¥¥â à®¢® âà¨

à §«¨çëå ¯à®áâëå ¤¥«¨â¥«ï, ®¤¨ ¨§ ª®â®àëå à ¢¥ 31. � ©¤¨â¥ x.

�â¢¥â: 32 767.

�¥è¥¨¥. �¤¨ ¨§ ¯à®áâëå ¤¥«¨â¥«¥© x, ®ç¥¢¨¤®, à ¢¥ 7. �®ª �¥¬ ¢ ç «¥, çâ® ç¨á«® ¢¨¤ 

y = 8

k − 1 ï¢«ï¥âáï áâ¥¯¥ìî 7 â®«ìª® ¢ á«ãç ¥ k = 1. �¥©áâ¢¨â¥«ì®, ¯à¨ k > 1 § ¯¨è¥¬ y = ab, £¤¥

a = 2

k − 1, b = 2

2k
+ 2

k
+ 1. Ǳ®áª®«ìªã

b = 2

2k − 1 + 2

k − 1 + 3 = a (2k + 2) + 3,

ç¨á«  a ¨ b ¥ ¬®£ãâ ®¤®¢à¥¬¥® ¤¥«¨âìáï   7, ¨ y ¥ ¡ã¤¥â áâ¥¯¥ìî 7.

�áâ âª¨ ®â ¤¥«¥¨ï áâ¥¯¥¥© 8   31 à ¢ë 8, 2, 16, 4, 1 ¨ ¤ «¥¥ æ¨ª«¨ç¥áª¨ ¯®¢â®àïîâáï. �®£¤  ¤¥«¨-

¬®áâì x   31 ®§ ç ¥â, çâ® n ªà â® 5, â® ¥áâì x = 8

5m− 1. � ¬¥â¨¬ â ª�¥, çâ® m ¥ ¤¥«¨âáï   4, ¨ ç¥

¤¥«¨â¥«ï¬¨ x ¡ã¤ãâ ¥é¥ 3, 5 ¨ 7. Ǳà¨ m = 1 ¬ë ¯®«ãç¨¬ x = 32 767 = 7 · 31 · 151, çâ®  ¬ ¯®¤å®¤¨â.

Ǳ®ª �¥¬, çâ® ¯à¨ m > 1 à¥è¥¨© ¥ ¡ã¤¥â. Ǳ® ä®à¬ã«¥ ¤«ï áã¬¬ë £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨

x = p · q, £¤¥ p = 8

m − 1, q = 1+ 8

m
+ 8

2m
+ 8

3m
+ 8

4m.

�®ª �¥¬, çâ® ç¨á«  p ¨ q ¢§ ¨¬® ¯à®áâë. �¥©áâ¢¨â¥«ì®, ¯ãáâì ç¨á«® r ¤¥«¨â p ¨ q. �®£¤ 

5 = q − (8

m − 1)− (8

2m − 1)− (8

3m − 1)− (8

4m − 1).

� §®áâ¨ ¢¨¤  8

km − 1 ¤¥«ïâáï   p ¨, â¥¬ ¡®«¥¥,   r. Ǳ®íâ®¬ã r ï¢«ï¥âáï ¤¥«¨â¥«¥¬ 5. �® ®áâ âª¨

®â ¤¥«¥¨ï 8

m
  5 à ¢ë 3, 4, 2, 1 ¨ ¤ «¥¥ æ¨ª«¨ç¥áª¨ ¯®¢â®àïîâáï. � ª ª ª m ¥ ªà â® 4, ç¨á«® p ¥

¤¥«¨âáï   5, ®âªã¤  r = 1. � ç¨â, q ¥ ¤¥«¨âáï   7, ¯®áª®«ìªã p
.

.

.

7. � áá¬®âà¨¬ ¤¢  á«ãç ï.



1) p ªà â® 31. �®£¤  m
.

.

.

5, â® ¥áâì m = 5k. �á«¨ k = 1, â® p ¤¥«¨âáï   31 ¨ 151. Ǳà¨ k > 1 ¬ë

¬®�¥¬ ¯à¨¬¥¨âì ª p â¥ �¥ à ááã�¤¥¨ï, çâ® ª x. � ®¡®¨å á«ãç ïå p à §«®�¨âáï ¢ ¯à®¨§¢¥¤¥¨¥ ¤¢ãå

¢§ ¨¬® ¯à®áâëå ç¨á¥«, ¥ ï¢«ïîé¨åáï áâ¥¯¥ï¬¨ 7. � ãç¥â®¬ ¤¥«¨¬®áâ¨ x   7 ¬ë ¯®«ãç¨¬, çâ® x

¨¬¥¥â ¥ ¬¥¥¥ ç¥âëà¥å à §«¨çëå ¯à®áâëå ¤¥«¨â¥«¥©.

2) q ªà â® 31. � ¬¥â¨¬, çâ® p ¤¥«¨âáï   7, ¥ ï¢«ïïáì áâ¥¯¥ìî 7,   q ¢§ ¨¬® ¯à®áâ® á p. �®£¤  q

¤®«�® ¡ëâì áâ¥¯¥ìî 31, â® ¥áâì q = 31

s
. Ǳ¥à¥å®¤ï ª ®áâ âª ¬ ®â ¤¥«¥¨ï   8, ¬ë ¯®«ãç¨¬ 1 = (−1)s,

®âªã¤  s ç¥â®. �à®¬¥ â®£®, ®áâ âª¨ ®â ¤¥«¥¨ï 31

s
  7 ¯à¨ ç¥âëå s à ¢ë 2, 4, 1 ¨ ¤ «¥¥ æ¨ª«¨ç¥áª¨

¯®¢â®àïîâáï. �® ®áâ â®ª ®â ¤¥«¥¨ï q   7 à ¢¥ 5. � ª¨¬ ®¡à §®¬, q ¥ ¬®�¥â ¡ëâì áâ¥¯¥ìî 31. �

6. �à¨ ª®ãá  á ¢¥àè¨®© A ª á îâáï ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬, ¯à¨ç¥¬ ¯¥à¢ë¥ ¤¢  ¨§ ¨å ®¤¨ ª®¢ë,

  ã âà¥âì¥£® ã£®« ¯à¨ ¢¥àè¨¥ à ¢¥ 2 arsin

1

4

. � �¤ë© ¨§ ª®ãá®¢ ª á ¥âáï ¢ãâà¥¨¬ ®¡à §®¬

ç¥â¢¥àâ®£® ª®ãá  á ¢¥àè¨®© ¢ â®çª¥ A. � ©¤¨â¥ ã£®« ¯à¨ ¢¥àè¨¥ ã ¯¥à¢ëå ¤¢ãå ª®ãá®¢, ¥á«¨

® ¢¤¢®¥ ¬¥ìè¥, ç¥¬ ã ç¥â¢¥àâ®£® ª®ãá . (�£«®¬ ¯à¨ ¢¥àè¨¥ ª®ãá   §ë¢ ¥âáï ã£®« ¬¥�¤ã ¥£®

®¡à §ãîé¨¬¨ ¢ ®á¥¢®¬ á¥ç¥¨¨.)

�â¢¥â:

π
6

+ arsin

1

4

.

O

A

D

H
O3

E

β
A

E

O1

O3

α β

�¥è¥¨¥. Ǳãáâì 2α | ¨áª®¬ë© ã£®«, β = arsin

1

4

. �¯¨è¥¬ ¢ ¯¥à¢ë¥ âà¨ ª®ãá  è àë á æ¥âà ¬¨

O
1

, O
2

, O
3

, ª á îé¨¥áï ¤àã£ ¤àã£ . � á â¥«ìë¥, ¯à®¢¥¤¥ë¥ ¨§ A ª® ¢á¥¬ è à ¬, ®¤¨ ª®¢ë, ¯®áª®«ìªã

«î¡ ï ¯ à  è à®¢ ¨¬¥¥â ®¡éãî ª á â¥«ìãî. Ǳãáâì ç¥â¢¥àâë© ª®ãá ª á ¥âáï íâ¨å è à®¢ ¢ â®çª å

B,C,D. �®£¤  AB = AC = AD ¨, § ç¨â, íâ¨ â®çª¨ «¥� â   ¥ª®â®à®¬ è à¥ á æ¥âà®¬ O, ¢¯¨á ®¬

¢ ç¥â¢¥àâë© ª®ãá. �â®â è à ª á ¥âáï ®áâ «ìëå è à®¢ (â ª ª ª,  ¯à¨¬¥à, è àë á æ¥âà ¬¨ ¢ O ¨ O
1

ª á îâáï ¢ â®çª¥ B ¯«®áª®áâ¨, á®¤¥à� é¥© ®¡à §ãîéãî AB ¨ ª á îé¥©áï ç¥â¢¥àâ®£® ª®ãá ). Ǳ®íâ®¬ã

â®çª¨ O
1

, O
2

, O
3

«¥� â   ®âà¥§ª å OB, OC, OD á®®â¢¥âáâ¢¥®. � ¬¥â¨¬, çâ® AO | ®áì á¨¬¬¥âà¨¨

ç¥â¢¥àâ®£® ª®ãá , ¨, § ç¨â, ã£®« ¬¥�¤ã AO ¨ «î¡®© ®¡à §ãîé¥© íâ®£® ª®ãá  à ¢¥ ã£«ã ¯à¨ ¢¥àè¨¥

¤¢ãå ®¤¨ ª®¢ëå ª®ãá®¢. �®£¤  AO ª á ¥âáï íâ¨å ª®ãá®¢, â® ¥áâì ¯à®å®¤¨â ç¥à¥§ â®çªã H ª á ¨ï

è à®¢ á æ¥âà ¬¨ ¢ O
1

¨ O
2

. �âà¥§ª¨ AH ¨ O
3

H ¯¥à¯¥¤¨ªã«ïàë O
1

H ª ª ¬¥¤¨ ë à ¢®¡¥¤à¥ëå

âà¥ã£®«ì¨ª®¢O
1

O
2

A ¨ O
1

O
2

O
3

. Ǳ®íâ®¬ã ®âà¥§®ª O
1

H ¯¥à¯¥¤¨ªã«ïà¥ ¯«®áª®áâ¨ ADO
3

¨, ¢ ç áâ®áâ¨,

¯àï¬®© AO
3

. � ç¨â, H ¨ O
1

¯à¨ ¯à®¥ªâ¨à®¢ ¨¨   ¯àï¬ãî AO
3

¯¥à¥å®¤ïâ ¢ ®¤ã ¨ âã �¥ â®çªã E.

�®£¤ 

AH · os(2α− β) = AH · os∠HAE = AE = AO
1

· os(α+ β) =
AB

osα
· os(α+ β).

� ¬¥â¨¬, çâ® AH = AB ª ª ª á â¥«ìë¥ ª è àã á æ¥âà®¬ ¢ O
1

. Ǳ®íâ®¬ã

os 2α osβ + sin 2α sinβ = osβ − tgα sinβ ⇐⇒ osβ (1− os 2α) = sinβ (tgα+ sin 2α).

Ǳ®áª®«ìªã

tgα+ sin 2α =

sin 2α

1 + os 2α
+ sin 2α = sin 2α · 2 + os 2α

1 + os 2α
,

¬ë ¯®«ãç ¥¬

osβ (1− os

2

2α) = sinβ sin 2α (2 + os 2α) ⇐⇒ osβ sin 2α = sinβ (2 + os 2α) ⇐⇒
⇐⇒ sin(2α− β) = 2 sinβ ⇐⇒ 2α = arsin(2 sinβ) + β = π

6

+ arsin

1

4

. �



� à¨ â 7

1. Ǳ¥âï á � á¥© ¨£à îâ ¢ á«¥¤ãîéãî ¨£àã. Ǳ¥âï ®â¬¥ç ¥â k ª«¥â®ª ¤®áª¨ 9 × 9, ¯®á«¥ ç¥£® � áï

ª« ¤¥â   ¤®áªã ¯àï¬®ã£®«ì¨ª 1×4 ¨ á®®¡é ¥â Ǳ¥â¥, ª ª¨¥ ¨§ ®â¬¥ç¥ëå ª«¥â®ª ®  ªàë« (¯àï-

¬®ã£®«ì¨ª ¬®�® ¯®¢®à ç¨¢ âì). � áï ¢ë¨£àë¢ ¥â, ¥á«¨ Ǳ¥âï ¥ ¬®�¥â ®¤®§ ç® ®¯à¥¤¥«¨âì

¯®«®�¥¨¥ ¯àï¬®ã£®«ì¨ª . Ǳà¨ ª ª®¬  ¨¬¥ìè¥¬ k Ǳ¥âï ¬®�¥â â ª ®â¬¥â¨âì ª«¥âª¨, çâ®

� á¥ ¥ ã¤ áâáï ¢ë¨£à âì?

�â¢¥â: 40.

�¥è¥¨¥. Ǳ®ª �¥¬, çâ® ¥®¡å®¤¨¬® ®â¬¥â¨âì ¥ ¬¥¥¥ 40 ª«¥â®ª. � áá¬®âà¨¬ 5 ª«¥â®ª, ¨¤ãé¨å

¯®¤àï¤: AB C DE . Ǳ¥âï ¤®«�¥ ®â¬¥â¨âì å®âï ¡ë ®¤ã ¨§ ª«¥â®ª A ¨ E. �¥©áâ¢¨â¥«ì®, ¥á«¨ Ǳ¥âï ¥

®â¬¥â¨« ª«¥âª¨ A ¨ E, â® ® ¥ á¬®�¥â à §«¨ç¨âì à §¬¥é¥¨ï ¯àï¬®ã£®«ì¨ª    ª«¥âª å ABCD ¨  

ª«¥âª å BCDE. � ç¨â, ¨§ «î¡ëå ª«¥â®ª, ¨¤ãé¨å ç¥à¥§ âà¨ (ª ª ¯® £®à¨§®â «¨, â ª ¨ ¯® ¢¥àâ¨ª «¨),

å®âï ¡ë ®¤  ®â¬¥ç¥ . Ǳ®«®áª  1× 8 à §¡¨¢ ¥âáï   ç¥âëà¥ ¯ àë â ª¨å ª«¥â®ª, ¯®íâ®¬ã ¢ ¥© ¥ ¬¥¥¥

ç¥âëà¥å ®â¬¥ç¥ëå ª«¥â®ª. � ¬¥â¨¬, çâ® ¨§ ¤®áª¨ 9× 9 ¬®�® ¢ëà¥§ âì 10 ¥¯¥à¥á¥ª îé¨åáï ¯®«®á®ª

1 × 8 (9 £®à¨§®â «ìëå ¨ ®¤ã ¢¥àâ¨ª «ìãî). � ç¨â, ¤®«�® ¡ëâì ®â¬¥ç¥® ¥ ¬¥¥¥ 40 ª«¥â®ª.

Ǳà¨¬¥à á 40 ®â¬¥ç¥ë¬¨ ª«¥âª ¬¨ ¯®ª §    à¨áãª¥. �

ZZ Z Z

ZZ Z Z

Z Z ZZ Z

ZZ Z Z

Z Z ZZ Z

Z Z ZZ Z

ZZ Z Z

Z Z ZZ Z

ZZ Z Z

2. � ë ç¨á«  x, y, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î x4+y4 > 2. �®ª �¨â¥ ¥à ¢¥áâ¢®

∣

∣x12−y12
∣

∣

+2x6y6 > 2.

�¥è¥¨¥ 1. � ¬¥â¨¬, çâ®

(u+ v)3 6 4

(

u3 + v3
)

¯à¨ ¢á¥å u, v > 0.

�¥©áâ¢¨â¥«ì®, ¯à¨ u = v = 0 ¢á¥ ®ç¥¢¨¤®. � ¯à®â¨¢®¬ á«ãç ¥ ¯®á«¥ á®ªà é¥¨ï   u+ v ¬ë ¯®«ãç¨¬

u2 + 2uv + v2 6 4 (u2 − uv + v2), çâ® íª¢¨¢ «¥â® 3 (u− v)2 > 0.

� á¨«ã á¨¬¬¥âà¨¨ ¥à ¢¥áâ¢  ¬ë ¬®�¥¬ áç¨â âì, çâ® |x| > |y|. �®£¤  x6y6 > y12, ®âªã¤ 

x12 − y12 + 2x6y6 > x12 + y12 >
(x4 + y4)3

4

> 2. �

�¥è¥¨¥ 2. � á¨«ã á¨¬¬¥âà¨¨ ¨ ç¥â®áâ¨ «¥¢®© ç áâ¨ ¥à ¢¥áâ¢  ¬ë ¬®�¥¬ áç¨â âì, çâ® x > y > 0.

Ǳ®«®�¨¬

x = r
6

√
os t, y = r

6

√
sin t, £¤¥ r > 0, t ∈

[

0, π
4

]

.

� ¬¥â¨¬, çâ® ¢ á¨«ã ¢®£ãâ®áâ¨ äãªæ¨¨ t 7→ 3

√
t

3

√
a+

3

√
b 6 2

3

√

a+b
2

=

3

√

4(a+ b) ¤«ï «î¡ëå a, b > 0.

Ǳà¨¬¥ïï íâ® ¥à ¢¥áâ¢® ¤«ï a = os

2 t ¨ b = sin

2 t, ¬ë ¯®«ãç¨¬

2 6 x4 + y4 = r4
(

3

√
os

2 t+
3

√

sin

2 t
)

6 r4 3

√

4

(

os

2 t+ sin

2 t
)

= r4 · 2 2

3 ,

®âªã¤  r4 >
3

√
2 ¨ r12 > 2. Ǳ®íâ®¬ã ¯à¨ t ∈

[

0, π
4

]

x12 − y12 + 2x6y6 = r12
(

os

2 t− sin

2 t+ 2 sin t os t
)

=

= r12
(

os 2t+ sin 2t
)

= r12
√
2 sin

(

2t+ π
4

)

> r12 > 2. �



3. �ªàã�®áâì á æ¥âà®¬ O à ¤¨ãá  r ª á ¥âáï áâ®à® BA ¨ BC ®áâà®£® ã£«  ABC ¢ â®çª å M

¨ N á®®â¢¥âáâ¢¥®. Ǳàï¬ ï, ¯à®å®¤ïé ï ç¥à¥§ â®çªã M ¯ à ««¥«ì® BC, ¯¥à¥á¥ª ¥â «ãç BO ¢

â®çª¥ K. �  «ãç¥ MN ¢ë¡à   â®çª  T â ª, çâ® ∠MTK =

1

2

∠ABC. � ©¤¨â¥ ¤«¨ã ®âà¥§ª  BO,

¥á«¨ KT = a.

�â¢¥â:

√

r(a+ r).

O

B

M

N

K

T

A

C

L r a

�¥è¥¨¥. Ǳãáâì L | â®çª  ¯¥à¥á¥ç¥¨ï MN á «ãç®¬ BO. � ¬¥â¨¬, çâ® âà¥ã£®«ì¨ª MBN à ¢®-

¡¥¤à¥ë©,   BL | ¡¨áá¥ªâà¨á  ¥£® ã£«  B. � ç¨â, BL ¡ã¤¥â â ª�¥ ¢ëá®â®© ¨ ¬¥¤¨ ®© âà¥ã£®«ì¨ª 

MBN . �®£¤  ∠KLM = 90

◦
,   ¯àï¬®ã£®«ìë¥ âà¥ã£®«ì¨ª¨ KLM ¨ BLN à ¢ë, ®âªã¤  MK = BN .

�à®¬¥ â®£®,

∠MKL = ∠LBC =

1

2

∠ABC = ∠MTK.

� ª¨¬ ®¡à §®¬, âà¥ã£®«ì¨ª¨MKT ¨MLK ¯®¤®¡ë ¯® ¤¢ã¬ ã£« ¬. Ǳ®íâ®¬ã ∠MKT = 90

◦
, ¨ âà¥ã£®«ì-

¨ª MKT ¯®¤®¡¥ â ª�¥ ONB. �®£¤ 

KT

MK
=

BN

ON
⇐⇒ a

BN
=

BN

r
⇐⇒ BN2

= ar.

Ǳ® â¥®à¥¬¥ Ǳ¨ä £®à 

BO =

√

BN2

+ON2

=

√

ar + r2 =
√

r(a+ r). �

4. � â¥ âà¥ k àï¤®¢ ªà¥á¥«. 770 §à¨â¥«¥© ¯à¨è«¨ ¢ â¥ âà ¨ à áá¥«¨áì ¯® ¬¥áâ ¬ (§ ï¢, ¢®§¬®�®,

¥ ¢á¥ ªà¥á« ). Ǳ®á«¥  âà ªâ  ¢á¥ §à¨â¥«¨ § ¡ë«¨,   ª ª¨å ¬¥áâ å ®¨ à á¯®« £ «¨áì, ¨ á¥«¨ ¯®-

¤àã£®¬ã. Ǳà¨ ª ª®¬  ¨¡®«ìè¥¬ k § ¢¥¤®¬®  ©¤¥âáï 4 §à¨â¥«ï, ª®â®àë¥ ¨ ¤®, ¨ ¯®á«¥  âà ªâ 

á¨¤¥«¨   ®¤®¬ àï¤ã?

�â¢¥â: 16.

�¥è¥¨¥. �á«¨ §à¨â¥«¨ à áá¥«¨áì   16 àï¤®¢, â®   ª ª®¬-â® àï¤ã ®ª § «®áì ¥ ¬¥¥¥ 49 §à¨â¥«¥© (¢

¯à®â¨¢®¬ á«ãç ¥   ª �¤®¬ àï¤ã ¥ ¡®«¥¥ 48 §à¨â¥«¥©,   ¢á¥£® ¨å â®£¤  ¥ ¡®«¥¥ 16 ·48 = 768 < 770). � ª

ª ª

49

16

> 3, ¥«ì§ï à áá ¤¨âì §à¨â¥«¥© íâ®£® àï¤  ¯®á«¥  âà ªâ  â ª, çâ®¡ë ¢ ª �¤®¬ àï¤ã ¨å ®ª § «®áì

¥ ¡®«¥¥ âà¥å. � ª¨¬ ®¡à §®¬, k = 16  á ãáâà ¨¢ ¥â.

Ǳ®ª �¥¬ â¥¯¥àì, çâ® ¯à¨  «¨ç¨¨ 17 àï¤®¢ §à¨â¥«¥© ¬®�® à áá ¤¨âì â ª, çâ®¡ë ã�ëå ç¥âëà¥å

§à¨â¥«¥© ¥  è«®áì. � §®¢¥¬ n-© ª®«®ª®© ¬¥áâ  ¢ § «¥ á ®¬¥à®¬ n, æ¨ª«¨ç¥áª¨ ã¯®àï¤®ç¥ë¥ ¯®

àï¤ ¬:

1, 2, . . . , 17, 1, 2, . . . , 17, . . . . (∗)

Ǳãáâì æ¨ª«¨ç¥áª¨© á¤¢¨£ ª®«®ª¨   m àï¤®¢ | ¯¥à¥áâ ®¢ª  ª®«®ª¨, ¯à¨ ª®â®à®© ®¢ë© ®¬¥à àï¤ 

ª �¤®£® §à¨â¥«ï ¯®«ãç ¥âáï ¨§ áâ à®£® á¤¢¨£®¬  m ¯®§¨æ¨© ¢¯à ¢® ¢ ¯®á«¥¤®¢ â¥«ì®áâ¨ (∗). � ¯®«¨¬
§à¨â¥«ï¬¨ ª®«®ª¨ á ®¬¥à ¬¨ ®â 1 ¯® 45,   â ª�¥ ¯¥à¢ë¥ 5 ¬¥áâ 46-© ª®«®ª¨. � ª¨¬ ®¡à §®¬, ¢ § «¥

®ª �¥âáï 17 · 45 + 5 = 770 ç¥«®¢¥ª. Ǳ®á«¥  âà ªâ  ¬ë à áá ¤¨¬ §à¨â¥«¥© á«¥¤ãîé¨¬ ®¡à §®¬. �à¨â¥«¨

ª®«®®ª 1, 2, 3 á ¤ïâáï   á¢®¨ ¬¥áâ ; ¢ ª®«®ª å 4, 5, 6 §à¨â¥«¨ æ¨ª«¨ç¥áª¨ á¤¢¨£ îâáï   ®¤¨ àï¤,

¢ ª®«®ª å 7, 8, 9 |   ¤¢  àï¤ , ¨ â ª ¤ «¥¥. � à¥§ã«ìâ â¥ ¬ë ¯®«ãç¨¬ á¨âã æ¨î, ª®£¤  ¥â ç¥âëà¥å

§à¨â¥«¥©, á¨¤¥¢è¨å   ®¤®¬ àï¤ã ¨ ¤®, ¨ ¯®á«¥  âà ªâ . �



5. � ®  âãà «ì®¥ ç¨á«® x = 9

n − 1, £¤¥ n |  âãà «ì®¥ ç¨á«®. �§¢¥áâ®, çâ® x ¨¬¥¥â à®¢® âà¨

à §«¨çëå ¯à®áâëå ¤¥«¨â¥«ï, ®¤¨ ¨§ ª®â®àëå à ¢¥ 11. � ©¤¨â¥ x.

�â¢¥â: 59 048.

�¥è¥¨¥. Ǳ®áª®«ìªã ç¨á«® x ç¥â®, ®¤¨ ¨§ ¥£® ¯à®áâëå ¤¥«¨â¥«¥© à ¢¥ 2. Ǳ®íâ®¬ã ¬ë ¤®«�ë

 ©â¨ ¢á¥ x, ¨¬¥îé¨¥ à®¢® ¤¢  ¥ç¥âëå ¯à®áâëå ¤¥«¨â¥«ï, ®¤¨ ¨§ ª®â®àëå à ¢¥ 11. �®ª �¥¬ ¢ ç «¥,

çâ® ç¨á«® 3

s
+ 1 ¥ ¬®�¥â ¡ëâì áâ¥¯¥ìî ¤¢®©ª¨ ¯à¨ s > 1,   ç¨á«® 3

s − 1 | ¯à¨ s > 2. �¥©áâ¢¨â¥«ì®,

¯à¨ s > 1 ç¨á«® 3

s
+ 1 ¡®«ìè¥ 8 ¨ ¥ ¤¥«¨âáï   8, â ª ª ª ¥£® ®áâ â®ª ®â ¤¥«¥¨ï   8 à ¢¥ 4 ¨«¨ 2.

Ǳãáâì â¥¯¥àì s > 2. �á«¨ s ¥ç¥â®, ç¨á«® 3

s − 1 ¡®«ìè¥ 8 ¨ ¥ ¤¥«¨âáï   8, â ª ª ª ¥£® ®áâ â®ª ®â

¤¥«¥¨ï   8 à ¢¥ 2. �á«¨ s = 2k, â® 3s−1 ¤¥«¨âáï   ç¨á«® 3

k
+1, ª®â®à®¥ ¥ ï¢«ï¥âáï áâ¥¯¥ìî ¤¢®©ª¨.

�§ ¤®ª § ®£®, ¢ ç áâ®áâ¨, ¢ëâ¥ª ¥â, çâ® 9

s − 1 ¡ã¤¥â áâ¥¯¥ìî ¤¢®©ª¨ â®«ìª® ¯à¨ s = 1.

�áâ âª¨ ®â ¤¥«¥¨ï áâ¥¯¥¥© 9   11 à ¢ë 9, 4, 3, 5, 1 ¨ ¤ «¥¥ æ¨ª«¨ç¥áª¨ ¯®¢â®àïîâáï. �®£¤  ¤¥«¨-

¬®áâì x   11 ®§ ç ¥â, çâ® n ªà â® 5, â® ¥áâì x = 9

5m−1. �á«¨ m = 1, ¬ë ¯®«ãç¨¬ x = 9

5−1 = 59 048 =

2

3 · 112 · 61, çâ®  ¬ ¯®¤å®¤¨â. Ǳ®ª �¥¬, çâ® ¯à¨ m > 1 à¥è¥¨© ¥â. � áá¬®âà¨¬ ¤¢  á«ãç ï.

1) m ¥ç¥â®. Ǳ® ä®à¬ã«¥ ¤«ï áã¬¬ë £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨

x = p · q, £¤¥ p = 9

m − 1, q = 1+ 9

m
+ 9

2m
+ 9

3m
+ 9

4m.

�®ª �¥¬, çâ® ç¨á«  p ¨ q ¢§ ¨¬® ¯à®áâë. �¥©áâ¢¨â¥«ì®, ¯ãáâì ç¨á«® r ¤¥«¨â p ¨ q. �®£¤ 

5 = q − (9

m − 1)− (9

2m − 1)− (9

3m − 1)− (9

4m − 1).

� §®áâ¨ ¢¨¤  9

km − 1 ¤¥«ïâáï   p ¨, â¥¬ ¡®«¥¥,   r. Ǳ®íâ®¬ã r ï¢«ï¥âáï ¤¥«¨â¥«¥¬ 5. �® p ¥ ªà â®

5 ¯à¨ ¥ç¥â®¬ m, ®âªã¤  r = 1.

Ǳãáâì p ªà â® 11. �®£¤  m
.

.

.

5, â® ¥áâì m = 5k. �á«¨ k = 1, â® p ¤¥«¨âáï   11 ¨ 61. Ǳà¨ k > 1 ¬ë

¬®�¥¬ ¯à¨¬¥¨âì ª p â¥ �¥ à ááã�¤¥¨ï, çâ® ª x. � ®¡®¨å á«ãç ïå p à §«®�¨âáï   ¤¢  ¢§ ¨¬® ¯à®-

áâëå ¬®�¨â¥«ï, ¥ ï¢«ïîé¨åáï áâ¥¯¥ï¬¨ ¤¢®©ª¨. Ǳ®íâ®¬ã x ¨¬¥¥â ¥ ¬¥¥¥ âà¥å à §«¨çëå ¯à®áâëå

¥ç¥âëå ¤¥«¨â¥«¥©, çâ® ¥¢®§¬®�®.

Ǳãáâì â¥¯¥àì q ªà â® 11. � ¬¥â¨¬, çâ® p ¨¬¥¥â ¥ç¥âë© ¤¥«¨â¥«ì,   q ¥ç¥â® ¨ ¢§ ¨¬® ¯à®áâ® á p.

�®£¤  q ¤®«�® ¡ëâì áâ¥¯¥ìî 11, â® ¥áâì q = 11

s
. �® ®áâ â®ª ®â ¤¥«¥¨ï 11

s
  8 à ¢¥ 3 ¯à¨ ¥ç¥â®¬

s ¨ 1 ¯à¨ ç¥â®¬,   ®áâ â®ª ®â ¤¥«¥¨ï q   8 à ¢¥ 5. Ǳ®íâ®¬ã ç¨á«® q ¥ ¬®�¥â ¡ëâì áâ¥¯¥ìî 11.

2) m ç¥â®. �®£¤  n = 2k ¯à¨ k > 5, ¨

x = (9

k − 1)(9

k
+ 1) = (3

k − 1)(3

k
+ 1)(9

k
+ 1).

�®�¨â¥«¨ ¢ ¯à ¢®© ç áâ¨ ¢§ ¨¬® ¯à®áâë, ¯®áª®«ìªã ¯ àë ç¨á¥« 3

k ± 1 ¨ 9

k ± 1 ¥ç¥âë ¨ ®â«¨ç îâáï

  2. �à®¬¥ â®£®, ¨ ®¤¨ ¨§ ¬®�¨â¥«¥© ¥ ï¢«ï¥âáï áâ¥¯¥ìî ¤¢®©ª¨. �¥©áâ¢¨â¥«ì®, ¤«ï ¯¥à¢ëå ¤¢ãå

¬ë íâ® ã�¥ ¤®ª § «¨,   9

k
+ 1 ¡®«ìè¥ 8 ¨ ¤ ¥â ¯à¨ ¤¥«¥¨¨   8 ®áâ â®ª 2. � ª¨¬ ®¡à §®¬, x ¨¬¥¥â ¥

¬¥¥¥ âà¥å à §«¨çëå ¯à®áâëå ¥ç¥âëå ¤¥«¨â¥«¥©, çâ® ¥¢®§¬®�®. �

6. �à¨ ª®ãá  á ¢¥àè¨®© A ª á îâáï ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬, ¯à¨ç¥¬ ¯¥à¢ë¥ ¤¢  ¨§ ¨å ®¤¨ ª®¢ë,

  ã âà¥âì¥£® ã£®« ¯à¨ ¢¥àè¨¥ à ¢¥

π
2

. �á¥ ª®ãáë ª á îâáï â ª�¥ ®¤®© ¯«®áª®áâ¨, ¯à®å®¤ïé¥©

ç¥à¥§ â®çªã A, ¨ «¥� â ¯® ®¤ã áâ®à®ã ®â ¥¥. � ©¤¨â¥ ã£®« ¯à¨ ¢¥àè¨¥ ã ¯¥à¢ëå ¤¢ãå ª®ãá®¢.

(�£«®¬ ¯à¨ ¢¥àè¨¥ ª®ãá   §ë¢ ¥âáï ã£®« ¬¥�¤ã ¥£® ®¡à §ãîé¨¬¨ ¢ ®á¥¢®¬ á¥ç¥¨¨.)

�â¢¥â: 2 artg

4

5

.

A

H

O3

r

β
ϕ

ψ
Π A

H

O3
r

β
ϕ

Π

�¥è¥¨¥. Ǳãáâì 2α | ¨áª®¬ë© ã£®«, β =

π
4

, � | ¯«®áª®áâì, ª®â®à®© ª á îâáï ª®ãáë. �¯¨è¥¬

¢ ª®ãáë è àë á æ¥âà ¬¨ O
1

, O
2

, O
3

, ª á îé¨¥áï ¤àã£ ¤àã£ . �¡®§ ç¨¬ ç¥à¥§ r à ¤¨ãá ¯¥à¢ëå ¤¢ãå



è à®¢,   ç¥à¥§ H | â®çªã ¨å ª á ¨ï. � ª ª ª ®¡  è à  ª á îâáï ¯«®áª®áâ¨ �, à ááâ®ï¨¥ ®â O
1

¨

O
2

¤® � à ¢® r. �®£¤  O
1

O
2

‖ �, ¯®íâ®¬ã à ááâ®ï¨¥ ®â H ¤® � â ª�¥ à ¢® r. Ǳãáâì ϕ = ∠HAO
3

,

ψ | ã£®« ¬¥�¤ã «ãç®¬ AH ¨ ¯«®áª®áâìî �. �âà¥§ª¨ AH ¨ O
3

H ¯¥à¯¥¤¨ªã«ïàë O
1

H ª ª ¬¥¤¨ ë

à ¢®¡¥¤à¥ëå âà¥ã£®«ì¨ª®¢ O
1

O
2

A ¨ O
1

O
2

O
3

. �®£¤  ®âà¥§®ª O
1

H ¯¥à¯¥¤¨ªã«ïà¥ ¯«®áª®áâ¨ HAO
3

¨, ¢ ç áâ®áâ¨, ¯àï¬®© AO
3

. � ç¨â, ¯à®¥ªæ¨¨ ®âà¥§ª®¢ AH ¨ AO
1

  ¯àï¬ãî AO
3

à ¢ë, ®âªã¤ 

AH · osϕ = AO
1

· os(α + β) =
AH

osα
· os(α + β).

� ¬¥â¨¬ â ª�¥, çâ® sinψ =

r
AH

= tgα. � áá¬®âà¨¬ ¤¢  á«ãç ï.

1) ϕ = π − β − ψ (á¬. «¥¢ë© à¨áã®ª). �®£¤ 

os(π − β − ψ) =
os(α+ β)

osα
⇐⇒ sinβ sinψ − osβ osψ = osβ − sinβ tgα⇐⇒

⇐⇒ osβ (1 + osψ) = 2 sinβ sinψ ⇐⇒ tg

ψ
2

=

1

2

tg β = 1

2

.

�âáî¤ 

tgα = sinψ =

2 tg

ψ
2

1 + tg

2

ψ
2

=

4

5

.

2) ϕ = ψ − β (á¬. ¯à ¢ë© à¨áã®ª). �®£¤ 

os(ψ − β) =
os(α+ β)

osα
⇐⇒ osβ osψ + sinβ sinψ = osβ − sinβ tgα ⇐⇒

⇐⇒ osβ (1− osψ) = 2 sinβ sinψ ⇐⇒ tg

ψ
2

=

1

2

tg β = 1

2

.

�âáî¤ 

tgα = sinψ =

2 tg

ψ
2

1 + tg

2

ψ
2

=

4

5

.

� ª¨¬ ®¡à §®¬, ¢ ®¡®¨å á«ãç ïå ¬ë ¯®«ãç ¥¬ 2α = 2artg

4

5

. �



� à¨ â 8

1. Ǳ¥âï á � á¥© ¨£à îâ ¢ á«¥¤ãîéãî ¨£àã. Ǳ¥âï ®â¬¥ç ¥â k ª«¥â®ª ¤®áª¨ 13 × 13, ¯®á«¥ ç¥£® � áï

ª« ¤¥â   ¤®áªã ¯àï¬®ã£®«ì¨ª 1×6 ¨ á®®¡é ¥â Ǳ¥â¥, ª ª¨¥ ¨§ ®â¬¥ç¥ëå ª«¥â®ª ®  ªàë« (¯àï-

¬®ã£®«ì¨ª ¬®�® ¯®¢®à ç¨¢ âì). � áï ¢ë¨£àë¢ ¥â, ¥á«¨ Ǳ¥âï ¥ ¬®�¥â ®¤®§ ç® ®¯à¥¤¥«¨âì

¯®«®�¥¨¥ ¯àï¬®ã£®«ì¨ª . Ǳà¨ ª ª®¬  ¨¬¥ìè¥¬ k Ǳ¥âï ¬®�¥â â ª ®â¬¥â¨âì ª«¥âª¨, çâ®

� á¥ ¥ ã¤ áâáï ¢ë¨£à âì?

�â¢¥â: 84.

�¥è¥¨¥. Ǳ®ª �¥¬, çâ® ¥®¡å®¤¨¬® ®â¬¥â¨âì ¥ ¬¥¥¥ 84 ª«¥â®ª. � áá¬®âà¨¬ 7 ª«¥â®ª, ¨¤ãé¨å

¯®¤àï¤: AB C DE F G . Ǳ¥âï ¤®«�¥ ®â¬¥â¨âì å®âï ¡ë ®¤ã ¨§ ª«¥â®ª A ¨ G. �¥©áâ¢¨â¥«ì®, ¥á«¨

Ǳ¥âï ¥ ®â¬¥â¨« ª«¥âª¨ A ¨ G, â® ® ¥ á¬®�¥â à §«¨ç¨âì à §¬¥é¥¨ï ¯àï¬®ã£®«ì¨ª    ª«¥âª å

ABCDEF ¨   ª«¥âª å BCDEFG. � ç¨â, ¨§ «î¡ëå ª«¥â®ª, ¨¤ãé¨å ç¥à¥§ ¯ïâì (ª ª ¯® £®à¨§®â «¨,

â ª ¨ ¯® ¢¥àâ¨ª «¨), å®âï ¡ë ®¤  ®â¬¥ç¥ . Ǳ®«®áª  1 × 12 à §¡¨¢ ¥âáï   è¥áâì ¯ à â ª¨å ª«¥â®ª,

¯®íâ®¬ã ¢ ¥© ¥ ¬¥¥¥ è¥áâ¨ ®â¬¥ç¥ëå ª«¥â®ª. � ¬¥â¨¬, çâ® ¨§ ¤®áª¨ 13 × 13 ¬®�® ¢ëà¥§ âì

14 ¥¯¥à¥á¥ª îé¨åáï ¯®«®á®ª 1 × 12 (13 £®à¨§®â «ìëå ¨ ®¤ã ¢¥àâ¨ª «ìãî). � ç¨â, ¤®«�® ¡ëâì

®â¬¥ç¥® ¥ ¬¥¥¥ 14 · 6 = 84 ª«¥â®ª. Ǳà¨¬¥à á 84 ®â¬¥ç¥ë¬¨ ª«¥âª ¬¨ ¯®ª §    à¨áãª¥. �

Z Z ZZ Z Z

Z Z Z Z Z ZZ

Z Z ZZ Z Z

Z Z Z Z Z ZZ

Z Z ZZ Z Z

Z Z Z Z Z ZZ

Z Z Z Z Z ZZ

Z Z ZZ Z Z

Z Z Z Z Z ZZ

Z Z ZZ Z Z

Z Z Z Z Z ZZ

Z Z ZZ Z Z

Z Z ZZ Z Z

2. � ë ç¨á«  x, y, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î x4+y4 > 2. �®ª �¨â¥ ¥à ¢¥áâ¢®

∣

∣x16−y16
∣

∣

+4x8y8 > 4.

�¥è¥¨¥. � ¬¥â¨¬, çâ® u2 + v2 > 1

2

(u + v)2 ¯à¨ «î¡ëå u, v > 0, ¯®áª®«ìªã íâ® ¥à ¢¥áâ¢® íª¢¨¢ -

«¥â® (u − v)2 > 0. � á¨«ã á¨¬¬¥âà¨¨ ¥à ¢¥áâ¢  ¬ë ¬®�¥¬ áç¨â âì, çâ® |x| > |y|. �®£¤  x8y8 > y16,

®âªã¤ 

x16 − y16 + 4x8y8 > x16 + 2x8y8 + y16 =
(

x8 + y8
)

2

>

(

x4 + y4
)

4

4

> 4. �

3. �ªàã�®áâì ω á æ¥âà®¬ O ª á ¥âáï áâ®à® BA ¨ BC ®áâà®£® ã£«  ABC ¢ â®çª å M ¨ N á®®â-

¢¥âáâ¢¥®. Ǳàï¬ ï, ¯à®å®¤ïé ï ç¥à¥§ â®çªã M ¯ à ««¥«ì® BC, ¯¥à¥á¥ª ¥â «ãç BO ¢ â®çª¥ K.

�  «ãç¥ MN ¢ë¡à   â®çª  T â ª, çâ® ∠MTK =

1

2

∠ABC. �ª § «®áì, çâ® ¯àï¬ ï KT ª á ¥âáï ω.

� ©¤¨â¥ ¯«®é ¤ì âà¥ã£®«ì¨ª  OKT , ¥á«¨ BM = a.

�â¢¥â:

a2

2

.

O

B

M

N

K

T

L

S

A

C



�¥è¥¨¥. Ǳãáâì L | â®çª  ª á ¨ï KT á ω, S | â®çª  ¯¥à¥á¥ç¥¨ï MN á «ãç®¬ BO. � ¬¥â¨¬, çâ®

âà¥ã£®«ì¨ª MBN à ¢®¡¥¤à¥ë©,   BS | ¡¨áá¥ªâà¨á  ¥£® ã£«  B. � ç¨â, BS ¡ã¤¥â â ª�¥ ¢ëá®â®©

¨ ¬¥¤¨ ®© âà¥ã£®«ì¨ª  MBN , â® ¥áâì MS = SN ¨ ∠KSM = 90

◦
. Ǳàï¬®ã£®«ìë¥ âà¥ã£®«ì¨ª¨ BSN

¨ KSM à ¢ë ¯® ª â¥âã ¨ ã£«ã, ®âªã¤  MK = BN = a. �à®¬¥ â®£®,

∠MKS = ∠SBC =

1

2

∠ABC = ∠MTK.

� ª¨¬ ®¡à §®¬, âà¥ã£®«ì¨ª¨MKT ¨MSK ¯®¤®¡ë ¯® ¤¢ã¬ ã£« ¬. Ǳ®íâ®¬ã ∠MKT = 90

◦
, ¨ âà¥ã£®«ì-

¨ª MKT ¯®¤®¡¥ â ª�¥ ONB. �®£¤ 

KT

a
=

KT

BM
=

KT

BN
=

MK

ON
=

a

OL
,

¨ ¯«®é ¤ì âà¥ã£®«ì¨ª  OTK à ¢ 

KT · OL
2

=

a2

2

. �

4. � ¡¨¡«¨®ä¨«  � á¨ 1300 ª¨£, à ááâ ¢«¥ëå ¢ èª ä å   k ª¨�ëå ¯®«ª å. �¤ �¤ë � áï ¯¥-

à¥áâ ¢¨« èª äë   ®¢®¥ ¬¥áâ®, ¯à¥¤¢ à¨â¥«ì® ¢ëã¢ ¨§ ¨å ¢á¥ ª¨£¨. Ǳà¨ íâ®¬ ® á®¢¥àè¥®

§ ¡ë«, ª ª ª¨£¨ áâ®ï«¨ à ìè¥, ¨ à ááâ ¢¨« ¨å ¢ èª ä å ¢ ¤àã£®¬ ¯®àï¤ª¥. Ǳà¨ ª ª®¬  ¨¡®«ìè¥¬

k § ¢¥¤®¬®  ©¤¥âáï 5 ª¨£, ª®â®àë¥ ¨ ¤®, ¨ ¯®á«¥ ¯¥à¥áâ ®¢ª¨ áâ®ï«¨   ®¤®© ¯®«ª¥?

�â¢¥â: 18.

�¥è¥¨¥. �á«¨ ã � á¨ 18 ¯®«®ª, â®   ª ª®©-â® ¯®«ª¥ áâ®¨â ¥ ¬¥¥¥ 73 ª¨£ (¢ ¯à®â¨¢®¬ á«ãç ¥  

ª �¤®© ¯®«ª¥ ¥ ¡®«¥¥ 72 ª¨£,   ¢á¥£® ¨å â®£¤  ¥ ¡®«¥¥ 18 · 72 = 1296 < 1300). � ª ª ª

73

18

> 4, ¥«ì§ï

à ááâ ¢¨âì ª¨£¨ á íâ®© ¯®«ª¨ â ª, çâ®¡ë   ª �¤®© ¯®«ª¥ ®ª § «®áì ¥ ¡®«¥¥ ç¥âëà¥å ª¨£. � ª¨¬

®¡à §®¬, k = 18  á ãáâà ¨¢ ¥â.

Ǳ®ª �¥¬ â¥¯¥àì, çâ® ¯à¨  «¨ç¨¨ 19 ¯®«®ª ª¨£¨ ¬®�® ¯¥à¥áâ ¢¨âì â ª, çâ®¡ë ã�ëå ¯ïâ¨ ª¨£ ¥

 è«®áì. � §®¢¥¬ n-¬ àï¤®¬ ª¨£¨, áâ®ïé¨¥   ¯®«ª å   n-¬ ¬¥áâ¥ á«¥¢ , æ¨ª«¨ç¥áª¨ ã¯®àï¤®ç¥ë¥

¯® ¯®«ª ¬:

1, 2, . . . , 19, 1, 2, . . . , 19, . . . . (∗)
Ǳãáâì æ¨ª«¨ç¥áª¨© á¤¢¨£ àï¤    m ¯®«®ª | ¯¥à¥áâ ®¢ª  ª¨£, ¯à¨ ª®â®à®© ®¢ë© ®¬¥à ¯®«ª¨ ¤«ï

ª �¤®© ª¨£¨ ¯®«ãç ¥âáï ¨§ áâ à®£® á¤¢¨£®¬   m ¯®§¨æ¨© ¢¯à ¢® ¢ ¯®á«¥¤®¢ â¥«ì®áâ¨ (∗). � ¯®«¨¬
ª¨£ ¬¨ àï¤ë á ®¬¥à ¬¨ ®â 1 ¯® 68,   â ª�¥ ¯¥à¢ë¥ 8 ¯®«®ª 69-£® àï¤ . � ª¨¬ ®¡à §®¬,   ¯®«ª å

®ª �¥âáï 19 · 68 + 8 = 1300 ª¨£. Ǳ®á«¥ ¯¥à¥áâ ®¢ª¨ èª ä®¢ ¬ë à ááâ ¢¨¬ ª¨£¨ á«¥¤ãîé¨¬ ®¡à §®¬.

�¨£¨ ¨§ àï¤®¢ 1, 2, 3 ¨ 4 ¯®áâ ¢¨¬   á¢®¨ ¬¥áâ ; ¢ àï¤ å 5, 6, 7 ¨ 8 ª¨£¨ æ¨ª«¨ç¥áª¨ á¤¢¨¥¬   ®¤ã

¯®«ªã, ¢ àï¤ å 9, 10, 11 ¨ 12 |   ¤¢¥ ¯®«ª¨, ¨ â ª ¤ «¥¥. � à¥§ã«ìâ â¥ ¬ë ¯®«ãç¨¬ á¨âã æ¨î, ª®£¤  ¥â

¯ïâ¨ ª¨£, áâ®ï¢è¨å   ®¤®© ¯®«ª¥ ¨ ¤®, ¨ ¯®á«¥ ¯¥à¥áâ ®¢ª¨. �

5. � ®  âãà «ì®¥ ç¨á«® x = 9

n − 1, £¤¥ n | ¥ç¥â®¥  âãà «ì®¥ ç¨á«®. �§¢¥áâ®, çâ® x ¨¬¥¥â

à®¢® âà¨ à §«¨çëå ¯à®áâëå ¤¥«¨â¥«ï, ®¤¨ ¨§ ª®â®àëå à ¢¥ 61. � ©¤¨â¥ x.

�â¢¥â: 59 048.

�¥è¥¨¥. Ǳ®áª®«ìªã ç¨á«® x ç¥â®, ®¤¨ ¨§ ¥£® ¯à®áâëå ¤¥«¨â¥«¥© à ¢¥ 2. Ǳ®íâ®¬ã ¬ë ¤®«�ë

 ©â¨ ¢á¥ x, ¨¬¥îé¨¥ à®¢® ¤¢  ¥ç¥âëå ¯à®áâëå ¤¥«¨â¥«ï, ®¤¨ ¨§ ª®â®àëå à ¢¥ 61. �áâ âª¨ ®â

¤¥«¥¨ï áâ¥¯¥¥© 9   61 à ¢ë 9, 20, 58, 34, 1 ¨ ¤ «¥¥ æ¨ª«¨ç¥áª¨ ¯®¢â®àïîâáï. �®£¤  ¤¥«¨¬®áâì x   61

®§ ç ¥â, çâ® n ªà â® 5, â® ¥áâì x = 9

5m − 1, £¤¥ m ¥ç¥â®. Ǳ® ä®à¬ã«¥ ¤«ï áã¬¬ë £¥®¬¥âà¨ç¥áª®©

¯à®£à¥áá¨¨

x = p · q, £¤¥ p = 9

m − 1, q = 1+ 9

m
+ 9

2m
+ 9

3m
+ 9

4m.

�®ª �¥¬, çâ® ç¨á«  p ¨ q ¢§ ¨¬® ¯à®áâë. �¥©áâ¢¨â¥«ì®, ¯ãáâì ç¨á«® r ¤¥«¨â p ¨ q. �®£¤ 

5 = q − (9

m − 1)− (9

2m − 1)− (9

3m − 1)− (9

4m − 1).

� §®áâ¨ ¢¨¤  9

km − 1 ¤¥«ïâáï   p ¨, â¥¬ ¡®«¥¥,   r. Ǳ®íâ®¬ã r ï¢«ï¥âáï ¤¥«¨â¥«¥¬ 5. �® p ¥ ªà â®

5 ¯à¨ ¥ç¥â®¬ m, ®âªã¤  r = 1.

�®ª �¥¬, çâ® ç¨á«® p ¥áâì áâ¥¯¥ì ¤¢®©ª¨ ¢ â®ç®áâ¨ ¯à¨ m = 1. �¥©áâ¢¨â¥«ì®, ¤«ï m > 1 § ¯¨è¥¬

p = (3

m − 1)(3

m
+ 1). � ¯à ¢®© ç áâ¨ áâ®¨â ¯à®¨§¢¥¤¥¨¥ á®á¥¤¨å ç¥âëå ç¨á¥«, ¡�®«ìè¨å 2. Ǳ®íâ®¬ã

å®âï ¡ë ®¤® ¨§ ¨å ¥ ¤¥«¨âáï   4 ¨, § ç¨â, ¥ ï¢«ï¥âáï áâ¥¯¥ìî 2.



�á«¨ m = 1, ¬ë ¯®«ãç¨¬ x = 9

5 − 1 = 59 048 = 2

3 · 112 · 61, çâ®  ¬ ¯®¤å®¤¨â. Ǳ®ª �¥¬, çâ® ¯à¨ m > 1

à¥è¥¨© ¥â. � áá¬®âà¨¬ ¤¢  á«ãç ï.

1) p ªà â® 61. �®£¤  m
.

.

.

5, â® ¥áâì m = 5k. �á«¨ k = 1, â® p ¤¥«¨âáï   11 ¨ 61. Ǳà¨ k > 1 ¬ë ¬®�¥¬

¯à¨¬¥¨âì ª p â¥ �¥ à ááã�¤¥¨ï, çâ® ª x. � ®¡®¨å á«ãç ïå p à §«®�¨âáï   ¤¢  ¢§ ¨¬® ¯à®áâëå ¬®-

�¨â¥«ï, ¥ ï¢«ïîé¨åáï áâ¥¯¥ï¬¨ ¤¢®©ª¨. Ǳ®íâ®¬ã x ¨¬¥¥â ¥ ¬¥¥¥ âà¥å à §«¨çëå ¯à®áâëå ¥ç¥âëå

¤¥«¨â¥«¥©, çâ® ¥¢®§¬®�®.

2) q ªà â® 61. � ¬¥â¨¬, çâ® p ¨¬¥¥â ¥ç¥âë© ¤¥«¨â¥«ì,   q ¥ç¥â® ¨ ¢§ ¨¬® ¯à®áâ® á p. �®£¤ 

q ¤®«�® ¡ëâì áâ¥¯¥ìî 61, â® ¥áâì q = 61

s
. � ¬¥â¨¬, çâ® s

.

.

.

3, â ª ª ª q − 1 ªà â® 9,   ®áâ âª¨ ®â

¤¥«¥¨ï 61

s
  9 à ¢ë 7, 4, 1 ¨ ¤ «¥¥ æ¨ª«¨ç¥áª¨ ¯®¢â®àïîâáï. �à®¬¥ â®£®, ¯à¨ ¤¥«¥¨¨   8 ç¨á«® q

¤ ¥â ®áâ â®ª 5,   ®áâ â®ª 61

s
à ¢¥ 5 ¯à¨ ¥ç¥â®¬ s ¨ 1 ¯à¨ ç¥â®¬. � ç¨â, s ¥ç¥â®, ®âªã¤  s ¨¬¥¥â

¢¨¤ 6k + 3 ¯à¨ ¥ª®â®à®¬  âãà «ì®¬ k.

�à ¢¨¬ â¥¯¥àì ®áâ âª¨ q ¨ 61

s
®â ¤¥«¥¨ï   7. �áâ âª¨ 61

s
à ¢ë 5, 4, 6, 2, 3, 1 ¨ ¤ «¥¥ æ¨ª«¨ç¥áª¨

¯®¢â®àïîâáï. �«ï s = 6k + 3 ¢á¥ ®¨ á®¢¯ ¤ îâ á 6. �áâ âª¨ 9

m
à ¢ë 2, 4, 1 ¨ ¤ «¥¥ æ¨ª«¨ç¥áª¨

¯®¢â®àïîâáï. Ǳ®íâ®¬ã  ¬ ¤®áâ â®ç®  ©â¨ ®áâ âª¨ q ¯à¨ m = 1, 2, 3. �¨ à ¢ë

(1 + 2 + 4 + 1 + 2) mod 7 = 3, ¥á«¨ m = 1,

(1 + 4 + 1 + 2 + 4) mod 7 = 5, ¥á«¨ m = 2,

(1 + 1 + 2 + 4 + 1) mod 7 = 2, ¥á«¨ m = 3.

Ǳ®áª®«ìªã ¨ ®¤® ¨§ íâ¨å ç¨á¥« ¥ á®¢¯ ¤ ¥â á 6, q ¥ ¬®�¥â ¡ëâì áâ¥¯¥ìî 61. �

6. �à¨ ª®ãá  á ¢¥àè¨®© A ª á îâáï ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬, ¯à¨ç¥¬ ã ¯¥à¢ëå ¤¢ãå ¨§ ¨å ã£®«

¯à¨ ¢¥àè¨¥ à ¢¥

π
3

. �á¥ ª®ãáë ª á îâáï â ª�¥ ®¤®© ¯«®áª®áâ¨, ¯à®å®¤ïé¥© ç¥à¥§ â®çªã A, ¨

«¥� â ¯® ®¤ã áâ®à®ã ®â ¥¥. � ©¤¨â¥ ã£®« ¯à¨ ¢¥àè¨¥ ã âà¥âì¥£® ª®ãá . (�£«®¬ ¯à¨ ¢¥àè¨¥

ª®ãá   §ë¢ ¥âáï ã£®« ¬¥�¤ã ¥£® ®¡à §ãîé¨¬¨ ¢ ®á¥¢®¬ á¥ç¥¨¨.)

�â¢¥â: 2 artg 2

(√
3±

√
2

)

.

A

H

O3

r

β
ϕ

ψ
Π A

H

O3
r

β
ϕ

Π

�¥è¥¨¥. Ǳãáâì 2β | ¨áª®¬ë© ã£®«, α =

π
6

, � | ¯«®áª®áâì, ª®â®à®© ª á îâáï ª®ãáë. �¯¨è¥¬

¢ ª®ãáë è àë á æ¥âà ¬¨ O
1

, O
2

, O
3

, ª á îé¨¥áï ¤àã£ ¤àã£ . �¡®§ ç¨¬ ç¥à¥§ r à ¤¨ãá ¯¥à¢ëå ¤¢ãå

è à®¢,   ç¥à¥§ H | â®çªã ¨å ª á ¨ï. � ª ª ª ®¡  è à  ª á îâáï ¯«®áª®áâ¨ �, à ááâ®ï¨¥ ®â O
1

¨

O
2

¤® � à ¢® r. �®£¤  O
1

O
2

‖ �, ¯®íâ®¬ã à ááâ®ï¨¥ ®â H ¤® � â ª�¥ à ¢® r. Ǳãáâì ϕ = ∠HAO
3

,

ψ | ã£®« ¬¥�¤ã «ãç®¬ AH ¨ ¯«®áª®áâìî �. �âà¥§ª¨ AH ¨ O
3

H ¯¥à¯¥¤¨ªã«ïàë O
1

H ª ª ¬¥¤¨ ë

à ¢®¡¥¤à¥ëå âà¥ã£®«ì¨ª®¢ O
1

O
2

A ¨ O
1

O
2

O
3

. �®£¤  ®âà¥§®ª O
1

H ¯¥à¯¥¤¨ªã«ïà¥ ¯«®áª®áâ¨ HAO
3

¨, ¢ ç áâ®áâ¨, ¯àï¬®© AO
3

. � ç¨â, ¯à®¥ªæ¨¨ ®âà¥§ª®¢ AH ¨ AO
1

  ¯àï¬ãî AO
3

à ¢ë, ®âªã¤ 

AH · osϕ = AO
1

· os(α + β) =
AH

osα
· os(α + β).

� ¬¥â¨¬ â ª�¥, çâ®

sinψ =

r

AH
= tgα =

1√
3

, osψ =

√

2

3

.

� áá¬®âà¨¬ ¤¢  á«ãç ï.

1) ϕ = π − β − ψ (á¬. «¥¢ë© à¨áã®ª). �®£¤ 

os(α+ β)

osα
= os(π − β − ψ) ⇐⇒ osβ − sinβ sinψ = osβ − sinβ tgα = sinβ sinψ − osβ osψ,



®âªã¤ 

tgβ =

2 sinψ

1 + osψ
=

2√
3 +

√
2

= 2

(
√
3−

√
2

)

¨ 2β = 2artg 2

(
√
3−

√
2

)

.

2) ϕ = ψ − β (á¬. ¯à ¢ë© à¨áã®ª). �®£¤ 

os(α+ β)

osα
= os(ψ − β) ⇐⇒ osβ − sinβ sinψ = osβ − sinβ tgα = osβ osψ + sinβ sinψ,

®âªã¤ 

tg β =
2 sinψ

1− osψ
=

2√
3−

√
2

= 2

(
√
3 +

√
2

)

¨ 2β = 2artg 2

(
√
3 +

√
2

)

. �



� à¨ â 9

1. Ǳ¥âï á � á¥© ¨£à îâ ¢ á«¥¤ãîéãî ¨£àã. Ǳ¥âï ®â¬¥ç ¥â k ª«¥â®ª ¤®áª¨ 9×9, ¯®á«¥ ç¥£® � áï ª« ¤¥â
  ¤®áªã ã£®«®ª ¨§ âà¥å ª«¥â®ª ¨ á®®¡é ¥â Ǳ¥â¥, ª ª¨¥ ¨§ ®â¬¥ç¥ëå ª«¥â®ª ®  ªàë«. � áï ¢ë-

¨£àë¢ ¥â, ¥á«¨ Ǳ¥âï ¥ ¬®�¥â ®¤®§ ç® ®¯à¥¤¥«¨âì ¯®«®�¥¨¥ ã£®«ª . Ǳà¨ ª ª®¬  ¨¬¥ìè¥¬ k

Ǳ¥âï ¬®�¥â â ª ®â¬¥â¨âì ª«¥âª¨, çâ® � á¥ ¥ ã¤ áâáï ¢ë¨£à âì?

�â¢¥â: 68.

�¥è¥¨¥. �â¬¥â¨¬ ¢ ç «¥ ¥áª®«ìª® ¯à®áâëå ä ªâ®¢.

1) � «î¡®¬ ¯àï¬®ã£®«ì¨ª¥ 2 × 3 ¥®â¬¥ç¥ëå ª«¥â®ª ¥ ¡®«¥¥ ®¤®©. �â® ¯à®¢¥àï¥âáï ¯àï¬ë¬

¯¥à¥¡®à®¬.

2) � «î¡®¬ ª¢ ¤à â¥ 3× 3 ¥®â¬¥ç¥ëå ª«¥â®ª ¥ ¡®«¥¥ ¤¢ãå ¨, ¥á«¨ ¨å ¤¢¥, â® ®¨ à á¯®«®�¥ë ¢

¯à®â¨¢®¯®«®�ëå ã£« å ª¢ ¤à â . � ¯à®â¨¢®¬ á«ãç ¥  ©¤ãâáï ¤¢¥ ¥®â¬¥ç¥ë¥ ª«¥âª¨, ¯®¯ ¤ îé¨¥

¢ ®¤¨ ¯àï¬®ã£®«ì¨ª 2× 3.

3) �î¡®© ¯àï¬®ã£®«ì¨ª 3 × 6 (¢¥àâ¨ª «ìë© ¨«¨ £®à¨§®â «ìë©) á®¤¥à�¨â ¥ ¡®«¥¥ âà¥å ¥®â-

¬¥ç¥ëå ª«¥â®ª. �¥©áâ¢¨â¥«ì®, à §®¡ì¥¬ ¯àï¬®ã£®«ì¨ª   ¤¢  ª¢ ¤à â  3× 3 ¨  ªà®¥¬ ¨å ®¡éãî

áâ®à®ã ¯àï¬®ã£®«ì¨ª®¬ 2 × 3. � á¨«ã 1) ¢ ¥¬ ¬®�¥â ¡ëâì «¨èì ®¤  ¥®â¬¥ç¥ ï ª«¥âª . �®£¤ 

¢ ®¤®¬ ¨§ ª¢ ¤à â®¢ ¤¢¥ á¬¥�ë¥ ã£«®¢ë¥ ª«¥âª¨ ®â¬¥ç¥ë. � á¨«ã 2) ¢ íâ®¬ ª¢ ¤à â¥ ¥áâì ¥ ¡®«¥¥

®¤®© ¥®â¬¥ç¥®© ª«¥âª¨,   ¢ ¤àã£®¬ ¨å ¥ ¡®«¥¥ ¤¢ãå.

� §®¡ê¥¬ ¤®áªã   9 ª¢ ¤à â®¢ 3 × 3. � á¨«ã 3) ¯® ¤¢¥ ¥®â¬¥ç¥ë¥ ª«¥âª¨ ¬®£ãâ á®¤¥à� âì ¥

¡®«¥¥ ç¥¬ ¯ïâì ¨§ ¨å. �á«¨ â ª¨å ª¢ ¤à â®¢ 4, â® ®¡é¥¥ ç¨á«® ¥®â¬¥ç¥ëå ª«¥â®ª ¥ ¯à¥¢®áå®¤¨â

4 · 2 + 5 = 13. �á«¨ �¥ ¨å ¯ïâì, â® á®£« á® 3) ®¨ ¨¤ãâ ¢ è å¬ â®¬ ¯®àï¤ª¥. Ǳ®íâ®¬ã ¥®â¬¥ç¥ë¥

ª«¥âª¨ ¬®£ãâ à á¯®« £ âìáï «¨èì â ª, ª ª ¯®ª § ®   à¨áãª¥ (á â®ç®áâìî ¤® ¯®¢®à®â  ¤®áª¨).

∗ ∗

∗ ∗
∗

∗
∗ ∗

∗ ∗

�® â®£¤  ¢ ®áâ «ìëå ª¢ ¤à â å ¢á¥ ª«¥âª¨ ¤®«�ë ¡ëâì ®â¬¥ç¥ë, ¯®áª®«ìªã «î¡ ï ¨§ ¨å ¬®�¥â ¡ëâì

 ªàëâ  ¯àï¬®ã£®«ì¨ª®¬ 2× 3 ¢¬¥áâ¥ á ª ª®©-â® ¨§ ¥®â¬¥ç¥ëå ª«¥â®ª. � ç¨â, ¢ íâ®¬ á«ãç ¥ ¬®�¥â

¡ëâì ¥ ¡®«¥¥ 10 ¥®â¬¥ç¥ëå ª«¥â®ª. Ǳà¨¬¥à á 13 ¥®â¬¥ç¥ë¬¨ (â® ¥áâì á 68 ®â¬¥ç¥ë¬¨) ª«¥âª ¬¨

¯®ª §    à¨áãª¥. �

∗ ∗ ∗

∗ ∗

∗ ∗ ∗

∗ ∗

∗ ∗ ∗

2. � ë ¯®«®�¨â¥«ìë¥ ç¨á«  a, b, c, d, e, f , ¯à¨ç¥¬
∣

∣

√
ab−

√
cd
∣

∣ 6 2. �®ª �¨â¥ ¥à ¢¥áâ¢®

(

e

a
+

b

e

)(

e

c
+

d

e

)

>

(

f

a
− b

)(

d− f

c

)

.

�¥è¥¨¥. �¡®§ ç¨¬ «¥¢ãî ç áâì ¥à ¢¥áâ¢  ç¥à¥§ ϕ(e),   ¯à ¢ãî | ç¥à¥§ ψ(f). � á¨«ã ¥à ¢¥áâ¢ 

�®è¨

ϕ(e) =
d

a
+

b

c
+

e2

ac
+

bd

e2
>
d

a
+

b

c
+ 2

√

bd

ac
=

(

√

d

a
+

√

b

c

)

2

.



� ¬¥â¨¬, çâ®

ψ(f) = −f
2

ac
+ f

(

d

a
+

b

c

)

− bd,

â® ¥áâì ¯à ¢ ï ç áâì ¥à ¢¥áâ¢  ¥áâì ª¢ ¤à âë© âà¥åç«¥ ®â®á¨â¥«ì® f á ¤¨áªà¨¬¨ â®¬

(

d

a
+

b

c

)

2

− 4 · bc
ad

=

(

d

a
− b

c

)

2

.

�®£¤  ¯à¨ «î¡ëå e, f > 0

ψ(f) 6
ac

4

(

d

a
− b

c

)

2

=

ac

4

(

√

d

a
−
√

b

c

)

2

(

√

d

a
+

√

b

c

)

2

6

(√
cd−

√
ab

2

)

2

· ϕ(e) 6 ϕ(e). �

3. � âà¥ã£®«ì¨ª¥ ABC ¯à®¢¥¤¥  ¬¥¤¨   AM . �ªàã�®áâì ω ¯à®å®¤¨â ç¥à¥§ â®çªã A, ª á ¥âáï

¯àï¬®© BC ¢ â®çª¥ M ¨ ¯¥à¥á¥ª ¥â áâ®à®ë AB ¨ AC ¢ â®çª å D ¨ E á®®â¢¥âáâ¢¥®. �  ¤ã£¥

AD, ¥ á®¤¥à� é¥© â®çªã E, ¢ë¡à «¨ â ªãî â®çªã F , çâ® ∠BFE = 72

◦
. �ª § «®áì, çâ® ∠DEF =

∠ABC. � ©¤¨â¥ ã£®« ∠CME.

�â¢¥â: 36

◦
.

M CB

AF

E

D

�¥è¥¨¥. �¯¨á ë¥ ã£«ë DAF ¨ DEF ®¯¨à îâáï   ¤ã£ã DF ¨ ¯®â®¬ã à ¢ë. � á¨«ã ãá«®¢¨ï

∠FAB = ∠ABC, ®âªã¤  BC ‖ AF . �®£¤  ¯àï¬ ï ℓ, ¯à®å®¤ïé ï ç¥à¥§ â®çªã M ¯¥à¯¥¤¨ªã«ïà® ª -

á â¥«ì®© BC, á®¤¥à�¨â ¤¨ ¬¥âà ®ªàã�®áâ¨ ω ¨ ¯¥à¯¥¤¨ªã«ïà  ¥¥ å®à¤¥ AF . � ç¨â, â®çª¨ A ¨ F

á¨¬¬¥âà¨çë ®â®á¨â¥«ì® ℓ, â® ¥áâì ℓ ï¢«ï¥âáï ®áìî á¨¬¬¥âà¨¨ âà ¯¥æ¨¨ BCAF . �âáî¤  ¢ëâ¥ª ¥â, çâ®

AC = BF ¨ AM = FM . �«¥¤®¢ â¥«ì®, âà¥ã£®«ì¨ª¨ BFM ¨ CAM à ¢ë ¯® âà¥¬ áâ®à® ¬, ¯®íâ®¬ã

∠BFM = ∠EAM . �à®¬¥ â®£®, ∠EFM = ∠EAM ª ª ¢¯¨á ë¥ ã£«ë, ®¯¨à îé¨¥áï   ®¤ã å®à¤ã.

�®£¤  FM | ¡¨áá¥ªâà¨á  ã£«  BFE, ¨

∠EAM = ∠EFM =

1

2

∠BFE = 36

◦.

� ¬¥â¨¬ â¥¯¥àì, çâ® ã£®« ¬¥�¤ã å®à¤®© EM ¨ ª á â¥«ì®© BC à ¢¥ ¢¯¨á ®¬ã ã£«ã, ®¯¨à îé¥¬ãáï

  EM . Ǳ®íâ®¬ã ∠CME = ∠EAM = 36

◦
. �

4. � ª®à®¡ª¥ «¥�¨â ¢¯¥à¥¬¥èªã ¡®«ìè ï ¯ àâ¨ï æ¢¥â®¢ è¥áâ¨ ¢¨¤®¢. � áï á«ãç ©ë¬ ®¡à §®¬ ¡¥à¥â

æ¢¥âª¨ ¯® ®¤®¬ã ¨§ ª®à®¡ª¨. � ª â®«ìª®  ¡¨à ¥âáï 5 æ¢¥â®¢ ®¤®£® ¢¨¤ , � áï á®áâ ¢«ï¥â ¨§ ¨å

¡ãª¥â ¨ ¯à®¤ ¥â ¥£®. � ª®¥  ¨¬¥ìè¥¥ ª®«¨ç¥áâ¢® æ¢¥â®¢ ¥¬ã  ¤® ¢§ïâì, çâ®¡ë £ à â¨à®¢ ®

¯à®¤ âì 10 ¡ãª¥â®¢?

�â¢¥â: 70.

�¥è¥¨¥. � ¬¥â¨¬, çâ® 69 æ¢¥âª®¢ ¥ å¢ â¨â. �¥©áâ¢¨â¥«ì®, ¥á«¨ � áï ¢ëâ é¨« 49 æ¢¥âª®¢ ¯¥à¢®£®

¢¨¤  ¨ ¯® 4 æ¢¥âª  ª �¤®£® ¨§ ®áâ «ìëå ¢¨¤®¢, â® ® ¢ ®¡é¥© á«®�®áâ¨ ¢§ï« 49+5 · 4 = 69 æ¢¥âª®¢, ®

¨§ ¨å ¬®�® á®¡à âì «¨èì 9 ¡ãª¥â®¢.

Ǳãáâì � áï ¢ëâ é¨« 70-© æ¢¥â®ª ¨, ¢®§¬®�®, ¯à®¤ « ®¤¨ ¡ãª¥â. �§ ®áâ ¢è¨åáï æ¢¥â®¢ á®áâ ¢¨âì

¡ãª¥â ã�¥ ¥«ì§ï. Ǳ®íâ®¬ã ã � á¨   àãª å ®ª § «®áì ¥ ¡®«¥¥ ç¥âëà¥å æ¢¥âª®¢ ª �¤®£® ¢¨¤ ,   ¢á¥£®



¥ ¡®«¥¥ 24 æ¢¥â®¢. � ª ª ª ¨ 70, ¨ ª®«¨ç¥áâ¢® ¯à®¤ ëå æ¢¥â®¢ ªà âë 5, ®áâ âìáï ¬®£«® ¥ ¡®«¥¥ 20

æ¢¥â®¢. � ç¨â, � áï ¯à®¤ « ª ª ¬¨¨¬ã¬ 50 æ¢¥âª®¢, â® ¥áâì 10 ¡ãª¥â®¢. �

5. � ®  âãà «ì®¥ ç¨á«® x = 7

n
+ 1, £¤¥ n | ¥ç¥â®¥  âãà «ì®¥ ç¨á«®. �§¢¥áâ®, çâ® x ¨¬¥¥â

à®¢® âà¨ à §«¨çëå ¯à®áâëå ¤¥«¨â¥«ï, ®¤¨ ¨§ ª®â®àëå à ¢¥ 11. � ©¤¨â¥ x.

�â¢¥â: 16808.

�¥è¥¨¥. Ǳ®áª®«ìªã ç¨á«® x ç¥â®, ®¤¨ ¨§ ¥£® ¯à®áâëå ¤¥«¨â¥«¥© à ¢¥ 2. Ǳ®íâ®¬ã ¬ë ¤®«�ë

 ©â¨ ¢á¥ x, ¨¬¥îé¨¥ à®¢® ¤¢  ¥ç¥âëå ¯à®áâëå ¤¥«¨â¥«ï, ®¤¨ ¨§ ª®â®àëå à ¢¥ 11. �¥«¨¬®áâì x

  11 à ¢®á¨«ì  â®¬ã, çâ® n | ¥ç¥â®¥ ªà â®¥ 5, â® ¥áâì x = 7

5m
+ 1 ¯à¨ ¥ª®â®à®¬ ¥ç¥â®¬ m.

�âáî¤  ¯® ä®à¬ã«¥ ¤«ï áã¬¬ë £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨

x = p · q, £¤¥ p = 7

m
+ 1, q = 1− 7

m
+ 7

2m − 7

3m
+ 7

4m.

� ¬¥â¨¬, çâ® p ¨ q ¢§ ¨¬® ¯à®áâë. �¥©áâ¢¨â¥«ì®, ¯ãáâì ç¨á«® r ¤¥«¨â p ¨ q. �®£¤ 

5 = q − (7

m
+ 1)− (7

2m − 1)− (7

3m
+ 1)− (7

4m − 1).

�ëà �¥¨ï, áâ®ïé¨¥ ¢ áª®¡ª å ¢ ¯à ¢®© ç áâ¨, ¤¥«ïâáï   p ¨, â¥¬ ¡®«¥¥,   r. Ǳ®íâ®¬ã r ï¢«ï¥âáï

¤¥«¨â¥«¥¬ 5. �® ®áâ âª¨ ®â ¤¥«¥¨ï áâ¥¯¥¥© 7   5 à ¢ë 2, 4, 3, 1 ¨ ¤ «¥¥ æ¨ª«¨ç¥áª¨ ¯®¢â®àïîâáï.

� ç¨â, p ¥ ªà â® 5 ¯à¨ ¥ç¥âëå m, ®âªã¤  r = 1.

�®ª �¥¬, çâ® ç¨á«® p ¥áâì áâ¥¯¥ì ¤¢®©ª¨ â®«ìª® ¯à¨m = 1. �¥©áâ¢¨â¥«ì®, ¯ãáâìm > 1 ¨ 7

m
+1 = 2

s
.

�®£¤  s > 4 ¨ ç¨á«® 7

m
+ 1 ªà â® 16. �® íâ® ¥¢®§¬®�®, ¯®áª®«ìªã ®áâ âª¨ ®â ¤¥«¥¨ï 7

m
  16

¯à¨¨¬ îâ â®«ìª® § ç¥¨ï 7 ¨ 1.

�á«¨ m = 1, ¬ë ¯®«ãç¨¬ x = 16808 = 2

3 · 11 · 191, çâ®  ¬ ¯®¤å®¤¨â. Ǳ®ª �¥¬, çâ® ¯à¨ m > 3 à¥è¥¨©

¥ ¡ã¤¥â. � áá¬®âà¨¬ ¤¢  á«ãç ï.

1) p ªà â® 11. �®£¤  m
.

.

.

5, â® ¥áâì m = 5k. �á«¨ k = 1, â® p ¤¥«¨âáï   11 ¨ 191. Ǳà¨ k > 1 ¬ë

¬®�¥¬ ¯à¨¬¥¨âì ª p â¥ �¥ à ááã�¤¥¨ï, çâ® ª x. � ®¡®¨å á«ãç ïå p à §«®�¨âáï   ¤¢  ¢§ ¨¬® ¯à®-

áâëå ¬®�¨â¥«ï, ¥ ï¢«ïîé¨åáï áâ¥¯¥ï¬¨ ¤¢®©ª¨. Ǳ®íâ®¬ã x ¨¬¥¥â ¥ ¬¥¥¥ âà¥å à §«¨çëå ¯à®áâëå

¥ç¥âëå ¤¥«¨â¥«¥©, çâ® ¥¢®§¬®�®.

2) q ªà â® 11. � ¬¥â¨¬, çâ® p ¨¬¥¥â ¥ç¥âë© ¤¥«¨â¥«ì,   q ¥ç¥â® ¨ ¢§ ¨¬® ¯à®áâ® á p. �®£¤  q

¤®«�® ¡ëâì áâ¥¯¥ìî 11. �áâ â®ª ®â ¤¥«¥¨ï 7

m
  8 à ¢¥ −1 ¢¢¨¤ã ¥ç¥â®áâ¨ m. Ǳ®íâ®¬ã ç¨á«®

q ¤ ¥â ¯à¨ ¤¥«¥¨¨   8 ®áâ â®ª 5. �® ®áâ âª¨ ®â ¤¥«¥¨ï 11

s
  8 ¯à¨¨¬ îâ â®«ìª® § ç¥¨ï 3 ¨ 1,

¯®íâ®¬ã q ¥ ¬®�¥â ¡ëâì áâ¥¯¥ìî 11. �

6. �à¨ ª®ãá  á ¢¥àè¨®© A ª á îâáï ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬, ¯à¨ç¥¬ ¯¥à¢ë¥ ¤¢  ¨§ ¨å ®¤¨ ª®¢ë,

  ã âà¥âì¥£® ã£®« ¯à¨ ¢¥àè¨¥ à ¢¥

π
3

. � �¤ë© ¨§ ª®ãá®¢ ª á ¥âáï ¢ãâà¥¨¬ ®¡à §®¬ ç¥â¢¥à-

â®£® ª®ãá  á ¢¥àè¨®© ¢ â®çª¥ A ¨ ã£«®¬ ¯à¨ ¢¥àè¨¥

5π
6

. � ©¤¨â¥ ã£®« ¯à¨ ¢¥àè¨¥ ã ¯¥à¢ëå ¤¢ãå

ª®ãá®¢. (�£«®¬ ¯à¨ ¢¥àè¨¥ ª®ãá   §ë¢ ¥âáï ã£®« ¬¥�¤ã ¥£® ®¡à §ãîé¨¬¨ ¢ ®á¥¢®¬ á¥ç¥¨¨.)

�â¢¥â: 2 artg

(√
3− 1

)

.

O

H

A

D

O3E

F

β

O

B

A

O1
E

α

A

F

O1
O3

α β

�¥è¥¨¥. Ǳãáâì 2α | ¨áª®¬ë© ã£®«, β =

π
6

, γ = 5π
12

. �¯¨è¥¬ ¢ ¯¥à¢ë¥ âà¨ ª®ãá  è àë á æ¥âà ¬¨

O
1

, O
2

, O
3

, ª á îé¨¥áï ¤àã£ ¤àã£ . � á â¥«ìë¥, ¯à®¢¥¤¥ë¥ ¨§ A ª® ¢á¥¬ è à ¬, ¨¬¥îâ ®¤¨ ª®¢ãî



¤«¨ã, ¯®áª®«ìªã «î¡ ï ¯ à  è à®¢ ¨¬¥¥â ®¡éãî ª á â¥«ìãî. Ǳãáâì ç¥â¢¥àâë© ª®ãá ª á ¥âáï íâ¨å

è à®¢ ¢ â®çª åB,C,D. �®£¤  AB = AC = AD ¨, § ç¨â, íâ¨ â®çª¨ «¥� â   ¥ª®â®à®¬ è à¥ á æ¥âà®¬ O,

¢¯¨á ®¬ ¢ ç¥â¢¥àâë© ª®ãá. �â®â è à ª á ¥âáï ®áâ «ìëå è à®¢ (â ª ª ª,  ¯à¨¬¥à, è àë á æ¥âà ¬¨

¢ O ¨ O
1

ª á îâáï ¢ â®çª¥ B ¯«®áª®áâ¨, á®¤¥à� é¥© ®¡à §ãîéãî AB ¨ ª á îé¥©áï ç¥â¢¥àâ®£® ª®ãá ).

Ǳ®íâ®¬ã â®çª¨ O
1

, O
2

, O
3

«¥� â   ®âà¥§ª å OB, OC, OD á®®â¢¥âáâ¢¥®, ¯à¨ç¥¬ OO
1

= OO
2

. Ǳãáâì H

| â®çª  ª á ¨ï è à®¢ á æ¥âà ¬¨ O
1

¨ O
2

, ϕ = ∠HAD. �âà¥§ª¨ AH , OH ¨ O
3

H ¯¥à¯¥¤¨ªã«ïàë O
1

H

ª ª ¬¥¤¨ ë à ¢®¡¥¤à¥ëå âà¥ã£®«ì¨ª®¢ O
1

O
2

A, O
1

O
2

O ¨ O
1

O
2

O
3

. Ǳ®íâ®¬ã â®çª¨ A,O,O
3

, D «¥� â

¢ ¯«®áª®áâ¨, ¯à®å®¤ïé¥© ç¥à¥§ â®çªã H ¯¥à¯¥¤¨ªã«ïà® O
1

H . � ç áâ®áâ¨, AO ⊥ O
1

H ¨ AO
3

⊥ O
1

H .

� ç¨â, â®çª¨ H ¨ O
1

¨¬¥îâ ®¤¨ ª®¢ë¥ ¯à®¥ªæ¨¨ ª ª   ¯àï¬ãî AO, â ª ¨   ¯àï¬ãî AO
3

(®¡®§ ç¨¬

íâ¨ ¯à®¥ªæ¨¨ ç¥à¥§ E ¨ F á®®â¢¥âáâ¢¥®). �âáî¤ 

AH · os(ϕ− γ) = AH · os∠HAE = AE = AO
1

· os∠O
1

AE = AO
1

· os(γ − α) =
AB

osα
· os(γ − α),

AH · os(ϕ− β) = AH · os∠HAF = AF = AO
1

· os∠O
1

AF = AO
1

· os(α+ β) =
AB

osα
· os(α + β).

� ¬¥â¨¬, çâ® AH = AB ª ª ª á â¥«ìë¥ ª è àã á æ¥âà®¬ ¢ O
1

. Ǳ®íâ®¬ã

{

osϕ os γ + sinϕ sin γ = os γ + tgα sin γ,

osϕ osβ + sinϕ sinβ = osβ − tgα sinβ
⇐⇒

{

tgα = tg γ (osϕ− 1) + sinϕ,

tgα = tg β (1− osϕ)− sinϕ.

�áª«îç ï ¨§ á¨áâ¥¬ë tgα, ¬ë ¯®«ãç¨¬ 2 sinϕ = (1− osϕ)(tg β + tg γ), ®âªã¤ 

tg

ϕ
2

=

sinϕ

1− osϕ
=

tgβ + tg γ

2

=

1

2

(√
3 +

1 + os

5π
6

sin

5π
6

)

= 1.

�®£¤  ϕ =

π
2

, ¨ ¨§ ¢â®à®£® ãà ¢¥¨ï á¨áâ¥¬ë tgα = tg β − 1 =

√
3− 1. �



� à¨ â 10

1. Ǳ¥âï á � á¥© ¨£à îâ ¢ á«¥¤ãîéãî ¨£àã. Ǳ¥âï ®â¬¥ç ¥â k ª«¥â®ª ¤®áª¨ 8 × 8, ¯®á«¥ ç¥£® � áï

ª« ¤¥â   ¤®áªã ç¥âëà¥åª«¥â®çãî ä¨£ãàªã ¨ á®®¡é ¥â Ǳ¥â¥, ª ª¨¥ ¨§ ®â¬¥ç¥ëå ª«¥â®ª

®  ªàë« (ä¨£ãàªã ¬®�® ¯®¢®à ç¨¢ âì ¨ ¯¥à¥¢®à ç¨¢ âì). � áï ¢ë¨£àë¢ ¥â, ¥á«¨ Ǳ¥âï ¥ ¬®�¥â

®¤®§ ç® ®¯à¥¤¥«¨âì ¯®«®�¥¨¥ ä¨£ãàª¨. Ǳà¨ ª ª®¬  ¨¬¥ìè¥¬ k Ǳ¥âï ¬®�¥â â ª ®â¬¥â¨âì

ª«¥âª¨, çâ® � á¥ ¥ ã¤ áâáï ¢ë¨£à âì?

�â¢¥â: 48.

�¥è¥¨¥. Ǳ®ª �¥¬, çâ® ®â¬¥ç¥® ¥ ¬¥¥¥ 48 ª«¥â®ª. Ǳà®¢¥à¨¬ ¢ ç «¥ á«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥:

áà¥¤¨ «î¡ëå ¤¢ãå ª«¥â®ª, ¨¤ãé¨å ç¥à¥§ ®¤ã ¯® £®à¨§®â «¨, ¢¥àâ¨ª «¨ ¨«¨ ¤¨ £® «¨, å®âï ¡ë ®¤ 

®â¬¥ç¥ . �¥©áâ¢¨â¥«ì®, à áá¬®âà¨¬ ª¢ ¤à â 3× 3:

A
B F
C DE

�á«¨ Ǳ¥âï ¥ ®â¬¥â¨« ª«¥âª¨ B ¨ F , â® ® ¥ á¬®�¥â à §«¨ç¨âì à §¬¥é¥¨ï ä¨£ãàª¨   ª«¥âª å BCDE

¨ CDEF . �á«¨ �¥ Ǳ¥âï ¥ ®â¬¥â¨« ª«¥âª¨ A ¨ E, â® ® ¥ á¬®�¥â à §«¨ç¨âì à §¬¥é¥¨ï ä¨£ãàª¨  

ª«¥âª å ABCD ¨ BCDE.

Ǳ®ª �¥¬ â¥¯¥àì, çâ® ¢ «î¡®¬ ª¢ ¤à â¥ 4 × 4 ¥ ¬®�¥â ¡ëâì ¡®«¥¥ ç¥âëà¥å ¥®â¬¥ç¥ëå ª«¥â®ª.

�á®, çâ® ¨ª ª ï áâà®ª  ª¢ ¤à â  ¥ á®¤¥à�¨â ¡®«¥¥ ¤¢ãå ¥®â¬¥ç¥ëå ª«¥â®ª. �®§ì¬¥¬ ¤¢¥ áâà®ª¨

ª¢ ¤à â , ®¬¥à  ª®â®àëå à §«¨ç îâáï   2. �á«¨ ¢ ®¤®© ¨§ áâà®ª ¥áâì ¤¢¥ ¥®â¬¥ç¥ë¥ ª«¥âª¨, â®

®¨ à á¯®«®�¥ë ®¤¨¬ ¨§ ¤¢ãå á¯®á®¡®¢:

Z Z

¨«¨

ZZ

. �®£¤  ¨§ ¤®ª § ®£® ãâ¢¥à�¤¥¨ï

¢ëâ¥ª ¥â, çâ® ¢ ¤àã£®© áâà®ª¥ ¢á¥ ª«¥âª¨ ¤®«�ë ¡ëâì ®â¬¥ç¥ë. � ç¨â, ¢ ¢ë¡à ®© ¯ à¥ áâà®ª ¥

¡®«¥¥ ¤¢ãå ¥®â¬¥ç¥ëå ª«¥â®ª, ¨ ¢ ®áâ ¢è¥©áï ¯ à¥ â®�¥.

Ǳ®áª®«ìªã ¤®áª  8×8 à §à¥§ ¥âáï   ç¥âëà¥ ª¢ ¤à â  4×4, ¢ ¥© ¬®�¥â ¡ëâì ¥ ¡®«¥¥ 16 ¥®â¬¥ç¥ëå
ª«¥â®ª. � ª¨¬ ®¡à §®¬, ®â¬¥ç¥® ¤®«�® ¡ëâì ¥ ¬¥¥¥ 48 ª«¥â®ª. Ǳà¨¬¥à á 48 ®â¬¥ç¥ë¬¨ ª«¥âª ¬¨

¯®ª §    à¨áãª¥. �

ZZZ ZZZ

Z ZZZ ZZ

ZZZ ZZZ

ZZ ZZZ Z

ZZZ ZZZ

Z ZZZ ZZ

ZZZ ZZZ

ZZ ZZZ Z

2. � ë ¯®«®�¨â¥«ìë¥ ç¨á«  a, b, c, d, e, f , ¯à¨ç¥¬
∣

∣

√
ad−

√
bc
∣

∣ 6 1. �®ª �¨â¥ ¥à ¢¥áâ¢®

(

ae+
b

e

)(

ce+
d

e

)

>

(

a2f2 − b2

f2

)(

d2

f2
− c2f2

)

.

�¥è¥¨¥. �¡®§ ç¨¬ «¥¢ãî ç áâì ¥à ¢¥áâ¢  ç¥à¥§ ϕ(e),   ¯à ¢ãî | ç¥à¥§ ψ(f). � á¨«ã ¥à ¢¥áâ¢ 

�®è¨

ϕ(e) = ad+ bc+ ace2 +
bd

e2
> ad+ bc+ 2

√
acbd =

(
√
ad+

√
bc
)

2

,

  â ª�¥

ψ(f) = a2d2 + b2c2 −
(

a2c2f4 +
b2d2

f4

)

6 a2d2 + b2c2 − 2acbd = (ad− bc)2.

�®£¤  ¯à¨ «î¡ëå e, f > 0

ψ(f) 6
(
√
ad−

√
bc
)

2

(
√
ad+

√
bc
)

2

6
(
√
ad+

√
bc
)

2

6 ϕ(e). �

3. �®ªàã£ âà¥ã£®«ì¨ª  ABC ®¯¨á   ®ªàã�®áâì ω. Ǳàï¬ ï, ª á îé ïáï ω ¢ â®çª¥ C, ¯¥à¥á¥ª ¥â

«ãç BA ¢ â®çª¥ P . �  «ãç¥ PC §  â®çª®© C ®â¬¥â¨«¨ â ªãî â®çªã Q, çâ® PC = QC. �âà¥§®ª



BQ ¢â®à¨ç® ¯¥à¥á¥ª ¥â ®ªàã�®áâì ω ¢ â®çª¥ K. �  ¬¥ìè¥© ¤ã£¥ BK ®ªàã�®áâ¨ ω ®â¬¥â¨«¨

â ªãî â®çªã L, çâ® ∠LAK = ∠CQB. � ©¤¨â¥ ã£®« ∠PCA, ¥á«¨ ¨§¢¥áâ®, çâ® ∠ALQ = 60

◦
.

�â¢¥â: 30

◦
.

C PQ

BL

A
K

�¥è¥¨¥. �¯¨á ë¥ ã£«ë LAK ¨ LBK ®¯¨à îâáï   ¤ã£ã LK ¨ ¯®â®¬ã à ¢ë. � á¨«ã ãá«®¢¨ï

∠LBQ = ∠BQC, ®âªã¤  BL ‖ PQ. �®£¤  ¯àï¬ ï ℓ, ¯à®å®¤ïé ï ç¥à¥§ â®çªã C ¯¥à¯¥¤¨ªã«ïà® ª á -

â¥«ì®© PQ, á®¤¥à�¨â ¤¨ ¬¥âà ®ªàã�®áâ¨ ω ¨ ¯¥à¯¥¤¨ªã«ïà  ¥¥ å®à¤¥ BL. � ç¨â, â®çª¨ B ¨ L

á¨¬¬¥âà¨çë ®â®á¨â¥«ì® ℓ, â® ¥áâì ℓ ï¢«ï¥âáï ®áìî á¨¬¬¥âà¨¨ âà ¯¥æ¨¨ PQLB. �âáî¤  ¢ëâ¥ª ¥â, çâ®

BP = LQ ¨ BC = LC. �«¥¤®¢ â¥«ì®, âà¥ã£®«ì¨ª¨ QLC ¨ PBC à ¢ë ¯® âà¥¬ áâ®à® ¬, ¯®íâ®¬ã

∠QLC = ∠ABC. �à®¬¥ â®£®, ∠ALC = ∠ABC ª ª ¢¯¨á ë¥ ã£«ë, ®¯¨à îé¨¥áï   ®¤ã å®à¤ã. �®£¤ 

LC | ¡¨áá¥ªâà¨á  ã£«  ALQ, ¨

∠ABC = ∠ALC =

1

2

∠ALQ = 30

◦.

� ¬¥â¨¬ â¥¯¥àì, çâ® ã£®« ¬¥�¤ã å®à¤®© AC ¨ ª á â¥«ì®© CP à ¢¥ ¢¯¨á ®¬ã ã£«ã, ®¯¨à îé¥¬ãáï  

AC. Ǳ®íâ®¬ã ∠PCA = ∠ABC = 30

◦
. �

4. � ª®¥  ¨¡®«ìè¥¥ ª®«¨ç¥áâ¢® ¢¥àè¨ ¯à ¢¨«ì®£® 2016-ã£®«ì¨ª  ¬®�® ®â¬¥â¨âì â ª, çâ® ¨-

ª ª¨¥ ç¥âëà¥ ®â¬¥ç¥ë¥ ¢¥àè¨ë ¥ ï¢«ïîâáï ¢¥àè¨ ¬¨ ª ª®£®-«¨¡® ¯àï¬®ã£®«ì¨ª ?

�â¢¥â: 1009.

�¥è¥¨¥. � ¬¥â¨¬, çâ® ¢¯¨á ë© ç¥âëà¥åã£®«ì¨ª ï¢«ï¥âáï ¯àï¬®ã£®«ì¨ª®¬ â®£¤  ¨ â®«ìª® â®-

£¤ , ª®£¤  ¥£® ¤¨ £® «¨ | ¤¨ ¬¥âàë ®¯¨á ®© ®ªàã�®áâ¨. � 2016-ã£®«ì¨ª  ¥áâì à®¢® 1008 ¯ à

¤¨ ¬¥âà «ì® ¯à®â¨¢®¯®«®�ëå ¢¥àè¨. �á«¨ ¨§ ®â¬¥ç¥ëå ¢¥àè¨ ¥«ì§ï á®áâ ¢¨âì ¯àï¬®ã£®«ì¨ª,

â® â®«ìª® ¢ ®¤®© ¯ à¥ ¬®£ãâ ¡ëâì ®â¬¥ç¥ë ®¡¥ ¢¥àè¨ë. � ç¨â, ¢á¥£® ®â¬¥ç¥® ¥ ¡®«¥¥ 1007+2 = 1009

¢¥àè¨.

� ¤àã£®© áâ®à®ë, § ã¬¥àã¥¬ ¢¥àè¨ë 2016-ã£®«ì¨ª  ¯® ¯®àï¤ªã ®â 1 ¤® 2016 ¨ ®â¬¥â¨¬ ¯¥à¢ë¥

1009 ¢¥àè¨. �¨ ¬¥âà «ì® ¯à®â¨¢®¯®«®�ë¬¨ ¡ã¤ãâ «¨èì ¢¥àè¨ë á ®¬¥à ¬¨ 1 ¨ 1009. Ǳ®íâ®¬ã

1009 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨. �

5. � ®  âãà «ì®¥ ç¨á«® x = 6

n
+ 1, £¤¥ n | ¥ç¥â®¥  âãà «ì®¥ ç¨á«®. �§¢¥áâ®, çâ® x ¨¬¥¥â

à®¢® âà¨ à §«¨çëå ¯à®áâëå ¤¥«¨â¥«ï, ®¤¨ ¨§ ª®â®àëå à ¢¥ 11. � ©¤¨â¥ x.

�â¢¥â: 7777.

�¥è¥¨¥. �¥«¨¬®áâì x   11 à ¢®á¨«ì  â®¬ã, çâ® n | ¥ç¥â®¥ ªà â®¥ 5, â® ¥áâì x = 6

5m
+1 ¯à¨

¥ª®â®à®¬ ¥ç¥â®¬ m. �âáî¤  ¯® ä®à¬ã«¥ ¤«ï áã¬¬ë £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨

x = p · q, £¤¥ p = 6

m
+ 1, q = 1− 6

m
+ 6

2m − 6

3m
+ 6

4m.

� ¬¥â¨¬, çâ® p ¨ q ¢§ ¨¬® ¯à®áâë. �¥©áâ¢¨â¥«ì®, ¯ãáâì ç¨á«® r ¤¥«¨â p ¨ q. �®£¤ 

5 = q − (6

m
+ 1)− (6

2m − 1)− (6

3m
+ 1)− (6

4m − 1).

�ëà �¥¨ï, áâ®ïé¨¥ ¢ áª®¡ª å ¢ ¯à ¢®© ç áâ¨, ¤¥«ïâáï   p ¨, â¥¬ ¡®«¥¥,   r. Ǳ®íâ®¬ã r ï¢«ï¥âáï

¤¥«¨â¥«¥¬ 5. �® ®áâ â®ª ®â ¤¥«¥¨ï p   5 ¯à¨ «î¡®¬ m à ¢¥ 2. � ç¨â, p ¥ ªà â® 5, ®âªã¤  r = 1.



Ǳ®áª®«ìªã ç¨á«®m ¥ç¥â®, ®¤¨ ¨§ ¯à®áâëå ¤¥«¨â¥«¥© p à ¢¥ 7. �®ª �¥¬, çâ® ç¨á«® p ¥áâì áâ¥¯¥ì 7

â®«ìª® ¯à¨ m = 1. Ǳãáâì m > 3 ¨ 6

m
+ 1 = 7

s
. �®£¤  ç¨á«® 7

s − 1 ¤¥«¨âáï   2

m
¨, â¥¬ ¡®«¥¥,   8.

�âáî¤  ¢ëâ¥ª ¥â, çâ® s ç¥â®, â® ¥áâì s = 2k. Ǳ®íâ®¬ã 2

m · 3m = (7

k − 1)(7

k
+ 1). � ª ª ª 7

k
+ 1 ¥

ªà â® 3, ç¨á«® 7

k − 1 ¤¥«¨âáï   3

m
¨, § ç¨â, 7

k − 1 > 3

m
. �® â®£¤ 

7

k
+ 1 6 2

m < 3

m 6 7

k − 1,

çâ® ¥¢®§¬®�®.

�á«¨ m = 1, ¬ë ¯®«ãç¨¬ x = 7777 = 7 · 11 · 101, çâ®  ¬ ¯®¤å®¤¨â. Ǳ®ª �¥¬, çâ® ¯à¨ m > 3 à¥è¥¨©

¥ ¡ã¤¥â. � áá¬®âà¨¬ ¤¢  á«ãç ï.

1) p ªà â® 11. �®£¤  m
.

.

.

5, â® ¥áâì m = 5k. �á«¨ k = 1, â® p ¤¥«¨âáï   7, 11 ¨ 101. Ǳà¨ k > 1

¬ë ¬®�¥¬ ¯à¨¬¥¨âì ª p â¥ �¥ à ááã�¤¥¨ï, çâ® ª x. � ®¡®¨å á«ãç ïå p ¥áâì ¯à®¨§¢¥¤¥¨¥ 7 ¨ ¤¢ãå

¢§ ¨¬® ¯à®áâëå ¬®�¨â¥«¥©, ¥ ï¢«ïîé¨åáï áâ¥¯¥ï¬¨ 7. Ǳ®íâ®¬ã x ¨¬¥¥â ¥ ¬¥¥¥ ç¥âëà¥å à §«¨çëå

¯à®áâëå ¤¥«¨â¥«¥©, çâ® ¥¢®§¬®�®.

2) q ªà â® 11. � ¬¥â¨¬, çâ® p ªà â® 7 ¨ ¥ ï¢«ï¥âáï áâ¥¯¥ìî 7,   q ¢§ ¨¬® ¯à®áâ® á p. �®£¤  q

¤®«�® ¡ëâì áâ¥¯¥ìî 11. �áâ â®ª ®â ¤¥«¥¨ï 6

m
  7 à ¢¥ −1 ¢¢¨¤ã ¥ç¥â®áâ¨ m. Ǳ®íâ®¬ã ç¨á«® q

¤ ¥â ¯à¨ ¤¥«¥¨¨   8 ®áâ â®ª 5. �® ®áâ âª¨ ®â ¤¥«¥¨ï 11

s
  7 ¯à¨¨¬ îâ â®«ìª® § ç¥¨ï 4, 2 ¨ 1,

¯®íâ®¬ã q ¥ ¬®�¥â ¡ëâì áâ¥¯¥ìî 11. �

6. �à¨ ª®ãá  á ¢¥àè¨®© A ª á îâáï ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬, ¯à¨ç¥¬ ¯¥à¢ë¥ ¤¢  ¨§ ¨å ®¤¨ ª®¢ë,

  ã âà¥âì¥£® ã£®« ¯à¨ ¢¥àè¨¥ à ¢¥

π
4

. � �¤ë© ¨§ ª®ãá®¢ ª á ¥âáï ¢ãâà¥¨¬ ®¡à §®¬ ç¥â¢¥à-

â®£® ª®ãá  á ¢¥àè¨®© ¢ â®çª¥ A ¨ ã£«®¬ ¯à¨ ¢¥àè¨¥

3π
4

. � ©¤¨â¥ ã£®« ¯à¨ ¢¥àè¨¥ ã ¯¥à¢ëå ¤¢ãå

ª®ãá®¢. (�£«®¬ ¯à¨ ¢¥àè¨¥ ª®ãá   §ë¢ ¥âáï ã£®« ¬¥�¤ã ¥£® ®¡à §ãîé¨¬¨ ¢ ®á¥¢®¬ á¥ç¥¨¨.)

�â¢¥â: 2 artg

2

3

.

O

H

A

D

O3E

F

β

O

B

A

O1
E

α

A

F

O1
O3

α β

�¥è¥¨¥. Ǳãáâì 2α | ¨áª®¬ë© ã£®«, β =

π
8

, γ = 3π
8

. �¯¨è¥¬ ¢ ¯¥à¢ë¥ âà¨ ª®ãá  è àë á æ¥âà ¬¨

O
1

, O
2

, O
3

, ª á îé¨¥áï ¤àã£ ¤àã£ . � á â¥«ìë¥, ¯à®¢¥¤¥ë¥ ¨§ A ª® ¢á¥¬ è à ¬, ¨¬¥îâ ®¤¨ ª®¢ãî

¤«¨ã, ¯®áª®«ìªã «î¡ ï ¯ à  è à®¢ ¨¬¥¥â ®¡éãî ª á â¥«ìãî. Ǳãáâì ç¥â¢¥àâë© ª®ãá ª á ¥âáï íâ¨å

è à®¢ ¢ â®çª åB,C,D. �®£¤  AB = AC = AD ¨, § ç¨â, íâ¨ â®çª¨ «¥� â   ¥ª®â®à®¬ è à¥ á æ¥âà®¬ O,

¢¯¨á ®¬ ¢ ç¥â¢¥àâë© ª®ãá. �â®â è à ª á ¥âáï ®áâ «ìëå è à®¢ (â ª ª ª,  ¯à¨¬¥à, è àë á æ¥âà ¬¨

¢ O ¨ O
1

ª á îâáï ¢ â®çª¥ B ¯«®áª®áâ¨, á®¤¥à� é¥© ®¡à §ãîéãî AB ¨ ª á îé¥©áï ç¥â¢¥àâ®£® ª®ãá ).

Ǳ®íâ®¬ã â®çª¨ O
1

, O
2

, O
3

«¥� â   ®âà¥§ª å OB, OC, OD á®®â¢¥âáâ¢¥®, ¯à¨ç¥¬ OO
1

= OO
2

. Ǳãáâì H

| â®çª  ª á ¨ï è à®¢ á æ¥âà ¬¨ O
1

¨ O
2

, ϕ = ∠HAD. �âà¥§ª¨ AH , OH ¨ O
3

H ¯¥à¯¥¤¨ªã«ïàë O
1

H

ª ª ¬¥¤¨ ë à ¢®¡¥¤à¥ëå âà¥ã£®«ì¨ª®¢ O
1

O
2

A, O
1

O
2

O ¨ O
1

O
2

O
3

. Ǳ®íâ®¬ã â®çª¨ A,O,O
3

, D «¥� â

¢ ¯«®áª®áâ¨, ¯à®å®¤ïé¥© ç¥à¥§ â®çªã H ¯¥à¯¥¤¨ªã«ïà® O
1

H . � ç áâ®áâ¨, AO ⊥ O
1

H ¨ AO
3

⊥ O
1

H .

� ç¨â, â®çª¨ H ¨ O
1

¨¬¥îâ ®¤¨ ª®¢ë¥ ¯à®¥ªæ¨¨ ª ª   ¯àï¬ãî AO, â ª ¨   ¯àï¬ãî AO
3

(®¡®§ ç¨¬

íâ¨ ¯à®¥ªæ¨¨ ç¥à¥§ E ¨ F á®®â¢¥âáâ¢¥®). �âáî¤ 

AH · os(ϕ− γ) = AH · os∠HAE = AE = AO
1

· os∠O
1

AE = AO
1

· os(γ − α) =
AB

osα
· os(γ − α),

AH · os(ϕ− β) = AH · os∠HAF = AF = AO
1

· os∠O
1

AF = AO
1

· os(α+ β) =
AB

osα
· os(α + β).



� ¬¥â¨¬, çâ® AH = AB ª ª ª á â¥«ìë¥ ª è àã á æ¥âà®¬ ¢ O
1

. Ǳ®íâ®¬ã

{

osϕ os γ + sinϕ sin γ = os γ + tgα sin γ,

osϕ osβ + sinϕ sinβ = osβ − tgα sinβ
⇐⇒

{

tgα = tg γ (osϕ− 1) + sinϕ,

tgα = tg β (1− osϕ)− sinϕ.

�áª«îç ï ¨§ á¨áâ¥¬ë tgα, ¬ë ¯®«ãç¨¬ 2 sinϕ = (1− osϕ)(tg β + tgϕ), ®âªã¤ 

tg

ϕ
2

=

sinϕ

1− osϕ
=

1

2

(tg β + tg γ) =
√
2,

¯®áª®«ìªã

tg β =
1 + os

π
4

sin

π
4

=

√
2 + 1, tg γ =

1 + os

3π
4

sin

3π
4

=

√
2− 1.

�¥¯¥àì ¨§ ¢â®à®£® ãà ¢¥¨ï á¨áâ¥¬ë

tgα = (1− osϕ)
(

tgβ − tg

ϕ
2

)

=

2

(

tgβ − tg

ϕ
2

)

1 + tg

2

ϕ
2

=

2

(√
2 + 1−

√
2

)

3

=

2

3

=⇒ 2α = 2artg

2

3

. �
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