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�«¨¬¯¨ ¤  èª®«ì¨ª®¢ �Ǳ¡�� ¯® ¬ â¥¬ â¨ª¥.

� ª«îç¨â¥«ìë© âãà. 2014/2015 ãç¥¡ë© £®¤.

� à¨ â 1

1. � â¥¨á®¬ âãà¨à¥ ãç áâ¢ãîâ 2

n
+ 4 èª®«ì¨ª®¢, £¤¥ n |  âãà «ì®¥ ç¨á«®, ¡�®«ìè¥¥ 4. � 

¯®¡¥¤ã ¤ ¥âáï 1 ®çª®, §  ¯®à �¥¨¥ | 0 ®çª®¢. Ǳ¥à¥¤ ª �¤ë¬ âãà®¬ ¯ àë ¯® �à¥¡¨î á®áâ ¢«ïîâ

¨§ ãç áâ¨ª®¢, ¨¬¥îé¨å à ¢®¥ ª®«¨ç¥áâ¢® ®çª®¢ (â¥, ª®¬ã ¥  è«®áì ¯ àë, ¯à®¯ãáª îâ âãà).

�ãà¨à § ª ç¨¢ ¥âáï, ª ª â®«ìª® ®¯à¥¤¥«ï¥âáï ¥¤¨®«¨çë© «¨¤¥à. �ª®«ìª® èª®«ì¨ª®¢  ¡¥àãâ

¯®á«¥ ®ª®ç ¨ï âãà¨à  ¯® 3 ®çª ?

�â¢¥â: C3

n + 1.

�¥è¥¨¥. �®ª �¥¬ ¢ ç «¥ ¤¢  ãâ¢¥à�¤¥¨ï.

1) � âãà¨à¥ á 2

n
ãç áâ¨ª ¬¨ á¯®àâá¬¥®¢ ¡¥§ ¯ àë ¨ª®£¤  ¥ ¡ã¤¥â, ¨ ¯® ¨â®£ ¬ âãà¨à  ¤«ï

«î¡®£® k ∈ {0, . . . , n} ¯® k ®çª®¢ ¡ã¤ãâ ¨¬¥âì Ck
n èª®«ì¨ª®¢. �®á¯®«ì§ã¥¬áï ¨¤ãªæ¨¥© ¯® n. �«ï n = 1

¢á¥ ®ç¥¢¨¤®. Ǳãáâì ¤«ï ¥ª®â®à®£® n ®¡  ãâ¢¥à�¤¥¨ï ¢¥àë. �®£¤  ¢ âãà¨à¥ á 2

n+1

ãç áâ¨ª ¬¨ ¯®á«¥

¯¥à¢®£® âãà  ¯® 2

n
èª®«ì¨ª®¢  ¡¥àãâ 0 ®çª®¢ ¨ 1 ®çª®. �ã¤¥¬ ¢ ¤ «ì¥©è¥¬ ¯à®¢®¤¨âì �¥à¥¡ì¥¢ªã â ª,

çâ®¡ë ãç áâ¨ª¨ ¨§ íâ¨å £àã¯¯ ¢áâà¥ç «¨áì â®«ìª® ¤àã£ á ¤àã£®¬. Ǳ® ¨¤ãªæ¨®®¬ã ¯à¥¤¯®«®�¥¨î

íâ® ¢á¥£¤  ¬®�® á¤¥« âì, ¨   à á¯à¥¤¥«¥¨¥ ¡ ««®¢ â ª®¥ ¤®¯ãé¥¨¥, ®ç¥¢¨¤®, ¥ ¯®¢«¨ï¥â. �ë¬¨

á«®¢ ¬¨, ¤ «¥¥ ¬ë ¯à®¢®¤¨¬ ¤¢  ¥§ ¢¨á¨¬ëå âãà¨à  á 2

n
ãç áâ¨ª ¬¨. Ǳ® ¨¤ãªæ¨®®¬ã ¯à¥¤¯®«®-

�¥¨î ãç áâ¨ª®¢ ¡¥§ ¯ àë ¢ íâ¨å âãà¨à å ¥ ¡ã¤¥â. �à®¬¥ â®£®, ¢ ¯¥à¢®¬ âãà¨à¥ ¯® k ®çª®¢  ¡¥àãâ

Ck
n èª®«ì¨ª®¢,   ¢® ¢â®à®¬ | Ck−1

n èª®«ì¨ª®¢, ¯®áª®«ìªã   áâ àâ¥ ¢á¥ ãç áâ¨ª¨ ¨¬¥«¨ ¯® ®çªã.

� ¨â®£¥ ¯® k ®çª®¢  ¡¥àãâ Ck
n + Ck−1

n = Ck
n+1

èª®«ì¨ª®¢ (¬ë ¢®á¯®«ì§®¢ «¨áì ®á®¢ë¬ â®�¤¥áâ¢®¬

âà¥ã£®«ì¨ª  Ǳ áª «ï). � ª¨¬ ®¡à §®¬, ¨¤ãªæ¨®ë© ¯¥à¥å®¤ § ¢¥àè¥.

2) �ãà¨à ¬®�® á¢¥áâ¨ ¤¢ã¬ ¥§ ¢¨á¨¬ë¬ âãà¨à ¬ ¢ £àã¯¯ å ¨§ 2

n
¨ 4 ç¥«®¢¥ª. �¥©áâ¢¨â¥«ì®,

¡ã¤¥¬ ¢ ª �¤®¬ âãà¥ á¢®¤¨âì â®«ìª® á¯®àâá¬¥®¢ ¨§ ®¤®© £àã¯¯ë. � á¨«ã 1) ¢ ¯¥à¢®© £àã¯¯¥ ¢á¥å

ãç áâ¨ª®¢ ¬®�® à §¡¨âì   ¯ àë. Ǳ®íâ®¬ã ¯à¨ ®âáãâáâ¢¨¨ ã ª®£®-â® ¯ àë ¢ ®¡é¥¬ âãà¨à¥ ¬ë ¬®-

�¥¬ áç¨â âì, çâ® íâ®â ãç áâ¨ª | ¨§ ¢â®à®© £àã¯¯ë. � ª®æ¥ âãà¨à  à¥§ã«ìâ âë ¤¢ãå £àã¯¯ ¯à®áâ®

®¡ê¥¤¨ïîâáï.

�ëç¨á«¨¬ ®¡é¥¥ ª®«¨ç¥áâ¢® ãç áâ¨ª®¢,  ¡à ¢è¨å ¢ âãà¨à¥ ¯® 3 ®çª . � á¨«ã 1) ¢ ¯¥à¢®© £àã¯¯¥

¨å ¡ã¤¥â C3

n. �¨ ¬¨ª  à á¯à¥¤¥«¥¨ï ®çª®¢ áà¥¤¨ ãç áâ¨ª®¢ ¨§ ¢â®à®© £àã¯¯ë â ª®¢ :

4 → (2, 2) → (1, 2, 1)→ (1, 1, 2)→ (1, 1, 1, 1).

(«¥¢ ï æ¨äà  ®§ ç ¥â ç¨á«®  ãâá ©¤¥à®¢, ¯à ¢ ï | ç¨á«® «¨¤¥à®¢). Ǳ®á«¥ ç¥â¢¥àâ®£® âãà  èª®«ì¨ª ¬

¨§ ¢â®à®© £àã¯¯ë ¨£à âì ¥ á ª¥¬, ¯®íâ®¬ã ¨ ¢ ª®æ¥ âãà¨à  3 ®çª  ¡ã¤¥â ¨¬¥âì ®¤¨ á¯®àâá¬¥. � ª¨¬

®¡à §®¬, ®â¢¥â®¬ ï¢«ï¥âáï áã¬¬  C3

n ¨ 1. �

2. � ©¤¨â¥  ¨¬¥ìè¥¥ § ç¥¨¥ ¯à¨ a, b > 0 ¢ëà �¥¨ï

|6a− 4b|+
∣

∣

3(a+ b
√
3 ) + 2(a

√
3− b)

∣

∣

√
a2 + b2

.

�â¢¥â:

√
39.

�¥è¥¨¥ 1. �¨¨¬¨§¨àã¥¬®¥ ¢ëà �¥¨¥ à ¢® 2(d
1

+ d
2

), £¤¥ d
1

, d
2

| à ááâ®ï¨ï ®â â®çª¨ A(3, 2)

¤® ¯àï¬ëå ℓ
1

, ℓ
2

, § ¤ ¢ ¥¬ëå ãà ¢¥¨ï¬¨

ℓ
1

: ax− by = 0 ¨ ℓ
2

: (a+ b
√
3 )x+ (a

√
3− b)y = 0.

�â¨ ¯àï¬ë¥ ¯¥à¥á¥ª îâáï ¢  ç «¥ ª®®à¤¨ â O. � ©¤¥¬ ã£®« ϕ ¬¥�¤ã ¨¬¨:

osϕ =

a(a+ b
√
3 )− b(a

√
3− b)

√
a2 + b2 ·

√

(

a+ b
√
3

)

2

+

(

a
√
3− b

)

2

=

a2 + b2√
a2 + b2 ·

√
4a2 + 4b2

=

1

2

,



â® ¥áâì ϕ =

π
3

. �ã¤¥¬ ¥ ã¬ «ïï ®¡é®áâ¨ áç¨â âì, çâ® â®çª  A «¥�¨â ¢ãâà¨ ®áâà®£® ã£« , ®¡à §ã¥¬®£®

¯àï¬ë¬¨ ℓ
1

¨ ℓ
2

(¨ ç¥ ¬®�® á®¢¬¥áâ¨âì ¯àï¬ë¥ ℓ
1

¨ AB, ã¬¥ìè¨¢ d
1

¨ d
2

). Ǳãáâì α | ã£®« ¬¥�¤ã

ℓ
1

¨ AB. �®£¤  α ∈
[

0, π
3

]

¨

2(d
1

+ d
2

) = 2 ·OA ·
(

sinα+ sin

(

π
3

− α
))

= 4

√
13 sin

π
6

os

(

π
6

− α
)

= 2

√
13 os

(

π
6

− α
)

.

�¨¨¬ã¬ ¯à ¢®© ç áâ¨ ¤®áâ¨£ ¥âáï ¯à¨ α = 0, â® ¥áâì ¢ á«ãç ¥ A ∈ ℓ
1

, ¨ ® à ¢¥

√
39. �

�¥è¥¨¥ 2. �¡®§ ç¨¬ ¬¨¨¬¨§¨àã¥¬®¥ ¢ëà �¥¨¥ ç¥à¥§ A. Ǳãáâì a = r os t, b = r sin t, £¤¥ r > 0,

t ∈
(

0, π
2

)

. �®£¤ 

A = |6 os t− 4 sin t|+
∣

∣

3(os t+
√
3 sin t) + 2(

√
3 os t− sin t)

∣

∣

=

= |6 os t− 4 sin t|+
∣

∣

6 os

(

t− π
3

)

− 4 sin

(

t− π
3

)∣

∣

= 2

√
13

(

| sin(t− α)|+ | sin(t− π
3

− α)|
)

,

£¤¥ α = artg

3

2

. � ¬¥â¨¬, çâ® α ∈
(

π
6

, π
3

)

, ¯®áª®«ìªã

3

2

<
√
3. � áá¬®âà¨¬ ¤¢  á«ãç ï.

1) Ǳãáâì t 6 α. �®£¤ 

A = 2

√
13

(

sin(α− t) + sin

(

π
3

+ α− t
))

= 4

√
13 os

π
6

sin(α+

π
6

− t).

� ª ª ª α+

π
6

< π
2

, ¬¨¨¬ã¬ A ¢ íâ®¬ á«ãç ¥ ¤®áâ¨£ ¥âáï ¯à¨ t = α ¨ à ¢¥

√
39.

2) Ǳãáâì t > α. �®£¤ 

A = 2

√
13

(

sin(t− α) + sin

(

π
3

+ α− t
))

= 4

√
13 sin

π
6

os

(

t− α− π
6

)

> 2

√
13 os

π
6

=

√
39,

¯®áª®«ìªã t− α− π
6

> −π
6

¨ t− α− π
6

< π
2

− π
6

− α < π
3

− π
6

=

π
6

. � ª¨¬ ®¡à §®¬, ¬¨¨¬ã¬ A à¥ «¨§ã¥âáï

¢ á«ãç ¥ 1). �

3. �ãâà¨ ®ªàã�®áâ¨ ω à á¯®«®�¥ë ¯¥à¥á¥ª îé¨¥áï ¢ â®çª å K ¨ L ®ªàã�®áâ¨ ω
1

¨ ω
2

, ª á î-

é¨¥áï ®ªàã�®áâ¨ ω ¢ â®çª å M ¨ N . �ª § «®áì, çâ® â®çª¨ K, M ¨ N «¥� â   ®¤®© ¯àï¬®©.

� ©¤¨â¥ à ¤¨ãá ®ªàã�®áâ¨ ω, ¥á«¨ à ¤¨ãáë ®ªàã�®áâ¥© ω
1

¨ ω
2

à ¢ë 3 ¨ 5 á®®â¢¥âáâ¢¥®.

�â¢¥â: 8.

O

O1

O2

M NK

L

�¥è¥¨¥. Ǳãáâì O, O
1

, O
2

| æ¥âàë ®ªàã�®áâ¥© ω, ω
1

, ω
2

á®®â¢¥âáâ¢¥®. � ¤¨ãáë OM ¨ O
1

M

®ªàã�®áâ¥© ω ¨ ω
1

¯¥à¯¥¤¨ªã«ïàë ¨å ®¡é¥© ª á â¥«ì®©, ¯à®¢¥¤¥®© ¢ â®çª¥ M . Ǳ®íâ®¬ã ®¨

¯ à ««¥«ìë, â® ¥áâì â®çª  O
1

«¥�¨â   ®âà¥§ª¥ OM . � «®£¨ç® ¯®«ãç ¥âáï, çâ® â®çª  O
2

«¥�¨â  

®âà¥§ª¥ ON (á¬. à¨áã®ª). Ǳ®áª®«ìªã âà¥ã£®«ì¨ª¨ OMN , O
1

MK ¨ O
2

KN à ¢®¡¥¤à¥ë¥,

∠MKO
1

= ∠KMO
1

= ∠KNO
2

= ∠NKO
2

.

�«¥¤®¢ â¥«ì®, KO
1

‖ NO ¨ KO
2

‖ MO, â® ¥áâì OO
1

KO
2

| ¯ à ««¥«®£à ¬¬. �®£¤ 

MO =MO
1

+O
1

O = MO
1

+KO
2

= 3 + 5 = 8. �



4. �¥è¨â¥ ¢  âãà «ìëå ç¨á« å ãà ¢¥¨¥ 3

x
+5

y
+14 = z! (á¨¬¢®« z! ®§ ç ¥â ä ªâ®à¨ « z, â® ¥áâì

¯à®¨§¢¥¤¥¨¥ ¢á¥å  âãà «ìëå ç¨á¥« ®â 1 ¤® z).

�â¢¥â: (4, 2, 5), (4, 4, 6).

�¥è¥¨¥. �ç¥¢¨¤®, çâ® z! > 14, ®âªã¤  z > 4. Ǳà¨ z = 4 ¬ë ¯®«ãç¨¬ 3

x
= 10− 5

y
, çâ® ¥¢®§¬®�®,

â ª ª ª 3

x
¥ ¤¥«¨âáï   5. � ª¨¬ ®¡à §®¬, z > 5 ¨, ¢ ç áâ®áâ¨, z! ¤¥«¨âáï   3 ¨ 5. �áâ â®ª ®â ¤¥«¥¨ï

5

y
+ 14   3 à ¢¥ 1 ¯à¨ ¥ç¥âëå y ¨ 0 ¯à¨ ç¥âëå y, ®âªã¤  y = 2n. �áâ â®ª ®â ¤¥«¥¨ï 3

x
+ 14   5

à ¢¥ 2 ¯à¨ ¥ç¥âëå x ¨ 0 ¯à¨ ç¥âëå x, ¯®íâ®¬ã x = 2m. � ¬¥â¨¬, çâ® ®áâ âª¨ ®â ¤¥«¥¨ï ç¨á¥« ¢¨¤ 

9

m
¨ 25

n
  7 ¬®£ãâ ¯à¨¨¬ âì â®«ìª® § ç¥¨ï 1, 2 ¨ 4. � ª ª ª áã¬¬  «î¡®© ¯ àë ¨§ íâ¨å ç¨á¥« ¥

à ¢  7, «¥¢ ï ç áâì ãà ¢¥¨ï ¥ ¤¥«¨âáï   7, ¨ z!, § ç¨â, â®�¥. �®£¤  z < 7, â® ¥áâì z = 5 ¨«¨ z = 6.

� áá¬®âà¨¬ íâ¨ á«ãç ¨.

1) z 6 5. �®£¤  9

m
+ 25

n
= 106. �®¯ãáâ¨¬® «¨èì n = 1, çâ® ¤ ¥â y = 2, m = 2 ¨ x = 4.

2) z 6 6. �®£¤  9

x
+ 25

n
= 706. �«ï n ¤®¯ãáâ¨¬ë â®«ìª® § ç¥¨ï 1 ¨ 2. � ¬ ¯®¤å®¤¨â «¨èì n = 2,

¯à¨ ª®â®à®¬ y = 4, m = 2 ¨ x = 4. �

5. � áâà ¥ �«ìä¨ï 150 £®à®¤®¢, ¥ª®â®àë¥ ¨§ ª®â®àëå á®¥¤¨¥ë �¥«¥§®¤®à®�ë¬¨ íªá¯à¥áá ¬¨, ¥

®áâ  ¢«¨¢ îé¨¬¨áï   ¯à®¬¥�ãâ®çëå áâ æ¨ïå. �§¢¥áâ®, çâ® «î¡ë¥ ç¥âëà¥ £®à®¤  ¬®�®

à §¡¨âì   ¤¢¥ ¯ àë â ª, çâ® ¬¥�¤ã £®à®¤ ¬¨ ª �¤®© ¯ àë ªãàá¨àã¥â íªá¯à¥áá. � ª®¥  ¨¬¥ìè¥¥

ç¨á«® ¯ à £®à®¤®¢ á®¥¤¨¥® íªá¯à¥áá ¬¨?

�â¢¥â: 11 025.

�¥è¥¨¥. Ǳà¥¤¯®«®�¨¬, çâ® ª ª®©-â® £®à®¤ ( §®¢¥¬ ¥£® �«ìäáª®¬) á®¥¤¨¥ íªá¯à¥áá ¬¨ ¥ ¡®«¥¥

ç¥¬ á 146 £®à®¤ ¬¨. �®£¤  ç¥â¢¥àª  £®à®¤®¢, á®áâ®ïé ï ¨§ �«ìäáª  ¨ ª ª¨å-â® âà¥å, á ª®â®àë¬¨ ® ¥

á®¥¤¨¥, ¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨, ¯®áª®«ìªã �«ìäáª ¥ ¬®�¥â ¡ëâì ¢ ¯ à¥ ¨ á ®¤¨¬ ¨§ âà¥å

®áâ ¢è¨åáï £®à®¤®¢. Ǳ®íâ®¬ã ª �¤ë© £®à®¤ á®¥¤¨¥ å®âï ¡ë á 147 £®à®¤ ¬¨. �«¥¤®¢ â¥«ì®, ¢á¥£® ¯ à

£®à®¤®¢, á®¥¤¨¥ëå íªá¯à¥áá ¬¨, ¥ ¬¥ìè¥, ç¥¬

147·150
2

= 11 025.

Ǳ®ª �¥¬ â¥¯¥àì, çâ® ¬®�¥â ¡ëâì à®¢® 11 025 ¯ à £®à®¤®¢. � ã¬¥àã¥¬ £®à®¤  ç¨á« ¬¨ ®â 1 ¤® 150

¨ á®¥¤¨¨¬ íªá¯à¥áá ¬¨ ¢á¥ £®à®¤ , ªà®¬¥ ¯¥à¢®£® ¨ 150-£®,   â ª�¥ £®à®¤®¢, ®¬¥à  ª®â®àëå ®â«¨ç -

îâáï   ¥¤¨¨æã. Ǳà®¢¥à¨¬, çâ® íâ  ª®áâàãªæ¨ï ã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨. Ǳ®áª®«ìªã ª �¤ë©

£®à®¤ á®¥¤¨¥ íªá¯à¥áá ¬¨ á 147 £®à®¤ ¬¨, ®¡é¥¥ ª®«¨ç¥áâ¢® ¯ à á®¥¤¨¥ëå £®à®¤®¢ ¢ â®ç®áâ¨ à ¢®

147·150
2

= 11 025. �®§ì¬¥¬ â¥¯¥àì «î¡ãî ç¥â¢¥àªã £®à®¤®¢. �®§¬®�ë ¤¢  á«ãç ï.

1) �áâì £®à®¤, ¥ á®¥¤¨¥ë© á ¤¢ã¬ï ¨§ âà¥å ®áâ «ìëå £®à®¤®¢. Ǳãáâì £®à®¤ A ¥ á®¥¤¨¥ á

£®à®¤ ¬¨ B ¨ C, ® á®¥¤¨¥ á £®à®¤®¬ D. �®£¤  £®à®¤  B ¨ C ¤®«�ë ¡ëâì á®¥¤¨¥ë ¬¥�¤ã á®¡®©, â ª

ª ª ®áâ âª¨ ®â ¤¥«¥¨ï ¨å ®¬¥à®¢   150 à §«¨ç îâáï   2. Ǳ®íâ®¬ã ¯ àë (A,D) ¨ (B,C)  ¬ ¯®¤å®¤ïâ.

2) �á¥ £®à®¤  á®¥¤¨¥ë á ¥ ¬¥¥¥ ç¥¬ ¤¢ã¬ï ¨§ âà¥å ®áâ «ìëå £®à®¤®¢. Ǳãáâì £®à®¤ A á®¥¤¨¥ á

£®à®¤ ¬¨ B ¨ C. Ǳ® ¯à¥¤¯®«®�¥¨î £®à®¤ D ¤®«�¥ ¡ëâì á®¥¤¨¥ á B ¨«¨ C. �á«¨ ® á®¥¤¨¥ á B,

â®  ¬ ¯®¤®©¤ãâ ¯ àë (A,C) ¨ (B,D),   ¥á«¨ á C, â® ¯ àë (A,B) ¨ (C,D). �

6. � ª®ãá á à ¤¨ãá®¬ ®á®¢ ¨ï 2 ¨ ®¡à §ãîé¥© 4 ¯®¬¥é¥ë âà¨ è à  à ¤¨ãá  r. �¨ ª á îâáï ¤àã£

¤àã£  (¢¥è¨¬ ®¡à §®¬), ¡®ª®¢®© ¯®¢¥àå®áâ¨ ª®ãá , ¨ ¯¥à¢ë¥ ¤¢  è à  ª á îâáï ®á®¢ ¨ï ª®ãá .

� ©¤¨â¥ ¬ ªá¨¬ «ì®¥ § ç¥¨¥ r.

�â¢¥â:

√
3− 1.

F

P

OE

B

O3

O1 A

M

P

NO

O3

D

C
B

r

α

π̄
3



�¥è¥¨¥. Ǳãáâì O
1

, O
2

, O
3

| æ¥âàë è à®¢, A | â®çª  ª á ¨ï ¯¥à¢ëå ¤¢ãå, PO | ¢ëá®â 

ª®ãá , B | ¯à®¥ªæ¨ï O
1

  PO. �  «¥¢®¬ à¨áãª¥ ¯®ª §   ç áâì á¥ç¥¨ï ª®ãá  ¯«®áª®áâìî POO
1

,

  ¯à ¢®¬ | á¥ç¥¨¥ ¯«®áª®áâìî POA. � ¬¥â¨¬, çâ® AO
3

= r
√
3 ª ª ¢ëá®â  ¯à ¢¨«ì®£® âà¥ã£®«ì¨ª 

O
1

O
2

O
3

á® áâ®à®®© 2r. �à®¬¥ â®£®, os∠PFO =

OF
PF

=

1

2

, ®âªã¤  ∠PFO =

π
3

¨

BO
1

= EO = 2− EF = 2− r tg π
6

= 2− r
√
3.

Ǳãáâì α | ã£®« ¬¥�¤ã AO
3

¨ ¯¥à¯¥¤¨ªã«ïà®¬ AD ª ®âà¥§ªã PN , AC ‖ MN (á¬. ¯à ¢ë© à¨áã®ª).

�®£¤  AD = r + AO
3

osα = r (1 +
√
3 osα). �ëá®â  BA à ¢®¡¥¤à¥®£® âà¥ã£®«ì¨ª  BO

1

O
2

à ¢ 

√

BO2

1

− r2 =

√

(

2− r
√
3

)

2 − r2, ¯®íâ®¬ã ®  ã¬¥ìè ¥âáï á à®áâ®¬ r. � ª ª ª BO = r, ¤«¨  BC

â ª�¥ ã¡ë¢ ¥â á à®áâ®¬ r. �®£¤  ã¡ë¢ îé¨¬¨ ®â®á¨â¥«ì® r ¡ã¤ãâ ¢ëà �¥¨ï AD = (AB + BC)
√
3

2

¨

osα =

AD−r

r
√
3

. � ç¨â, ¬ ªá¨¬ «ì®¥ § ç¥¨¥ r ¡ã¤¥â ¤®áâ¨£ âìáï ¯à¨  ¨¡®«ìè¥¬ α, â® ¥áâì ª®£¤  è à

á æ¥âà®¬ ¢ â®çª¥ O
3

«¨¡® ¢¯¨á  ¢ ª®ãá, «¨¡® ª á ¥âáï ¥£® ®á®¢ ¨ï. � áá¬®âà¨¬ íâ¨ á«ãç ¨.

1) �á«¨ è à á æ¥âà®¬ ¢ â®çª¥ O
3

¢¯¨á  ¢ ª®ãá, â® O
1

O
3

‖ PF , ®âªã¤  BO
1

= 2r os π
3

= r (á¬. «¥¢ë©

à¨áã®ª). �®£¤  2− r
√
3 = r, â® ¥áâì r = 2√

3+1

=

√
3− 1.

2) �á«¨ è à á æ¥âà®¬ ¢ O
3

ª á ¥âáï ®á®¢ ¨ï ª®ãá , â® â®çª  B | æ¥âà ¯à ¢¨«ì®£® âà¥ã£®«ì¨ª 

O
1

O
2

O
3

, ®âªã¤  BO
1

=

2r√
3

. Ǳ®íâ®¬ã 2− r
√
3 =

2r√
3

, â® ¥áâì r = 2

√
3

5

<
√
3− 1.

� ª¨¬ ®¡à §®¬, ¬ ªá¨¬ã¬ r à¥ «¨§ã¥âáï ¢ ¯¥à¢®¬ á«ãç ¥ ¨ à ¢¥

√
3− 1. �



� à¨ â 2

1. � âãà¨à¥ ¯®  à¬à¥áâ«¨£ã ãç áâ¢ã¥â 2

n
+6 á¯®àâá¬¥®¢, £¤¥ n|  âãà «ì®¥ ç¨á«®, ¡�®«ìè¥¥ 7. � 

¯®¡¥¤ã ¤ ¥âáï 1 ®çª®, §  ¯®à �¥¨¥ | 0 ®çª®¢. Ǳ¥à¥¤ ª �¤ë¬ âãà®¬ ¯ àë ¯® �à¥¡¨î á®áâ ¢«ïîâ

¨§ ãç áâ¨ª®¢, ¨¬¥îé¨å à ¢®¥ ª®«¨ç¥áâ¢® ®çª®¢ (â¥, ª®¬ã ¥  è«®áì ¯ àë, ¯à®¯ãáª îâ âãà).

�ª®«ìª® á¯®àâá¬¥®¢  ¡¥àãâ ¯®á«¥ á¥¤ì¬®£® âãà  ¯® 4 ®çª ?

�â¢¥â: 35 · 2n−7

+ 2.

�¥è¥¨¥. �®ª �¥¬ ¢ ç «¥ ¤¢  ãâ¢¥à�¤¥¨ï.

1) � âãà¨à¥ á 2

n
ãç áâ¨ª ¬¨ ¯®á«¥ m-£® âãà  ¯® k ®çª®¢ ¡ã¤ãâ ¨¬¥âì 2

n−m · Ck
m á¯®àâá¬¥®¢,

£¤¥ m 6 n ¨ k ∈ {0, . . . ,m}. Ǳãáâì f(m, k) | ç¨á«® ãç áâ¨ª®¢,  ¡à ¢è¨å ¯®á«¥ m âãà®¢ k ®çª®¢.

�®á¯®«ì§ã¥¬áï ¨¤ãªæ¨¥© ¯® m. �á«¨ m = 0, â® ¨ k = 0,   f(0, 0) = 2

n
. Ǳà®¢¥¤¥¬ ¨¤ãªæ¨®ë© ¯¥à¥å®¤.

Ǳãáâì ¤«ï ¥ª®â®à®£®m < n âà¥¡ã¥¬®¥ à ¢¥áâ¢® ¢¥à®. �®£¤  ª �¤ ï £àã¯¯  á ®¤¨ ª®¢ë¬ ª®«¨ç¥áâ¢®¬

®çª®¢ á®¤¥à�¨â ç¥â®¥ ç¨á«® ãç áâ¨ª®¢, ¯®íâ®¬ã   ¯ àë à §®¡ìîâáï ¢á¥ ãç áâ¨ª¨. Ǳ®á«¥ (m+ 1)-£®

âãà  £àã¯¯ë á¯®àâá¬¥®¢, ¥ ¨¬¥îé¨å ¯®¡¥¤ ¨ ¥ ¨¬¥îé¨å ¯®à �¥¨©, á®ªà âïâáï ¢¤¢®¥. Ǳ®íâ®¬ã

f(m+ 1, 0) = 1

2

f(m, 0) = 1

2

· 2n−m
= 2

n−(m+1) · C0

m+1

¨ f(m+ 1,m+ 1) =

1

2

f(m,m) = 2

n−(m+1) · Cm+1

m+1

.

Ǳãáâì â¥¯¥àì k ∈ {1, . . . ,m}. Ǳ®á«¥ (m+1)-£® âãà  ¯® k ®çª®¢ áâ ¥â ã â¥å, ªâ® ¨¬¥« k ®çª®¢ ¨ ¯à®¨£à «,

  â ª�¥ ã â¥å, ªâ® ¨¬¥« k − 1 ®çª® ¨ ¢ë¨£à «. Ǳ®íâ®¬ã

f(m+ 1, k) = 1

2

· f(m, k) + 1

2

· f(m, k − 1) = 2

n−m−1

(

Ck
m + Ck−1

m

)

= 2

n−(m+1) · Ck
m+1

(¢ ¯®á«¥¤¥¬ ¯¥à¥å®¤¥ ¬ë ¢®á¯®«ì§®¢ «¨áì ®á®¢ë¬ â®�¤¥áâ¢®¬ âà¥ã£®«ì¨ª  Ǳ áª «ï). � ª¨¬ ®¡à §®¬,

¨¤ãªæ¨®ë© ¯¥à¥å®¤ § ¢¥àè¥.

2) �ãà¨à ¬®�® á¢¥áâ¨ ¤¢ã¬ ¥§ ¢¨á¨¬ë¬ âãà¨à ¬ ¢ £àã¯¯ å ¨§ 2

n
¨ 6 ç¥«®¢¥ª. �¥©áâ¢¨â¥«ì®,

¡ã¤¥¬ ¢ ª �¤®¬ âãà¥ á¢®¤¨âì â®«ìª® á¯®àâá¬¥®¢ ¨§ ®¤®© £àã¯¯ë. � á¨«ã 1) ¢ ¯¥à¢®© £àã¯¯¥ ¢á¥å

ãç áâ¨ª®¢ ¬®�® à §¡¨âì   ¯ àë. Ǳ®íâ®¬ã ¯à¨ ®âáãâáâ¢¨¨ ã ª®£®-â® ¯ àë ¢ ®¡é¥¬ âãà¨à¥ ¬ë ¬®-

�¥¬ áç¨â âì, çâ® íâ®â ãç áâ¨ª | ¨§ ¢â®à®© £àã¯¯ë. � ª®æ¥ âãà¨à  à¥§ã«ìâ âë ¤¢ãå £àã¯¯ ¯à®áâ®

®¡ê¥¤¨ïîâáï.

�ëç¨á«¨¬ ®¡é¥¥ ª®«¨ç¥áâ¢® ãç áâ¨ª®¢,  ¡à ¢è¨å ¯®á«¥ á¥¤ì¬®£® âãà  ¯® 5 ®çª®¢. � á¨«ã 1) ¢

¯¥à¢®© £àã¯¯¥ ¨å ¡ã¤¥â 2

n−7 ·C4

7

= 35 · 2n−7

. �¨ ¬¨ª  à á¯à¥¤¥«¥¨ï ®çª®¢ áà¥¤¨ ãç áâ¨ª®¢ ¨§ ¢â®à®©

£àã¯¯ë ¤® á¥¤ì¬®£® âãà  â ª®¢ :

6 → (3, 3) → (2, 3, 1)→ (1, 3, 2)→ (1, 2, 2, 1)→ (1, 1, 2, 2)→ (1, 1, 1, 2, 1)→ (1, 1, 1, 1, 2).

(«¥¢ ï æ¨äà  ®§ ç ¥â ç¨á«®  ãâá ©¤¥à®¢, ¯à ¢ ï | ç¨á«® «¨¤¥à®¢). � ç¨â, ¯®á«¥ á¥¤ì¬®£® âãà  ¯® 4

®çª  ¡ã¤ãâ ¨¬¥âì ¤¢  á¯®àâá¬¥ . � ª¨¬ ®¡à §®¬, ®â¢¥â®¬ ¡ã¤¥â áã¬¬  35 · 2n−7

¨ 2. �

2. � ©¤¨â¥  ¨¡®«ìè¥¥ § ç¥¨¥ ¯à¨ a, b > 0 ¢ëà �¥¨ï

|4a− 10b|+
∣

∣

2(a− b
√
3 )− 5(a

√
3 + b)

∣

∣

√
a2 + b2

.

�â¢¥â: 2

√
87.

�¥è¥¨¥ 1. � ªá¨¬¨§¨àã¥¬®¥ ¢ëà �¥¨¥ à ¢® 2(d
1

+ d
2

), £¤¥ d
1

, d
2

| à ááâ®ï¨ï ®â â®çª¨ A(2, 5)

¤® ¯àï¬ëå ℓ
1

, ℓ
2

, § ¤ ¢ ¥¬ëå ãà ¢¥¨ï¬¨

ℓ
1

: ax− by = 0 ¨ ℓ
2

: (a− b
√
3 )x− (a

√
3 + b)y = 0.

�â¨ ¯àï¬ë¥ ¯¥à¥á¥ª îâáï ¢  ç «¥ ª®®à¤¨ â O. � ©¤¥¬ ã£®« ϕ ¬¥�¤ã ¨¬¨:

osϕ =

a(a− b
√
3 ) + b(a

√
3 + b)

√
a2 + b2 ·

√

(

a− b
√
3

)

2

+

(

a
√
3 + b

)

2

=

a2 + b2√
a2 + b2 ·

√
4a2 + 4b2

=

1

2

,



â® ¥áâì ϕ =

π
3

. Ǳãáâì d = OA, α | ã£®« ¬¥�¤ã ℓ
1

¨ AB, β | ã£®« ¬¥�¤ã AB ¨ ®áìî OX . � á¬®âà¨¬

¤¢  á«ãç ï.

1) �®çª  A «¥�¨â ¢ãâà¨ ®áâà®£® ã£« , ®¡à §ã¥¬®£® ¯àï¬ë¬¨ ℓ
1

¨ ℓ
2

. �®£¤ 

2(d
1

+ d
2

) = 2d
(

sinα+ sin

(

π
3

− α
))

= 4d sin

π
6

os

(

π
6

− α
)

= 2d os

(

π
6

− α
)

6 2d.

2) �®çª  A «¥�¨â ¢¥ ®áâà®£® ã£« , ®¡à §ã¥¬®£® ¯àï¬ë¬¨ ℓ
1

¨ ℓ
2

. �®£¤ 

2(d
1

+ d
2

) = 2d
(

sinα+ sin

(

π
3

+ α
))

= 4d os

π
6

os

(

π
6

+ α
)

6 2d
√
3.

� ¢¥áâ¢® ¢ ¯à ¢®© ç áâ¨ à¥ «¨§ã¥âáï ¯à¨ α =

π
3

. � ª®¥ § ç¥¨¥ α ¤®¯ãáâ�̈¬®, ¯®áª®«ìªã

tg β =

5

2

>
√
3, â® ¥áâì β > π

3

.

Ǳ®íâ®¬ã ¬ ªá¨¬ã¬ 2(d
1

+ d
2

) ¤®áâ¨£ ¥âáï ¢® ¢â®à®¬ á«ãç ¥, ¨ ® à ¢¥ 2d
√
3 = 2

√
87. �

�¥è¥¨¥ 2. �¡®§ ç¨¬ ¬ ªá¨¬¨§¨àã¥¬®¥ ¢ëà �¥¨¥ ç¥à¥§ A. Ǳãáâì a = r os t, b = r sin t, £¤¥ r > 0,

t ∈
(

0, π
2

)

. �®£¤ 

A = |4 os t− 10 sin t|+
∣

∣

2(os t−
√
3 sin t)− 5(

√
3 os t+ sin t)

∣

∣

=

= |4 os t− 10 sin t|+
∣

∣

4 os

(

t+ π
3

)

− 10 sin

(

t+ π
3

)
∣

∣

= 2

√
29

(

| sin(t− α)|+ | sin
(

t+ π
3

− α)|
)

,

£¤¥ α = artg

2

5

. � ¬¥â¨¬, çâ® α < π
6

, ¯®áª®«ìªã

2

5

< 1√
3

. � áá¬®âà¨¬ ¤¢  á«ãç ï.

1) Ǳãáâì t > α. �®£¤ 

A = 2

√
29

(

sin(t− α) + sin(t+ π
3

− α)
)

= 4

√
29 os

π
6

sin(t+ π
6

− α) = 2

√
87 sin(t+ π

6

− α).

� ª ª ª α < π
3

+ α < π
2

, ¬ ªá¨¬ã¬ A ¢ á«ãç ¥ 1) ¤®áâ¨£ ¥âáï ¯à¨ t = π
3

+ α ¨ à ¢¥ 2

√
87.

2) Ǳãáâì t 6 α. �®£¤ 

A = 2

√
29

(

sin(α− t) + sin(t+ π
6

− α)
)

= 4

√
29 sin

π
6

os(t+ π
6

− α) 6 2

√
29 < 2

√
87.

Ǳ®íâ®¬ã ¬ ªá¨¬ã¬ A à¥ «¨§ã¥âáï ¢ á«ãç ¥ 1). �

3. �ãâà¨ ®ªàã�®áâ¨ ω à á¯®«®�¥  ª á îé ïáï ¥¥ ¢ â®çª¥ K ®ªàã�®áâì ω
1

. �ªàã�®áâì ω
2

ª á ¥âáï ®ªàã�®áâ¨ ω
1

¢ â®çª¥ L ¨ ¯¥à¥á¥ª ¥âáï á ®ªàã�®áâìî ω ¢ â®çª åM ¨ N .�ª § «®áì, çâ®

â®çª¨ K, L ¨M «¥� â   ®¤®© ¯àï¬®©. � ©¤¨â¥ à ¤¨ãá ®ªàã�®áâ¨ ω, ¥á«¨ à ¤¨ãáë ®ªàã�®áâ¥©

ω
1

¨ ω
2

à ¢ë 4 ¨ 7 á®®â¢¥âáâ¢¥®.

�â¢¥â: 11.

O

O1

O2

L

K
N

M

�¥è¥¨¥. Ǳãáâì O, O
1

, O
2

| æ¥âàë ®ªàã�®áâ¥© ω, ω
1

, ω
2

á®®â¢¥âáâ¢¥®. � ¤¨ãáë OK ¨ O
1

K

®ªàã�®áâ¥© ω ¨ ω
1

¯¥à¯¥¤¨ªã«ïàë ¨å ®¡é¥© ª á â¥«ì®©, ¯à®¢¥¤¥®© ¢ â®çª¥ K. Ǳ®íâ®¬ã ®¨



¯ à ««¥«ìë, â® ¥áâì â®çª  O
1

«¥�¨â   ®âà¥§ª¥ OK (á¬. à¨áã®ª). Ǳ®áª®«ìªã âà¥ã£®«ì¨ª¨ OKM ,

O
1

KL ¨ O
2

LM à ¢®¡¥¤à¥ë¥,

∠KMO = ∠LKO
1

= ∠KLO
1

= ∠MLO
2

= ∠LMO
2

.

�«¥¤®¢ â¥«ì®, KO ‖ MO
2

¨ O
1

O
2

‖ MO, â® ¥áâì OO
1

O
2

M | ¯ à ««¥«®£à ¬¬. �®£¤ 

OM = O
1

O
2

= O
1

L+ LO
2

= 4 + 7 = 11. �

4. �¥è¨â¥ ¢  âãà «ìëå ç¨á« å ãà ¢¥¨¥ 2

x
+5

y
+63 = z! (á¨¬¢®« z! ®§ ç ¥â ä ªâ®à¨ « z, â® ¥áâì

¯à®¨§¢¥¤¥¨¥ ¢á¥å  âãà «ìëå ç¨á¥« ®â 1 ¤® z).

�â¢¥â: (5, 2, 5), (5, 4, 6).

�¥è¥¨¥. �ç¥¢¨¤®, çâ® z! > 63, ®âªã¤  z > 5 ¨, ¢ ç áâ®áâ¨, z! ¤¥«¨âáï   3 ¨ 5. �®£¤  2x−2 ¤¥«¨âáï

  5. Ǳ®íâ®¬ã x − 1 ªà â® 4, çâ® ¤ ¥â ¥ç¥â®áâì x. �à®¬¥ â®£®, «¥¢ ï ç áâì ¤ ¥â â ª®© �¥ ®áâ â®ª ®â

¤¥«¥¨ï   3, ª ª (−1)x + (−1)y = (−1)y − 1. � ç¨â, y ç¥â®, â® ¥áâì y = 2n. � ¬¥â¨¬, çâ® ®áâ âª¨ ®â

¤¥«¥¨ï ç¨á¥« ¢¨¤  2

x
¨ 25

n
  7 ¬®£ãâ ¯à¨¨¬ âì â®«ìª® § ç¥¨ï 1, 2 ¨ 4. � ª ª ª áã¬¬  «î¡®© ¯ àë

¨§ íâ¨å ç¨á¥« ¥ à ¢  7, «¥¢ ï ç áâì ãà ¢¥¨ï ¥ ¤¥«¨âáï   7, ¨ z!, § ç¨â, â®�¥. �®£¤  z < 7, â® ¥áâì

z = 5 ¨«¨ z = 6. � áá¬®âà¨¬ íâ¨ á«ãç ¨.

1) z 6 5. �®£¤  2

x
+ 25

n
= 57. �®¯ãáâ¨¬® «¨èì n = 1, çâ® ¤ ¥â y = 2 ¨ x = 5.

2) z 6 6. �®£¤  2

x
+ 25

n
= 657. �«ï n ¤®¯ãáâ¨¬ë â®«ìª® § ç¥¨ï 1 ¨ 2. � ¬ ¯®¤å®¤¨â «¨èì n = 2,

¯à¨ ª®â®à®¬ y = 4 ¨ x = 5. �

5. � áâà ¥ �¥â¨ï 125 £®à®¤®¢, ¥ª®â®àë¥ ¨§ ª®â®àëå á®¥¤¨¥ë �¥«¥§®¤®à®�ë¬¨ íªá¯à¥áá ¬¨, ¥

®áâ  ¢«¨¢ îé¨¬¨áï   ¯à®¬¥�ãâ®çëå áâ æ¨ïå. �§¢¥áâ®, çâ® «î¡ë¥ ç¥âëà¥ £®à®¤  ¬®�®

®¡ê¥å âì ¯® ªàã£ã ¢ ¥ª®â®à®¬ ¯®àï¤ª¥. � ª®¥  ¨¬¥ìè¥¥ ç¨á«® ¯ à £®à®¤®¢ á®¥¤¨¥® íªá¯à¥áá ¬¨?

�â¢¥â: 7 688.

�¥è¥¨¥. Ǳà¥¤¯®«®�¨¬, çâ® ª ª®©-â® £®à®¤ ( §®¢¥¬ ¥£® �¥âáª) á®¥¤¨¥ íªá¯à¥áá ¬¨ ¥ ¡®«¥¥ ç¥¬

á 122 £®à®¤ ¬¨. �®§ì¬¥¬ ç¥â¢¥àªã £®à®¤®¢, á®áâ®ïéãî ¨§ �¥âáª  ¨ ª ª¨å-â® âà¥å £®à®¤®¢, á ¤¢ã¬ï ¨§

ª®â®àëå �¥âáª ¥ á®¥¤¨¥. �¥ ¥«ì§ï ®¡ê¥å âì ¯® ªàã£ã, ¨ ç¥ �¥âáª ¤®«�¥ ¡ëâì á¢ï§  ¯® ªà ©¥©

¬¥à¥ á ¤¢ã¬ï £®à®¤ ¬¨: ¨§ ®¤®£® ¢ ¥£® ¬®�® ¯à¨¥å âì, ¢ ¤àã£®© | ã¥å âì. Ǳ®íâ®¬ã ª �¤ë© £®à®¤

á®¥¤¨¥ å®âï ¡ë á 123 £®à®¤ ¬¨. �«¥¤®¢ â¥«ì®, ¢á¥£® ¯ à £®à®¤®¢, á®¥¤¨¥ëå íªá¯à¥áá ¬¨, ¥ ¬¥ìè¥,

ç¥¬

123·125
2

= 7687

1

2

. �® ç¨á«® ¯ à ¤®«�® ¡ëâì æ¥«ë¬, § ç¨â, ®® ¯® ªà ©¥© ¬¥à¥ 7 688.

Ǳ®ª �¥¬ â¥¯¥àì, çâ® ª®«¨ç¥áâ¢® ¯ à £®à®¤®¢ ¬®�¥â ¡ëâì ¢ â®ç®áâ¨ 7 688. � ã¬¥àã¥¬ £®à®¤  ç¨á« ¬¨

®â 1 ¤® 125 ¨ á®¥¤¨¨¬ íªá¯à¥áá ¬¨ ¢á¥ ¯ àë £®à®¤®¢, §  ¨áª«îç¥¨¥¬ ¯ à á ®¬¥à ¬¨ 2k − 1 ¨ 2k ¯à¨

k = 1, 2, . . . , 62. Ǳà®¢¥à¨¬, çâ® íâ  ª®áâàãªæ¨ï ã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨. Ǳ®áª®«ìªã ª �¤ë© £®à®¤

á®¥¤¨¥ íªá¯à¥áá ¬¨ á 123 £®à®¤ ¬¨,   125-© £®à®¤ á 124 £®à®¤ ¬¨, ®¡é¥¥ ª®«¨ç¥áâ¢® ¯ à á®¥¤¨¥ëå

£®à®¤®¢ à ¢®

1

2

(124 · 123 + 124) = 7 688. �®§ì¬¥¬ â¥¯¥àì ¯à®¨§¢®«ìãî ç¥â¢¥àªã £®à®¤®¢ A,B,C,D. �

¥© ª �¤ë© ¨§ £®à®¤®¢ á®¥¤¨¥ ¥ ¬¥¥¥ ç¥¬ á ¤¢ã¬ï ¨§ ®áâ «ìëå. Ǳà¥¤¯®«®�¨¬, çâ® B á®¥¤¨¥ á

A ¨ C. �á«¨ D â®�¥ á®¥¤¨¥ á A ¨ C, â®  ¬ ¯®¤®©¤¥â ¬ àèàãâ A → B → C → D → A. � ¯à®â¨¢®¬

á«ãç ¥ D ¥ á®¥¤¨¥ à®¢® á ®¤¨¬ ¨§ £®à®¤®¢ A ¨ C (¯ãáâì íâ® ¡ã¤¥â C). �®£¤  C á®¥¤¨¥ á A,   D |

á B, ¨ £®à®¤  ¬®�® ®¡ê¥å âì ¯® ªàã£ã A → C → B → D → A. �

A B

CD

6. � ª®ãá á ¢ëá®â®© 4 ¨ ®¡à §ãîé¥© 8 ¯®¬¥é¥ë âà¨ è à  à ¤¨ãá  r. �¨ ª á îâáï ¤àã£ ¤àã£  (¢¥è-

¨¬ ®¡à §®¬), ¡®ª®¢®© ¯®¢¥àå®áâ¨ ª®ãá , ¨ ¯¥à¢ë¥ ¤¢  è à  ª á îâáï ®á®¢ ¨ï ª®ãá . � ©¤¨â¥

¬ ªá¨¬ «ì®¥ § ç¥¨¥ r.

�â¢¥â:

12

5+2

√
3

.



F

P

OE

B

O3

O1 A

M

P

NO

O3

D

C
B

r

α

π̄
6

�¥è¥¨¥. Ǳãáâì O
1

, O
2

, O
3

| æ¥âàë è à®¢, A | â®çª  ª á ¨ï ¯¥à¢ëå ¤¢ãå, PO | ¢ëá®â 

ª®ãá , B | ¯à®¥ªæ¨ï O
1

  PO. �  «¥¢®¬ à¨áãª¥ ¯®ª §   ç áâì á¥ç¥¨ï ª®ãá  ¯«®áª®áâìî POO
1

,

  ¯à ¢®¬ | á¥ç¥¨¥ ¯«®áª®áâìî POA. � ¬¥â¨¬, çâ® AO
3

= r
√
3 ª ª ¢ëá®â  ¯à ¢¨«ì®£® âà¥ã£®«ì¨ª 

O
1

O
2

O
3

á® áâ®à®®© 2r. �à®¬¥ â®£®, sin∠PFO =

PO
PF

=

1

2

, ®âªã¤  ∠PFO =

π
6

, OF = 4

√
3 ¨

BO
1

= EO = 4

√
3− EF = 4

√
3− r tg π

12

= 4

√
3− r · 1 + os

π
6

sin

π
6

= 4

√
3− r

(
√
3 + 2

)

.

Ǳãáâì α | ã£®« ¬¥�¤ã AO
3

¨ ¯¥à¯¥¤¨ªã«ïà®¬ AD ª ®âà¥§ªã PN , AC ‖ MN (á¬. ¯à ¢ë© à¨áã®ª).

�®£¤  AD = r + AO
3

osα = r (1 +
√
3 osα). �ëá®â  BA à ¢®¡¥¤à¥®£® âà¥ã£®«ì¨ª  BO

1

O
2

à ¢ 

√

BO2

1

− r2 =

√

(

4

√
3− r (

√
3 + 2)

)

2 − r2, ¯®íâ®¬ã ®  ã¬¥ìè ¥âáï á à®áâ®¬ r. Ǳ®áª®«ìªã BO = r, ¤«¨ 

BC â ª�¥ ã¡ë¢ ¥â á à®áâ®¬ r. �®£¤  ã¡ë¢ îé¨¬¨ ®â®á¨â¥«ì® r ¡ã¤ãâ ¢ëà �¥¨ï AD =

1

2

(AB +BC)

¨ osα =

AD−r

r
√
3

. � ç¨â, ¬ ªá¨¬ «ì®¥ § ç¥¨¥ r ¡ã¤¥â ¤®áâ¨£ âìáï ¯à¨  ¨¡®«ìè¥¬ α, â® ¥áâì ª®£¤ 

è à á æ¥âà®¬ ¢ â®çª¥ O
3

«¨¡® ¢¯¨á  ¢ ª®ãá, «¨¡® ª á ¥âáï ¥£® ®á®¢ ¨ï. � áá¬®âà¨¬ íâ¨ á«ãç ¨.

1) �á«¨ è à á æ¥âà®¬ ¢ â®çª¥ O
3

¢¯¨á  ¢ ª®ãá, â® O
1

O
3

‖ PF , ®âªã¤  BO
1

= 2r os π
6

= r
√
3 (á¬.

«¥¢ë© à¨áã®ª). �®£¤  4

√
3− r(

√
3 + 2) = r

√
3, â® ¥áâì r = 2

√
3√

3+1

= 3−
√
3.

2) �á«¨ è à á æ¥âà®¬ ¢ O
3

ª á ¥âáï ®á®¢ ¨ï ª®ãá , â® â®çª  B | æ¥âà ¯à ¢¨«ì®£® âà¥ã£®«ì¨ª 

O
1

O
2

O
3

, ®âªã¤  BO
1

=

2r√
3

. Ǳ®íâ®¬ã 4

√
3− r(

√
3 + 2) =

2r√
3

, â® ¥áâì r = 12

5+2

√
3

> 3−
√
3.

� ª¨¬ ®¡à §®¬, ¬ ªá¨¬ã¬ r à¥ «¨§ã¥âáï ¢® ¢â®à®¬ á«ãç ¥ ¨ à ¢¥

12

5+2

√
3

. �



� à¨ â 3

1. � âãà¨à¥ ¯®  à¬à¥áâ«¨£ã ãç áâ¢ã¥â 510 á¯®àâá¬¥®¢. �  ¯®¡¥¤ã  ç¨á«ï¥âáï 1 ®çª®, §  ¯®à �¥-

¨¥ | 0 ®çª®¢. �á«¨ ¯®¡¥¤¨â¥«ì ¨§ ç «ì® ¨¬¥« ¬¥ìè¥ ®çª®¢, ç¥¬ á®¯¥à¨ª, â® ¥¬ã ¤®¯®«¨â¥«ì®

¯¥à¥¤ ¥âáï ®¤® ®çª® ¯à®¨£à ¢è¥£®. � ª �¤®¬ âãà¥ ¢áâà¥ç îâáï ãç áâ¨ª¨, ã ª®â®àëå ª®«¨ç¥áâ¢®

®çª®¢ ®â«¨ç ¥âáï ¥ ¡®«¥¥ ç¥¬   1. �ãà¨à § ª ç¨¢ ¥âáï, ª ª â®«ìª® ®¯à¥¤¥«ï¥âáï ¥¤¨®«¨çë©

«¨¤¥à. � ª®¥ ¬¨¨¬ «ì®¥ ª®«¨ç¥áâ¢® âãà®¢ ¯à¨¤¥âáï ¯à®¢¥áâ¨?

�â¢¥â: 9.

�¥è¥¨¥. Ǳãáâì ¯¥à¥¤ ®ç¥à¥¤ë¬ âãà®¬ ¢ «¨¤¨àãîé¥© £àã¯¯¥  å®¤¨âáï N = 2m+ k á¯®àâá¬¥®¢,

¯à¨ç¥¬ 2m ¨§ ¨å ¢áâà¥âïâáï ¤àã£ á ¤àã£®¬,   k | á ãç áâ¨ª ¬¨, ¨¬¥îé¨¬¨   ®çª® ¬¥ìè¥. � ¬¥â¨¬,

çâ® ¥á«¨ ¢áâà¥ç îâáï á¯®àâá¬¥ë, ¨¬¥îé¨¥ n ¨ n + 1 ®çª®, ã ¨å ¯à¨ «î¡®¬ à¥§ã«ìâ â¥ ®ª �¥âáï n ¨

n+2 ®çª®¢. � ç¨â, ¯®á«¥ âãà  ¢ «¨¤¨àãîé¥© £àã¯¯¥ ®ª �¥âáïm+k ãç áâ¨ª®¢. �¨¨¬ «ì®¥ § ç¥¨¥

íâ®© áã¬¬ë à ¢®

N
2

¯à¨ ç¥â®¬ N ¨

N+1

2

¯à¨ ¥ç¥â®¬ N . � ãá«®¢¨ïå § ¤ ç¨ ¯®á«¥ ¯¥à¢®£® âãà  ¡ã¤¥â

¥ ¬¥¥¥ 255 «¨¤¥à®¢, ¯®á«¥ ¢â®à®£® | ¥ ¬¥¥¥ 128, ¨ ¤ «¥¥ ¯®á«¥ ª �¤®£® âãà  ç¨á«® «¨¤¥à®¢ ¡ã¤¥â

á®ªà é âìáï ¥ ¡®«¥¥ ç¥¬ ¢¤¢®¥. Ǳ®íâ®¬ã ¯à¨¤¥âáï ¯à®¢¥áâ¨ ¥ ¬¥¥¥ 2 + log

2

128 = 9 âãà®¢.

Ǳ®ª �¥¬, çâ® ¢ 9 âãà®¢ ¬®�® ã«®�¨âìáï. �®ª �¥¬ ¤¢  ãâ¢¥à�¤¥¨ï.

1) � âãà¨à¥ á 2

n
ãç áâ¨ª ¬¨ ¯®¡¥¤¨â¥«ï ¬®�® ¢ëï¢¨âì §  n âãà®¢. �®á¯®«ì§ã¥¬áï ¨¤ãªæ¨¥©

¯® n. �«ï n = 1 ¢á¥ ®ç¥¢¨¤®. Ǳãáâì ¤«ï ¥ª®â®à®£® n ãâ¢¥à�¤¥¨¥ ¢¥à®. �®£¤  ¢ âãà¨à¥ á 2

n+1

ãç áâ¨ª ¬¨ ¯®á«¥ ¯¥à¢®£® âãà  ¯® 2

n
á¯®àâá¬¥®¢  ¡¥àãâ 0 ®çª®¢ ¨ 1 ®çª®. Ǳà®¢¥¤¥¬ ¢ íâ¨å £àã¯¯ å

¤¢  ¥§ ¢¨á¨¬ëå âãà¨à . Ǳ® ¨¤ãªæ¨®®¬ã ¯à¥¤¯®«®�¥¨î ¨å ®¡  ¬®�® § ¢¥àè¨âì §  n âãà®¢.

Ǳ®¡¥¤¨â¥«ì ¢â®à®£® âãà¨à  áâ ¥â ®¡é¨¬ ¯®¡¥¤¨â¥«¥¬, ¨ ®¯à¥¤¥«¨âáï ® §  n+ 1 âãà.

2) Ǳà¨ n > 3 ¢ âãà¨à¥ á 2

n−2 ãç áâ¨ª ¬¨ ¯®¡¥¤¨â¥«ï ¬®�® ¢ëï¢¨âì §  n âãà®¢. Ǳ®á«¥ ¯¥à¢®£®

âãà  ¯® 2

n−1−1 á¯®àâá¬¥®¢  ¡¥àãâ 0 ®çª®¢ ¨ 1 ®çª®. �á«¨ ¢® ¢â®à®¬ âãà¥ â®«ìª® ¢ ®¤®© ¯ à¥ á®¯¥à¨ª¨

¨¬¥îâ à §®¥ ª®«¨ç¥áâ¢® ®çª®¢, â® ¯®á«¥ âãà  ¯® 2

n−2

ãç áâ¨ª®¢  ¡¥àãâ 0 ®çª®¢ ¨ 2 ®çª ,   2

n−1 − 2

ãç áâ¨ª®¢ | 1 ®çª®. �®á¯®«ì§ã¥¬áï â¥¯¥àì ¨¤ãªæ¨¥© ¯® n. Ǳà¨ n = 3 á¢¥¤¥¬ ¤àã£ á ¤àã£®¬ á¯®àâá¬¥®¢

á à ¢ë¬ ç¨á«®¬ ®çª®¢, ¯®á«¥ ç¥£® âãà¨à § ¢¥àè¨âáï. Ǳãáâì n > 3 ¨ ¤«ï n−1 ãâ¢¥à�¤¥¨¥ ¢¥à®. � á¨«ã

1) ¨ ¨¤ãªæ¨®®£® ¯à¥¤¯®«®�¥¨ï ¢ £àã¯¯ å á 0, 1, 2 ®çª ¬¨ ¬®�® ®à£ ¨§®¢ âì ¥§ ¢¨á¨¬ë¥ âãà¨àë,

¯à¨ç¥¬ ¢ ¯¥à¢®© ¨ âà¥âì¥© ®¨ § ¢¥àè âáï §  n− 2 âãà ,   ¢® ¢â®à®© | §  n− 1 âãà (® ¯®á«¥¤¨© âãà

¥ ¯®âà¥¡ã¥âáï). Ǳ®¡¥¤¨â¥«ì âà¥âì¥© £àã¯¯ë ¢ë¨£à ¥â ¨ ¢¥áì âãà¨à, ¯®áª®«ìªã ®  ¡¥à¥â n+1 ®çª®,  

ãç áâ¨ª¨ ¨§ ¤àã£¨å £àã¯¯ | ¥ ¡®«¥¥ n ®çª®¢. � ¨â®£¥ âãà¨à ¯à®¤«¨âáï n âãà®¢.

�áâ «®áì ¯à¨¬¥¨âì ãâ¢¥à�¤¥¨¥ 2) ¯à¨ n = 9. �

2. � ©¤¨â¥  ¨¡®«ìè¥¥ § ç¥¨¥ ¯à¨ a, b > 1 ¢ëà �¥¨ï

|7a+ 8b− ab|+ |2a+ 8b− 6ab|
a
√
1 + b2

.

�â¢¥â: 9

√
2.

�¥è¥¨¥ 1. � ªá¨¬¨§¨àã¥¬®¥ ¢ëà �¥¨¥ à ¢® d
1

+ d
2

, £¤¥ d
1

, d
2

| à ááâ®ï¨ï ®â â®ç¥ª A(7, 1) ¨

B(2, 6) ¤® ¯àï¬®© ℓ, § ¤ ¢ ¥¬®© ãà ¢¥¨¥¬ ax − aby + 8b = 0. �£® ¬®�® ¯¥à¥¯¨á âì ¢ ¢¨¤¥ y = 1

b
x+ 8

a

¨«¨ y = px+ q, £¤¥ p ∈ (0, 1℄, q ∈ (0, 8℄. � áá¬®âà¨¬ âà¨ á«ãç ï.

1) Ǳàï¬ ï ℓ ¯¥à¥á¥ª ¥â ®âà¥§®ª AB. �®£¤  d
1

+d
2

= AB · sinα, £¤¥ α | ã£®« ¬¥�¤ã ℓ ¨ AB. � ç¥¨¥

α =

π
2

à¥ «¨§ã¥âáï ¯à¨ p = 1 ¨ q 6 4. Ǳ®íâ®¬ã ¬ ªá¨¬ã¬ d
1

+ d
2

à ¢¥ ¢ ¤ ®¬ á«ãç ¥ ¤«¨¥ AB, â®

¥áâì 5

√
2.

2) �®çª  B «¥�¨â ¨�¥ ℓ. �®£¤  d
1

¨ d
2

¢®§à áâ îâ ¯à¨ ã¢¥«¨ç¥¨¨ p ¨ q, â® ¥áâì ¯à¨ ã¬¥ìè¥¨¨

a ¨ b. � ç¨â, ¬ ªá¨¬ã¬ d
1

+ d
2

¤®áâ¨£ ¥âáï ¯à¨ a = b = 1, ¨ ® à ¢¥ 9

√
2.

3) �®çª  A «¥�¨â ¢ëè¥ ℓ. �®£¤  d
1

¨ d
2

ã¢¥«¨ç¨¢ îâáï ¯à¨ ã¬¥ìè¥¨¨ p ¨ q, â® ¥áâì ¯à¨ ¯à¨¡«¨-

�¥¨¨ ℓ ª ®á¨ OX . �® áã¬¬  à ááâ®ï¨© ®â A ¨ B ¤® OX à ¢  7, çâ® ¬¥ìè¥ 9

√
2. Ǳ®íâ®¬ã ¬ ªá¨¬ã¬

d
1

+ d
2

à¥ «¨§ã¥âáï ¢ ¯¥à¢®¬ á«ãç ¥ ¨ à ¢¥ 9

√
2. �

�¥è¥¨¥ 2. �¡®§ ç¨¬ ¬ ªá¨¬¨§¨àã¥¬®¥ ¢ëà �¥¨¥ ç¥à¥§ A. Ǳ®¤¥«¨¢ ç¨á«¨â¥«ì ¨ § ¬¥ â¥«ì A

  ab, ¬ë ¯®«ãç¨¬

A =

∣

∣

7

b
+

8

a
− 1

∣

∣

+

∣

∣

2

b
+

8

a
− 6

∣

∣

√

1 +

1

b2

=

|7(x+ 1)− 8y|+ |2(x+ 1)− 8y|√
1 + x2

,



£¤¥ x =

1

b
∈ (0, 1℄, y = 1 − 1

a
∈ [0, 1). � ¬¥â¨¬, çâ® ¤«ï u, v > 0 ¢¥à® ¥à ¢¥áâ¢® u + v 6

√

2

(

u2 + v2
)

.

� áá¬®âà¨¬ âà¨ á«ãç ï.

1) Ǳãáâì 8y 6 2(x+ 1). �®£¤ 

A =

7(x+ 1)− 8y + 2(x+ 1)− 8y√
1 + x2

=

9(x+ 1)√
1 + x2

− 16y√
1 + x2

6
9(x+ 1)√
1 + x2

6 9

√
2,

¯à¨ç¥¬ ¢ ¯¥à¢®¬ ¥à ¢¥áâ¢¥ à ¢¥áâ¢® à¥ «¨§ã¥âáï ¯à¨ y = 0,   ¢® ¢â®à®¬ | ¯à¨ x = 1. Ǳ®íâ®¬ã

¬ ªá¨¬ã¬ A à ¢¥ ¢ ¤ ®¬ á«ãç ¥ 9

√
2.

2) Ǳãáâì 2(x+ 1) < 8y 6 7(x+ 1). �®£¤ 

A =

7(x+ 1)− 8y − 2(x+ 1) + 8y√
1 + x2

=

5(x+ 1)√
1 + x2

6 5

√
2 < 9

√
2.

� ç¨â, íâ®â á«ãç © ¥ ¤ ¥â ¬ ªá¨¬ «ì®£® § ç¥¨ï A.

3) Ǳãáâì 8y > 7(x+ 1). � ¬¥â¨¬, çâ® x+ 1 >
√
x2 + 1. �®£¤ 

A =

8y − 7(x+ 1)− 2(x+ 1) + 8y√
1 + x2

=

16y√
1 + x2

− 9(x+ 1)√
1 + x2

6 16− 9(x+ 1)√
1 + x2

6 16− 9 = 7 < 9

√
2,

â® ¥áâì ¨ ¢ íâ®¬ á«ãç ¥ ¬ ªá¨¬ã¬ A ¥ ¤®áâ¨£ ¥âáï. �

3. � à ¢®¡¥¤à¥ãî âà ¯¥æ¨î ABCD á ®á®¢ ¨ï¬¨ AB ¨ DC ¢¯¨á   ®ªàã�®áâì á æ¥âà®¬ ¢ â®ç-

ª¥ O. � ©¤¨â¥ ¯«®é ¤ì âà ¯¥æ¨¨, ¥á«¨ OB = b ¨ OC = c.

�â¢¥â: 2bc.

O

A B

CD

M

N

K

�¥è¥¨¥. Ǳãáâì r | à ¤¨ãá ®ªàã�®áâ¨, K | â®çª  ª á ¨ï ®ªàã�®áâ¨ á® áâ®à®®© BC, MN |

¢ëá®â  âà ¯¥æ¨¨, ¯à®å®¤ïé ï ç¥à¥§ â®çªã O (á¬. à¨áã®ª). � ¬¥â¨¬, çâ® ¯® âà¥¬ áâ®à® ¬ à ¢ë

âà¥ã£®«ì¨ª¨ OCN ¨ OCK,   â ª�¥ âà¥ã£®«ì¨ª¨ OBM ¨ OBK. �®£¤ 

180

◦
= ∠NOK + ∠KOM = 2∠COK + 2∠KOB = 2∠COB,

®âªã¤  ∠COB = 90

◦
. � ª ª ª âà ¯¥æ¨ï ®¯¨á  ï ¨ à ¢®¡¥¤à¥ ï, ¬ë ¯®«ãç ¥¬ AB + DC = 2BC.

Ǳ®íâ®¬ã

SABCD = MN · 1

2

(AB +DC) = 2r · BC = 4SBOC = 2bc. �

4. �¥è¨â¥ ¢  âãà «ìëå ç¨á« å ãà ¢¥¨¥ 2

x
+3

y
+ 7 = z! (á¨¬¢®« z! ®§ ç ¥â ä ªâ®à¨ « z, â® ¥áâì

¯à®¨§¢¥¤¥¨¥ ¢á¥å  âãà «ìëå ç¨á¥« ®â 1 ¤® z).

�â¢¥â: (3, 2, 4), (5, 4, 5).

�¥è¥¨¥. � ¬¥â¨¬, çâ® z! > 7, ®âªã¤  z > 4 ¨, ¢ ç áâ®áâ¨, z! ¤¥«¨âáï   3 ¨   8. �áâ â®ª «¥¢®©

ç áâ¨ ®â ¤¥«¥¨ï   3 â ª®© �¥, ª ª ã (−1)x+1, ¯®íâ®¬ã x ¥ç¥â®. �à®¬¥ â®£®, ®áâ â®ª ®â ¤¥«¥¨ï 3

y
+7

  8 à ¢¥ 2 ¯à¨ ¥ç¥â®¬ y ¨ 0 ¯à¨ ç¥â®¬ y. Ǳ¥à¢ë© á«ãç © ¥¢®§¬®�¥, ¯®áª®«ìªã 2

x
+ 2 ¥ ¤¥«¨âáï

  8 ¨ ¯à¨ ª ª®¬ x. � ç¨â, y = 2n ¨ 2

x
+9

n
+7 = z!. � ¬¥â¨¬,  ª®¥æ, çâ® ®áâ âª¨ ®â ¤¥«¥¨ï áâ¥¯¥¥©



¤¢®©ª¨ ¨ ¤¥¢ïâª¨   7 ¯à¨¨¬ îâ â®«ìª® § ç¥¨ï 1, 2 ¨ 4. � ª ª ª áã¬¬  «î¡®© ¯ àë ¨§ íâ¨å ç¨á¥«

¥ à ¢  7, «¥¢ ï ç áâì ãà ¢¥¨ï ¥ ¤¥«¨âáï   7, ¨ z!, § ç¨â, â®�¥. �®£¤  z < 7, â® ¥áâì z ∈ {4, 5, 6}.
� áá¬®âà¨¬ íâ¨ á«ãç ¨.

1) z = 4. �®£¤  2

x
+ 9

n
= 24. �®¯ãáâ¨¬® «¨èì n = 1, çâ® ¤ ¥â y = 2 ¨ x = 4.

2) z = 5. �®£¤  2

x
+9

n
= 120. �«ï n ¤®¯ãáâ¨¬ë â®«ìª® § ç¥¨ï 1 ¨ 2. � ¬ ¯®¤å®¤¨â «¨èì n = 2, ¯à¨

ª®â®à®¬ y = 4 ¨ x = 4.

3) z = 6. �®£¤  2

x
+ 9

n
= 720. �¤¥áì â®�¥ n ¬®�¥â ¯à¨¨¬ âì â®«ìª® § ç¥¨ï 1 ¨ 2, ® ¨ ®¤® ¨§

¨å  ¬ ¥ ¯®¤å®¤¨â. �

5. � ¤¥à¥¢¥ �®á®¢ª  240 �¨â¥«¥©, ¥ª®â®àë¥ «î¤¨ § ª®¬ë ¤àã£ á ¤àã£®¬,   ¥ª®â®àë¥ | ¥â. �§-

¢¥áâ®, çâ® «î¡ëå ¯ïâ¥àëå �¨â¥«¥© ¬®�® ¯®á ¤¨âì §  ªàã£«ë© áâ®« â ª, çâ® ª �¤ë© ¨§ ¨å

¡ã¤¥â § ª®¬ á ®¡®¨¬¨ á¢®¨¬¨ á®á¥¤ï¬¨. � ª®¥  ¨¬¥ìè¥¥ ç¨á«® ¯ à § ª®¬ëå �¨â¥«¥© ¬®�¥â

¡ëâì ¢ �®á®¢ª¥?

�â¢¥â: 28 440.

�¥è¥¨¥. Ǳà¥¤¯®«®�¨¬, çâ® ª ª®©-â® �¨â¥«ì ( §®¢¥¬ ¥£® Ǳ¥â¥©) ¥ § ª®¬ å®âï ¡ë á âà¥¬ï �¨â¥«ï-

¬¨. �ë¡¥à¥¬ á«¥¤ãîé¨å ¯ïâ¥àëå «î¤¥©: Ǳ¥âî, âà®¨å ¥§ ª®¬ëå ¥¬ã �¨â¥«¥© ¨ ¥é¥ ®¤®£® ¯à®¨§¢®«ì-

®£® ç¥«®¢¥ª . �å ¥«ì§ï ã�ë¬ ®¡à §®¬ à §¬¥áâ¨âì §  ªàã£«ë¬ áâ®«®¬, ¯®áª®«ìªã á ®¤®© áâ®à®ë

®â Ǳ¥â¨ ®¡ï§ â¥«ì® ¡ã¤¥â á¨¤¥âì ¥§ ª®¬ë© ¥¬ã ç¥«®¢¥ª. � ç¨â, ã ª �¤®£® �¨â¥«ï ¤¥à¥¢¨ ¥ ¬®�¥â

¡ëâì ¡®«¥¥ ¤¢ãå ¥§ ª®¬ëå «î¤¥©. Ǳ®íâ®¬ã ª �¤ë© § ª®¬ á ¥ ¬¥¥¥ ç¥¬ 236 �¨â¥«ï¬¨, ¨ ¢á¥£® ¯ à

§ ª®¬ëå ¥ ¬¥ìè¥, ç¥¬

240·237
2

= 28 440.

Ǳ®ª �¥¬ â¥¯¥àì, çâ® ç¨á«® ¯ à § ª®¬ëå ¬®�¥â ¡ëâì ¢ â®ç®áâ¨ 28 440. Ǳ®á ¤¨¬ ¢á¥å �¨â¥«¥© § 

¡®«ìè®© ªàã£«ë© áâ®« ¨ ¯®§ ª®¬¨¬ ¢á¥å, ªà®¬¥ á¨¤ïé¨å àï¤®¬. Ǳà®¢¥à¨¬, çâ® íâ  ª®áâàãªæ¨ï ã¤®-

¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨. Ǳ®áª®«ìªã ª �¤ë© �¨â¥«ì ¥ § ª®¬ à®¢® á ¤¢ã¬ï ¤àã£¨¬¨, ® § ª®¬ ¢

â®ç®áâ¨ á 237 «î¤ì¬¨, ¨ ®¡é¥¥ ª®«¨ç¥áâ¢® ¯ à § ª®¬ëå à ¢®

240·237
2

= 28 440. �®§ì¬¥¬ â¥¯¥àì ¯à®-

¨§¢®«ìãî ¯ïâ¥àªã �¨â¥«¥© ¨ à áá ¤¨¬ ¨å âà¥¡ã¥¬ë¬ ®¡à §®¬. �¤ «¨¬ ¢á¥å ®áâ «ìëå ¨§-§  ¡®«ìè®£®

ªàã£«®£® áâ®«  ¨ ®¡®§ ç¨¬ ®áâ ¢è¨åáï ¢ æ¨ª«¨ç¥áª®¬ ¯®àï¤ª¥ ç¥à¥§ A,B,C,D,E. �®£¤   á ãáâà®¨â

à áá ¤ª  A,C,E,B,D. �¥©áâ¢¨â¥«ì®, «î¡ë¥ ¤¢  ®¢ëå á®á¥¤  ¥ á¨¤¥«¨ àï¤®¬ §  ¡®«ìè¨¬ ªàã£«ë¬

áâ®«®¬ ¨ ¯®â®¬ã § îâ ¤àã£ ¤àã£ . �

A

B

C D

E

6. � ª®ãá, ã ª®â®à®£® ¤¨ ¬¥âà ®á®¢ ¨ï à ¢¥ ®¡à §ãîé¥©, ¯®¬¥é¥ë âà¨ ®¤¨ ª®¢ëå è à , ª á î-

é¨åáï ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬. �¢  è à  ª á îâáï ¡®ª®¢®© ¯®¢¥àå®áâ¨ ¨ ®á®¢ ¨ï ª®ãá .

�à¥â¨© è à ª á ¥âáï ¡®ª®¢®© ¯®¢¥àå®áâ¨ ª®ãá  ¢ â®çª¥, «¥� é¥© ¢ ®¤®© ¯«®áª®áâ¨ á æ¥âà ¬¨

è à®¢. � ©¤¨â¥ ®â®è¥¨¥ à ¤¨ãá®¢ ®á®¢ ¨ï ª®ãá  ¨ è à®¢.

�â¢¥â:

5

4

+

√
3.

F

P

OE

BO1 A

P

NO

O3

C

B
D

π̄
3



�¥è¥¨¥: Ǳãáâì O
1

, O
2

, O
3

| æ¥âàë è à®¢, A | â®çª  ª á ¨ï ¯¥à¢ëå ¤¢ãå, PO | ¢ëá®â  ª®ãá ,

B | ¯à®¥ªæ¨ï O
1

  PO, C | â®çª  ª á ¨ï âà¥âì¥£® è à  á ª®ãá®¬, R ¨ r | à ¤¨ãáë ®á®¢ ¨ï ª®ãá 

¨ è à  á®®â¢¥âáâ¢¥®. �  «¥¢®¬ à¨áãª¥ ¯®ª §   ç áâì á¥ç¥¨ï ª®ãá  ¯«®áª®áâìî POO
1

,   ¯à ¢®¬ |

á¥ç¥¨¥ ¯«®áª®áâìî POA. � ¬¥â¨¬, çâ® AO
3

= r
√
3 ª ª ¢ëá®â  ¯à ¢¨«ì®£® âà¥ã£®«ì¨ª  O

1

O
2

O
3

á®

áâ®à®®© 2r. �®çª  C «¥�¨â ¢ ¯«®áª®áâ¨ O
1

O
2

O
3

¨, ¢ á¨«ã á¨¬¬¥âà¨¨, ¢ ¯«®áª®áâ¨ AO
3

P . Ǳ®íâ®¬ã ® 

«¥�¨â   ¯àï¬®© AO
3

. �® à ¤¨ãá CO
3

¯¥à¯¥¤¨ªã«ïà¥ ®¡à §ãîé¥© PN (á¬. ¯à ¢ë© à¨áã®ª), ®âªã¤ 

AC ⊥ PN . �®£¤  AC = r
(

1 +

√
3

)

. Ǳ® ãá«®¢¨î ∠ADC = ∠ONP =

π
3

, çâ® ¤ ¥â

AB = AD −BD =

AC

sin

π
3

−
(

R− r tg π
3

)

= 2r
(

1 +

1√
3

)

+

r√
3

−R = r
(

2 +

√
3

)

−R.

� ¤àã£®© áâ®à®ë, ¨§ «¥¢®£® à¨áãª 

BO
1

= EO = R− EF = R− r tg π
6

= R− r
√
3 ¨ AB =

√

BO2

1

− r2 =

√

(

R− r
√
3

)

2 − r2,

â ª ª ª AB | ¢ëá®â  à ¢®¡¥¤à¥®£® âà¥ã£®«ì¨ª  BO
1

O
2

á ®á®¢ ¨¥¬ 2r. � ª¨¬ ®¡à §®¬, ¬ë ¯à¨è«¨

ª à ¢¥áâ¢ã

√

(

R− r
√
3

)

2 − r2 = r
(

2 +

√
3

)

−R. �®§¢®¤ï ¥£® ¢ ª¢ ¤à â ¯à¨ ãá«®¢¨¨ R 6 r
(

2 +

√
3

)

, ¬ë

¯®«ãç¨¬

R2 − 2Rr
√
3 + 2r2 = r2

(

7 + 4

√
3

)

− 2Rr
(

2 +

√
3

)

+R2 ⇐⇒ r2
(

5 + 4

√
3

)

= 4Rr ⇐⇒ R
r
=

5

4

+

√
3.

�á«®¢¨¥   à ¤¨ãáë, ®ç¥¢¨¤®, ¢ë¯®«ï¥âáï. �



� à¨ â 4

1. � â¥¨á®¬ âãà¨à¥ ãç áâ¢ã¥â 254 èª®«ì¨ª . �  ¯®¡¥¤ã ¤ ¥âáï 1 ®çª®, §  ¯®à �¥¨¥ | 0 ®çª®¢.

�á«¨ ¯®¡¥¤¨â¥«ì ¨§ ç «ì® ¨¬¥« ¬¥ìè¥ ®çª®¢, ç¥¬ á®¯¥à¨ª, â® ¥¬ã ¤®¯®«¨â¥«ì® ¯¥à¥¤ ¥âáï

®¤® ®çª® ¯à®¨£à ¢è¥£®. � ª �¤®¬ âãà¥ ¢áâà¥ç îâáï ãç áâ¨ª¨ á à ¢ë¬ ª®«¨ç¥áâ¢®¬ ®çª®¢, ® ¢

®¤®© ¨§ ¯ à ¤®¯ãáª ¥âáï à §¨æ  ¬¥�¤ã á®¯¥à¨ª ¬¨ ¢ 1 ®çª®. �ãà¨à § ª ç¨¢ ¥âáï, ª ª â®«ìª®

®¯à¥¤¥«ï¥âáï ¥¤¨®«¨çë© «¨¤¥à. �ª®«ìª® èª®«ì¨ª®¢ § ¢¥àè¨â âãà¨à á 5 ®çª ¬¨?

�â¢¥â: 56.

�¥è¥¨¥. �¡®§ ç¨¬ ç¥à¥§ f(m, k) ª®«¨ç¥áâ¢® èª®«ì¨ª®¢, ¨¬¥îé¨å ¯®á«¥ m âãà®¢ k ®çª®¢. �á«¨

f(m, k) ç¥âë ¯à¨ «î¡®¬ k ∈ {0, . . . ,m}, â® ãç áâ¨ª¨ á à §ë¬ ª®«¨ç¥áâ¢®¬ ®çª®¢ ¥ ¡ã¤ãâ ¢áâà¥ç âìáï

¢ (m + 1)-¬ âãà¥ (¨ ç¥ â ª¨å ¢áâà¥ç ¡ë«® ¡ë ¥ ¬¥ìè¥ ¤¢ãå). � ¬¥â¨¬ â ª�¥, çâ® ¥á«¨ ¢áâà¥ç îâáï

á¯®àâá¬¥ë, ¨¬¥îé¨¥ n ¨ n + 1 ®çª®, ã ¨å ¯à¨ «î¡®¬ à¥§ã«ìâ â¥ ®ª �¥âáï n ¨ n + 2 ®çª®¢. �®ª �¥¬

¤¢  ãâ¢¥à�¤¥¨ï.

1) � âãà¨à¥ á 2

n
ãç áâ¨ª ¬¨ ¯®á«¥ m-£® âãà  ¯® k ®çª®¢ ¡ã¤ãâ ¨¬¥âì 2

n−m · Ck
m á¯®àâá¬¥®¢,

£¤¥ m 6 n ¨ k ∈ {0, . . . ,m}. Ǳãáâì f(m, k) | ç¨á«® ãç áâ¨ª®¢,  ¡à ¢è¨å ¯®á«¥ m âãà®¢ k ®çª®¢.

�®á¯®«ì§ã¥¬áï ¨¤ãªæ¨¥© ¯® m. �á«¨ m = 0, â® ¨ k = 0,   f(0, 0) = 2

n
. Ǳà®¢¥¤¥¬ ¨¤ãªæ¨®ë© ¯¥à¥å®¤.

Ǳãáâì ¤«ï ¥ª®â®à®£®m < n âà¥¡ã¥¬®¥ à ¢¥áâ¢® ¢¥à®. �®£¤  ª �¤ ï £àã¯¯  á ®¤¨ ª®¢ë¬ ª®«¨ç¥áâ¢®¬

®çª®¢ á®¤¥à�¨â ç¥â®¥ ç¨á«® ãç áâ¨ª®¢, ¯®íâ®¬ã   ¯ àë à §®¡ìîâáï ¢á¥ ãç áâ¨ª¨. Ǳ®á«¥ (m+ 1)-£®

âãà  £àã¯¯ë á¯®àâá¬¥®¢, ¥ ¨¬¥îé¨å ¯®¡¥¤ ¨ ¥ ¨¬¥îé¨å ¯®à �¥¨©, á®ªà âïâáï ¢¤¢®¥. Ǳ®íâ®¬ã

f(m+ 1, 0) = 1

2

f(m, 0) = 1

2

· 2n−m
= 2

n−(m+1) · C0

m+1

¨ f(m+ 1,m+ 1) =

1

2

f(m,m) = 2

n−(m+1) · Cm+1

m+1

.

Ǳãáâì â¥¯¥àì k ∈ {1, . . . ,m}. Ǳ®á«¥ (m+1)-£® âãà  ¯® k ®çª®¢ áâ ¥â ã â¥å, ªâ® ¨¬¥« k ®çª®¢ ¨ ¯à®¨£à «,

  â ª�¥ ã â¥å, ªâ® ¨¬¥« k − 1 ®çª® ¨ ¢ë¨£à «. Ǳ®íâ®¬ã

f(m+ 1, k) = 1

2

· f(m, k) + 1

2

· f(m, k − 1) = 2

n−m−1

(

Ck
m + Ck−1

m

)

= 2

n−(m+1) · Ck
m+1

(¢ ¯®á«¥¤¥¬ ¯¥à¥å®¤¥ ¬ë ¢®á¯®«ì§®¢ «¨áì ®á®¢ë¬ â®�¤¥áâ¢®¬ âà¥ã£®«ì¨ª  Ǳ áª «ï). � ª¨¬ ®¡à §®¬,

¨¤ãªæ¨®ë© ¯¥à¥å®¤ § ¢¥àè¥.

2) � âãà¨à¥ á 2

n−2 ãç áâ¨ª ¬¨ ¨ ¬¥¥¥ ç¥¬ n âãà ¬¨ ç¨á«  f(2m, k) ç¥âë ¯à¨ «î¡®¬ k ®â 0 ¤® n,

ç¨á«  f(2m−1, k) ¥ç¥âë â®«ìª® ¯à¨ k = m−1 ¨ k = m. �®á¯®«ì§ã¥¬áï ¨¤ãªæ¨¥© ¯® n. �«ï n = 2 ¢á¥

®ç¥¢¨¤®. Ǳãáâì ¤«ï ¥ª®â®à®£® n ãâ¢¥à�¤¥¨¥ ¢¥à®. �®£¤  ¢ âãà¨à¥ á 2

n+1

ãç áâ¨ª ¬¨ ¯®á«¥ ¯¥à¢®£®

âãà  ¯® 2

n − 1 á¯®àâá¬¥®¢  ¡¥àãâ 0 ®çª®¢ ¨ 1 ®çª®. Ǳ®á«¥ ¢â®à®£® âãà  ¯® 2

n−1

ãç áâ¨ª®¢  ¡¥àãâ 0

®çª®¢ ¨ 2 ®çª ,   2

n− 2 ãç áâ¨ª®¢ | 1 ®çª®. �áâ «®áì ¤«ï ¯¥à¢ëå ¤¢ãå £àã¯¯ ¢®á¯®«ì§®¢ âìáï 1),   ¤«ï

âà¥âì¥© | ¨¤ãªæ¨®ë¬ ¯à¥¤¯®«®�¥¨¥¬.

�¢¥¤¥¬ â¥¯¥àì ä¨ªâ¨¢ëå ãç áâ¨ª®¢ A ¨ B. Ǳãáâì ¢ ¥ç¥â®¬ âãà¥ ®¨ ¨£à îâ ¬¥�¤ã á®¡®© ¨ A

¢ë¨£àë¢ ¥â; íâ® ¥ áª §ë¢ ¥âáï   ¤àã£¨å ãç áâ¨ª å. �à®¬¥ â®£®, ¯ãáâì ¯à¨ «î¡®¬ m ¢ (2m)-¬ âãà¥

A ¨£à ¥â á ¥ª¨¬ A′
¨ ¯à®¨£àë¢ ¥â,   B ¢ë¨£àë¢ ¥â ã ¥ª®£® B′

. �®£¤  ã A′
¤®«�® ¡ëâì m ®çª®¢,   ã

B′
| (m− 1) ®çª®. � á¨«ã 2) ç¨á«  f(2m− 1,m− 1) ¨ f(2m− 1,m) ¥ç¥âë,   ¢ á¨«ã 1) ¯®á«¥ ¤®¡ ¢«¥¨ï

A ¨ B ®¨ áâ ãâ ç¥âë¬¨. Ǳ®íâ®¬ã ¢ ®âáãâáâ¢¨¥ A ¨ B ãç áâ¨ª¨ A′
¨ B′

¤®«�ë ¨£à âì ¬¥�¤ã á®¡®©;

¢ à¥§ã«ìâ â¥ ®¨  ¡¥àãâ m− 1 ¨ m+ 1 ®çª®¢, ª ª ¨ ¯®á«¥ ¢áâà¥ç á A ¨ B. � ç¨â, ¤®¡ ¢«¥¨¥ A ¨ B ¥

¢«¨ï¥â   à á¯à¥¤¥«¥¨¥ ®çª®¢ ã ®áâ «ìëå ãç áâ¨ª®¢.

Ǳà¨¬¥¨¬ â¥¯¥àì ãâ¢¥à�¤¥¨¥ 1) ¯à¨ n = 8. �ãà¨à § ª®ç¨âáï ç¥à¥§ 8 âãà®¢, ¨ ¯® 5 ®çª®¢ ¢ ¥¬

 ¡¥àãâ C5

8

=

8·7·6
3·2·1 = 56 ãç áâ¨ª®¢. �áâ «®áì § ¬¥â¨âì, çâ® A ¨ B  ¡¥àãâ ¯® 4 ®çª  ¨, § ç¨â, ¢ íâ®

ç¨á«® ¥ ¢®©¤ãâ. �

2. � ©¤¨â¥  ¨¬¥ìè¥¥ § ç¥¨¥ ¯à¨ a, b > 0 ¢ëà �¥¨ï

|a− 3b− 2|+ |3a− b|
√

a2 + (b+ 1)

2

.

�â¢¥â: 2.

�¥è¥¨¥ 1. �¨¨¬¨§¨àã¥¬®¥ ¢ëà �¥¨¥ à ¢® d
1

+ d
2

, £¤¥ d
1

, d
2

| à ááâ®ï¨ï ®â â®ç¥ª A(1, 3)

¨ B(3, 1) ¤® ¯àï¬®© ℓ, § ¤ ¢ ¥¬®© ãà ¢¥¨¥¬ ax − (b + 1)y + 1 = 0. �£® ¬®�® ¯¥à¥¯¨á âì ¢ ¢¨¤¥



y = a
b+1

x+ 1

b+1

¨«¨ y = px+ q, £¤¥ p > 0, q ∈ (0, 1℄. �®�® áç¨â âì, çâ® ¯àï¬ ï ℓ ¯¥à¥á¥ª ¥â ®âà¥§®ª AB,

¨ ç¥ ¯®¢¥à¥¬ ¥¥ ®â®á¨â¥«ì® â®çª¨ C(0, q) ¢ áâ®à®ã AB, ã¬¥ìè ï d
1

¨ d
2

. �®£¤  d
1

+d
2

= AB · sinα,
£¤¥ α | ã£®« ¬¥�¤ã ¯àï¬ë¬¨ ℓ ¨ AB. Ǳà ¢ ï ç áâì ¤®áâ¨£ ¥â ¬¨¨¬ã¬  ¯à¨  ¨¬¥ìè¥¬ § ç¥¨¨

ã£«  α, ª®â®à®¥ à¥ «¨§ã¥âáï ¯à¨ α = ∠CAB ¨«¨ α = ∠CBA. �¡  íâ¨å ã£«  ¥ ¬¥ìè¥

π
4

, ¨ ∠CBA =

π
4

¯à¨ a = b = 0. Ǳ®íâ®¬ã ¬¨¨¬ã¬ d
1

+ d
2

à ¢¥ AB ·
√
2

2

= 2. �

�¥è¥¨¥ 2. Ǳãáâì A | ¬ ªá¨¬¨§¨àã¥¬®¥ ¢ëà �¥¨¥, c = b+ 1 > 1. �®£¤ 

A =

|a− 3c+ 1|+ |3a− c+ 1|√
a2 + c2

.

� áá¬®âà¨¬ âà¨ á«ãç ï.

1) Ǳãáâì c > 3a+ 1. �®£¤ 

A =

3c− a− 1 + c− 3a− 1√
a2 + c2

=

4c− 4a− 2√
a2 + c2

>
8a+ 2

√

a2 + (3a+ 1)

2

=

8a+ 2√
10a2 + 6a+ 1

,

¯à¨ç¥¬ ¥à ¢¥áâ¢® ®¡à é ¥âáï ¢ à ¢¥áâ¢® ¯à¨ c = 3a+ 1. �à®¬¥ â®£®,

(8a+ 2)

2

10a2 + 6a+ 1

=

64a2 + 32a+ 4

10a2 + 6a+ 1

>
40a2 + 24a+ 4

10a2 + 6a+ 1

= 4,

  ¯à¨ a = 0 ¤®áâ¨£ ¥âáï à ¢¥áâ¢®. � ª¨¬ ®¡à §®¬, ¬¨¨¬ã¬ A à¥ «¨§ã¥âáï ¯à¨ a = 0, c = 1 ¨ à ¢¥ 2.

2) Ǳãáâì

a+1

3

6 c < 3a+ 1. �®£¤ 

A =

3c− a− 1− c+ 3a+ 1√
a2 + c2

=

2(c+ a)√
a2 + c2

> 2,

â ª ª ª c+ a >
√
a2 + c2. Ǳ®íâ®¬ã ¬ë ¥ ¯®«ãç¨¬ ¬¥ìè¥£® § ç¥¨ï A, ç¥¬ ¢ 1).

3) Ǳãáâì c < a+1

3

. �®£¤  ¢ á¨«ã 1)

A =

a− 3c+ 1 + 3a− c+ 1√
a2 + c2

=

4a− 4c+ 2√
a2 + c2

>
8

3

a+ 2

3

√

a2 +
(

a+1

3

)

2

=

8a+ 2√
10a2 + 2a+ 1

>
8a+ 2√

10a2 + 6a+ 1

> 2.

� ç¨â, ¢ íâ®¬ á«ãç ¥ ¬¨¨¬ã¬ A ¥ à¥ «¨§ã¥âáï. �

3. �®çª¨ K, L ¨ M | á¥à¥¤¨ë áâ®à® AB, BC ¨ CD ¯ à ««¥«®£à ¬¬  ABCD. �ª § «®áì, çâ® ç¥âë-

à¥åã£®«ì¨ª¨ KBLM ¨ BCDK| ¢¯¨á ë¥. � ©¤¨â¥ ®â®è¥¨¥ AC : AD.

�â¢¥â: 2.

A

B C

D

K M

L

N

�¥è¥¨¥. Ǳãáâì N | â®çª  ¯¥à¥á¥ç¥¨ï ¤¨ £® «¥© ¯ à ««¥«®£à ¬¬ . �¥âëà¥åã£®«ì¨ª KBLM |

¢¯¨á  ï âà ¯¥æ¨ï, ¯®íâ®¬ã KB = LM . �¬®� ï íâ® à ¢¥áâ¢®   2, ¬ë ¯®«ãç¨¬ AB = BD. �®£¤ 

AK = DN ¨

∠AKN = 180

◦ − ∠KAD = 180

◦ − ∠ADN = ∠DNK.



� ç¨â, âà¥ã£®«ì¨ª¨ AKN ¨ DNK à ¢ë, ®âªã¤  DK = AN . � ¤àã£®© áâ®à®ë, BCDK | â®�¥

¢¯¨á  ï âà ¯¥æ¨ï, ¯®íâ®¬ã DK = BC = AD. �®£¤ 

AC

AD
=

2AN

AD
=

2AN

DK
= 2. �

4. �¥è¨â¥ ¢  âãà «ìëå ç¨á« å ãà ¢¥¨¥ 2

x
+3

y − 7 = z! (á¨¬¢®« z! ®§ ç ¥â ä ªâ®à¨ « z, â® ¥áâì

¯à®¨§¢¥¤¥¨¥ ¢á¥å  âãà «ìëå ç¨á¥« ®â 1 ¤® z).

�â¢¥â: (2, 2, 3), (2, 3, 4).

�¥è¥¨¥. � áá¬®âà¨¬ ¤¢  á«ãç ï.

1) z 6 3. � ª ª ª «¥¢ ï ç áâì ãà ¢¥¨ï ç¥â , z = 1 ¥ ¯®¤å®¤¨â. Ǳà¨ z = 2 ¬ë ¯®«ãç¨¬ 2

x
= 9− 3

y
,

çâ® ¥¢®§¬®�®, â ª ª ª 2

x
¥ ¤¥«¨âáï   3. Ǳ®áª®«ìªã 2

2

+3

2−7 = 3!, á«ãç © z = 3 ¤ ¥â à¥è¥¨¥ (2, 2, 3)

(¨, ®ç¥¢¨¤®, â®«ìª® ¥£®).

2) z > 4. Ǳà ¢ ï ç áâì ãà ¢¥¨ï ¤¥«¨âáï   âà¨ ¨   ¢®á¥¬ì. � ¬¥â¨¬, çâ® ®áâ â®ª ®â ¤¥«¥¨ï 3

y − 7

  8 ¬®�¥â ¯à¨¨¬ âì â®«ìª® § ç¥¨ï 2 ¨ 4. �® 2

x
+2 ¥ ¤¥«¨âáï   8 ¨ ¯à¨ ª ª®¬ x,   2x +4 ¤¥«¨âáï

  8 â®«ìª® ¯à¨ x = 2. � ç¨â, x = 2, ¨ ãà ¢¥¨¥ ¯à¨¢®¤¨âáï ª ¢¨¤ã 3

y−3 = z!. �£® «¥¢ ï ç áâì ¤¥«¨âáï

  âà¨, ® ¥ ¤¥«¨âáï   ¤¥¢ïâì. Ǳ®íâ®¬ã z 6 5, â® ¥áâì z = 4 ¨«¨ z = 5. � ¯¥à¢®¬ á«ãç ¥ 3

y
= 27, ®âªã¤ 

y = 3,   ¢â®à®© ¯à¨¢®¤¨â ª ãà ¢¥¨î 3

y
= 123, ¥ ¨¬¥îé¥¬ã  âãà «ìëå à¥è¥¨©. �

5. � ¤¥à¥¢¥ �¥àñ§®¢ª  200 �¨â¥«¥©, ¥ª®â®àë¥ «î¤¨ § ª®¬ë ¤àã£ á ¤àã£®¬,   ¥ª®â®àë¥ | ¥â.

�§¢¥áâ®, çâ® «î¡ëå è¥áâ¥àëå�¨â¥«¥© ¬®�® ¯®á ¤¨âì §  ªàã£«ë© áâ®« â ª, çâ® ª �¤ë© ¨§ ¨å

¡ã¤¥â § ª®¬ á ®¡®¨¬¨ á¢®¨¬¨ á®á¥¤ï¬¨. � ª®¥  ¨¬¥ìè¥¥ ç¨á«® ¯ à § ª®¬ëå �¨â¥«¥© ¬®�¥â

¡ëâì ¢ �¥àñ§®¢ª¥?

�â¢¥â: 19 600.

�¥è¥¨¥. Ǳà¥¤¯®«®�¨¬, çâ® ª ª®©-â® �¨â¥«ì ( §®¢¥¬ ¥£® � á¥©) ¥ § ª®¬ å®âï ¡ë á ç¥âëàì¬ï

�¨â¥«ï¬¨. �ë¡¥à¥¬ á«¥¤ãîéãî è¥áâ¥àªã «î¤¥©: � áî, ç¥â¢¥àëå ¥§ ª®¬ëå ¥¬ã �¨â¥«¥© ¨ ¥é¥ ®¤®£®

¯à®¨§¢®«ì®£® ç¥«®¢¥ª . �å ¥«ì§ï ã�ë¬ ®¡à §®¬ à §¬¥áâ¨âì §  ªàã£«ë¬ áâ®«®¬, ¯®áª®«ìªã á ®¤®©

áâ®à®ë ®â � á¨ ®¡ï§ â¥«ì® ¡ã¤¥â á¨¤¥âì ¥¬ã ¥§ ª®¬ë© ç¥«®¢¥ª. � ç¨â, ã ª �¤®£® �¨â¥«ï ¤¥à¥¢¨

¥ ¬®�¥â ¡ëâì ¡®«¥¥ âà¥å ¥§ ª®¬ëå «î¤¥©. Ǳ®íâ®¬ã ª �¤ë© § ª®¬ á ¥ ¬¥¥¥ ç¥¬ 196 �¨â¥«ï¬¨, ¨

ª®«¨ç¥áâ¢® ¯ à § ª®¬ëå ¥ ¬¥ìè¥, ç¥¬

200·196
2

= 19 600.

Ǳ®ª �¥¬ â¥¯¥àì, çâ® ç¨á«® ¯ à § ª®¬ëå ¬®�¥â ¡ëâì ¢ â®ç®áâ¨ 19 600. Ǳ®á ¤¨¬ ¢á¥å �¨â¥«¥© § 

¡®«ìè®© ªàã£«ë© áâ®«. � §®¢¥¬ ¤¢ãå «î¤¥© á¨¤ïé¨¬¨ ¯®çâ¨  ¯à®â¨¢, ¥á«¨ ¬¥�¤ã ¨¬¨ ¢ ®¡®¨å

 ¯à ¢«¥¨ïå á¨¤¨â ¥ ¬¥¥¥ 98 ç¥«®¢¥ª. Ǳ®§ ª®¬¨¬ â¥¯¥àì ¤àã£ á ¤àã£®¬ ¢á¥å �¨â¥«¥© ªà®¬¥ á¨¤ïé¨å

¯®çâ¨  ¯à®â¨¢. Ǳ®áª®«ìªã ª �¤ë© �¨â¥«ì ¥ § ª®¬ à®¢® á âà¥¬ï ¤àã£¨¬¨, ® § ª®¬ ¢ â®ç®áâ¨

á 196 «î¤ì¬¨, ¨ ®¡é¥¥ ª®«¨ç¥áâ¢® ¯ à § ª®¬ëå à ¢®

200·196
2

= 19 600. �®§ì¬¥¬ â¥¯¥àì ¯à®¨§¢®«ìãî

è¥áâ¥àªã �¨â¥«¥© ¨ ®¡®§ ç¨¬ ¨å (¢ ¯®àï¤ª¥ à á¯®«®�¥¨ï §  áâ®«®¬) ç¥à¥§ A
1

, . . . , A
6

. �á«¨ ¢ íâ®¬

æ¨ª«¥ ¢á¥ á®á¥¤¨ § ª®¬ë ¤àã£ á ¤àã£®¬ | ¨áª®¬ ï à áá ¤ª   ©¤¥ . � ¯à®â¨¢®¬ á«ãç ¥ áãé¥áâ¢ãîâ

¤¢  ¥§ ª®¬ëå á®á¥¤  (¯ãáâì íâ® ¡ã¤ãâ A
1

¨ A
2

). � ã¬¥àã¥¬ ¢á¥å «î¤¥© §  ¡®«ìè¨¬ áâ®«®¬ ¢ â®¬ �¥

æ¨ª«¨ç¥áª®¬ ¯®àï¤ª¥ ç¨á« ¬¨ ®â 1 ¤® 200,  ç¨ ï á A
1

. � ¬¥â¨¬, çâ® ®¬¥à  ¤¢ãå ¥§ ª®¬ëå �¨â¥«¥©

¬®£ãâ à §«¨ç âìáï â®«ìª®   99, 100 ¨«¨ 101. Ǳãáâì N
1

, . . . , N
6

| ®¬¥à  A
1

, . . . , A
6

á®®â¢¥âáâ¢¥®.

�®£¤  N
1

= 1 ¨ N
2

> N
1

+ 99 = 100. Ǳ®áª®«ìªã ç¨á«  Ni  âãà «ìë¥ ¨ áâà®£® ¢®§à áâ îé¨¥, ¯à¨ i > 2

á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢  98 + i 6 Ni 6 194 + i. �¤¥« ¥¬ ¤¢  ¯à®áâëå  ¡«î¤¥¨ï.

1) �¨â¥«ì A
1

§ ª®¬ á A
5

¨ A
6

. �¥©áâ¢¨â¥«ì®, ¯à¨ i = 5 ¨«¨ i = 6

Ni −N
1

= Ni − 1 > N
5

− 1 > 103− 1 = 102 > 101.



2) Ǳà¨ 2 6 j < i 6 j + 2 �¨â¥«¨ Ai ¨ Aj § ª®¬ë. �¥©áâ¢¨â¥«ì®, Ni > Nj ¨

Ni −Nj 6 194 + i− (98 + j) = 96 + (i− j) 6 98 < 99.

�¥¯¥àì ¨§ 1) ¨ 2) ¢ëâ¥ª ¥â, çâ® æ¨ª«¨ç¥áª ï à áá ¤ª  A
1

→ A
5

→ A
3

→ A
2

→ A
4

→ A
6

→ A
1

ã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨. �

6. � ª®ãá ¯®¬¥é¥ë âà¨ è à  à ¤¨ãá 

√
24, ª á îé¨åáï ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬. �¢  è à  ª -

á îâáï ¡®ª®¢®© ¯®¢¥àå®áâ¨ ¨ ®á®¢ ¨ï ª®ãá . �à¥â¨© è à ª á ¥âáï ¡®ª®¢®© ¯®¢¥àå®áâ¨ ª®ãá 

¢ â®çª¥, «¥� é¥© ¢ ®¤®© ¯«®áª®áâ¨ á æ¥âà ¬¨ è à®¢. � ©¤¨â¥ à ¤¨ãá ®á®¢ ¨ï ª®ãá , ¥á«¨

¨§¢¥áâ®, çâ® ® à ¢¥ ¢ëá®â¥ ª®ãá .

�â¢¥â: 7 + 4

√
3 + 2

√
6.

F

P

OE

BO1 A

P

NO

O3

C

B
D

π̄
4

�¥è¥¨¥. Ǳãáâì O
1

, O
2

, O
3

| æ¥âàë è à®¢, A | â®çª  ª á ¨ï ¯¥à¢ëå ¤¢ãå, PO | ¢ëá®â 

ª®ãá , B | ¯à®¥ªæ¨ï O
1

  PO, C | â®çª  ª á ¨ï âà¥âì¥£® è à  á ª®ãá®¬, R | à ¤¨ãá ®á®¢ ¨ï

ª®ãá , r =

√
24. �  «¥¢®¬ à¨áãª¥ ¯®ª §   ç áâì á¥ç¥¨ï ª®ãá  ¯«®áª®áâìî POO

1

,   ¯à ¢®¬ |

á¥ç¥¨¥ ¯«®áª®áâìî POA. � ¬¥â¨¬, çâ® AO
3

= r
√
3 ª ª ¢ëá®â  ¯à ¢¨«ì®£® âà¥ã£®«ì¨ª  O

1

O
2

O
3

á®

áâ®à®®© 2r. �®çª  C «¥�¨â ¢ ¯«®áª®áâ¨ O
1

O
2

O
3

¨, ¢ á¨«ã á¨¬¬¥âà¨¨, ¢ ¯«®áª®áâ¨ AO
3

P . Ǳ®íâ®¬ã ® 

«¥�¨â   ¯àï¬®© AO
3

. �® à ¤¨ãá CO
3

¯¥à¯¥¤¨ªã«ïà¥ ®¡à §ãîé¥© PN (á¬. ¯à ¢ë© à¨áã®ª), ®âªã¤ 

AC ⊥ PN . �®£¤  AC = r
(

1 +

√
3

)

. Ǳ® ãá«®¢¨î ∠ADC = ∠ONP =

π
4

, çâ® ¤ ¥â

AB = AD −BD = AC
√
2− (R− r) = r

(

1 +

√
2 +

√
6

)

−R.

� ¤àã£®© áâ®à®ë, ¨§ «¥¢®£® à¨áãª 

BO
1

= EO = R − EF = R− r tg π
8

¨ AB =

√

BO2

1

− r2 =

√

(

R− r tg π
8

)

2 − r2,

â ª ª ª AB | ¢ëá®â  à ¢®¡¥¤à¥®£® âà¥ã£®«ì¨ª  BO
1

O
2

á ®á®¢ ¨¥¬ 2r. �ë ¯à¨è«¨ ª à ¢¥áâ¢ã

√

(

R− r tg π
8

)

2 − r2 = r
(

1 +

√
2 +

√
6

)

−R. �®§¢®¤ï ¥£® ¢ ª¢ ¤à â ¯à¨ ãá«®¢¨¨ R 6 r
(

1 +

√
2 +

√
6

)

, ¬ë

¯®«ãç¨¬

R2 − 2Rr tg π
8

+

(

tg

2 π
8

− 1

)

r2 = R2 − 2Rr
(

1 +

√
2 +

√
6

)

+

(

9 + 2

√
2 + 4

√
3 + 2

√
6

)

r2.

� ¬¥â¨¬, çâ® tg

π
8

=

1+os

π

4

sin

π

4

= 1 +

√
2, tg

2
π
8

− 1 = 2 + 2

√
2. Ǳ®íâ®¬ã

2

√
6Rr =

(

7 + 4

√
3 + 2

√
6

)

r2 ⇐⇒ R = 7 + 4

√
3 + 2

√
6.

�á«®¢¨¥   à ¤¨ãáë, ®ç¥¢¨¤®, ¢ë¯®«ï¥âáï. �



� à¨ â 5

1. � â¥¨á®¬ âãà¨à¥ ãç áâ¢ã¥â 1152 èª®«ì¨ª . �  ¯®¡¥¤ã ¤ ¥âáï 1 ®çª®, §  ¯®à �¥¨¥ | 0 ®çª®¢.

Ǳ¥à¥¤ ª �¤ë¬ âãà®¬ ¯ àë ¯® �à¥¡¨î á®áâ ¢«ïîâ ¨§ ãç áâ¨ª®¢, ¨¬¥îé¨å à ¢®¥ ª®«¨ç¥áâ¢®

®çª®¢ (â¥¬, ª®¬ã ¥  è«®áì ¯ àë,  ç¨á«ïîâ ®çª® ¡¥§ ¨£àë). Ǳ®á«¥ ¢â®à®£® ¯®à �¥¨ï á¯®àâá¬¥

¢ë¡ë¢ ¥â ¨§ âãà¨à . �ãà¨à ¯à®¤®«� ¥âáï, ¯®ª  ¬®�® á®áâ ¢¨âì å®âï ¡ë ®¤ã ¯ àã á®¯¥à¨ª®¢.

�ª®«ìª® âãà®¢ ¯à¨¤¥âáï ¯à®¢¥áâ¨?

�â¢¥â: 14.

�¥è¥¨¥. � ¬¥â¨¬, çâ® 1152 = 1024+ 128. �®ª �¥¬ ¢ ç «¥ ¤¢  ãâ¢¥à�¤¥¨ï.

1) � âãà¨à¥ á 2

n
ãç áâ¨ª ¬¨ ¯à¨ «î¡®¬ m ∈ {1, . . . , n} ¯®á«¥ m-£® âãà  ®áâ ¥âáï 2

n−m
èª®«ì-

¨ª®¢, ¥ ¨¬¥îé¨å ¯®à �¥¨©, ¨ m · 2n−m
èª®«ì¨ª®¢ á ®¤¨¬ ¯®à �¥¨¥¬. �®á¯®«ì§ã¥¬áï ¨¤ãªæ¨¥©

¯® m. �«ï m = 1 ¢á¥ ®ç¥¢¨¤®. Ǳãáâì ¤«ï ¥ª®â®à®£® m < n ãâ¢¥à�¤¥¨¥ ¢¥à®. �®£¤  ¯¥à¥¤ (m+ 1)-¬

âãà®¬   ¯ àë à §®¡ìîâáï ¢á¥ ãç áâ¨ª¨. Ǳ®á«¥ âãà  ª®«¨ç¥áâ¢® á¯®àâá¬¥®¢, ¥ ¨¬¥îé¨å ¯®à �¥¨©,

á®ªà â¨âáï ¢¤¢®¥, â® ¥áâì áâ ¥â à ¢ë¬ 2

n−m−1

. Ǳ® ®¤®¬ã ¯®à �¥¨î áâ ¥â ã â¥å, ªâ® ¯à®¨£à « ¢

£àã¯¯¥ «¨¤¥à®¢ (¨å 2

n−m−1

ç¥«®¢¥ª), ¨ ã â¥å, ªâ® ã�¥ ¨¬¥« ®¤® ¯®à �¥¨¥ ¨ ¢ë¨£à « (¯® ¨¤ãªæ¨®®¬ã

¯à¥¤¯®«®�¥¨î ¨å m · 2n−m−1

ç¥«®¢¥ª). � áã¬¬¥ ¬ë ¯®«ãç¨¬ (m + 1) · 2n−m−1

. �áâ «ìë¥ ãç áâ¨ª¨

¯®ª¨ãâ âãà¨à. � ª¨¬ ®¡à §®¬, ¨¤ãªæ¨®ë© ¯¥à¥å®¤ § ¢¥àè¥.

2) �®�® à §¡¨âì ãç áâ¨ª®¢   ¤¢¥ £àã¯¯ë ¨§ 1024 ¨ 128 èª®«ì¨ª®¢ ¨ áç¨â âì, çâ® ¯¥à¢ë¥ 10

âãà®¢ ®¨ ¨£à îâ ®â¤¥«ìë¥ âãà¨àë. �¥©áâ¢¨â¥«ì®, ¡ã¤¥¬ ¢ ª �¤®¬ âãà¥ á¢®¤¨âì â®«ìª® á¯®àâá¬¥®¢

¨§ ®¤®© £àã¯¯ë. � á¨«ã 1) ¢ ¯¥à¢®© £àã¯¯¥ ¢á¥å ãç áâ¨ª®¢ ¬®�® à §¡¨âì   ¯ àë. Ǳ®íâ®¬ã ¯à¨

®âáãâáâ¢¨¨ ã ª®£®-â® ¯ àë ¢ ®¡é¥¬ âãà¨à¥ ¬ë ¬®�¥¬ áç¨â âì, çâ® íâ®â ãç áâ¨ª | ¨§ ¢â®à®© £àã¯¯ë.

Ǳ®á«¥ 10 âãà®¢ à¥§ã«ìâ âë ¤¢ãå £àã¯¯ ¯à®áâ® ®¡ê¥¤¨ïîâáï.

Ǳ®áç¨â ¥¬ â¥¯¥àì ª®«¨ç¥áâ¢® âãà®¢. �ã¤¥¬ § ¯¨áë¢ âì ®áâ ¢è¨åáï ãç áâ¨ª®¢ ¢ ¢¨¤¥ ¯ à (a, b), £¤¥

b | ª®«¨ç¥áâ¢® «¨¤¥à®¢, a | ç¨á«® á¯®àâá¬¥®¢ á ®¤¨¬ ¯®à �¥¨¥¬. � á¨«ã 1) ¢ ¯¥à¢®© £àã¯¯¥ ¯®á«¥

¤¥áïâ®£® âãà    âãà¨à¥ ®áâ ¥âáï (10, 1) ãç áâ¨ª®¢. �® ¢â®à®© £àã¯¯¥ ¯®á«¥ á¥¤ì¬®£® âãà  ¡ã¤¥â (7, 1)

ãç áâ¨ª®¢,   ¤ «ìè¥ ¨å ç¨á«® ¬¥ï¥âáï â ª:

(7, 1)→ (4, 1) → (2, 1)→ (1, 1).

� áã¬¬¥ ¯®á«¥ ¤¥áïâ®£® âãà    âãà¨à¥ ®áâ ¥âáï (11, 2) èª®«ì¨ª®¢. �å ¤ «ì¥©è ï ¤¨ ¬¨ª  ¤®

ç¥âëà ¤æ â®£® âãà  â ª®¢ :

(11, 2)→ (7, 1) → (4, 1)→ (2, 1) → (1, 1).

Ǳ®á«¥ íâ®£® ¨ ®¤®© ¯ àë á®áâ ¢¨âì ¥«ì§ï, ¨ âãà¨à § ¢¥àè ¥âáï. �

2. � ©¤¨â¥  ¨¬¥ìè¥¥ § ç¥¨¥ ¯à¨ a, b > 0 ¢ëà �¥¨ï

∣

∣

2a− b+ 2a(b− a)
∣

∣

+

∣

∣b+ 2a− a(b+ 4a)
∣

∣

√
4a2 + b2

.

�â¢¥â:

√
5

5

.

�¥è¥¨¥ 1. �¨¨¬¨§¨àã¥¬®¥ ¢ëà �¥¨¥ à ¢® d
1

+ d
2

, £¤¥ d
1

, d
2

| à ááâ®ï¨ï ®â â®çª¨ A(1, 1) ¤®

¯àï¬ëå ℓ
1

, ℓ
2

, § ¤ ¢ ¥¬ëå ãà ¢¥¨ï¬¨

ℓ
1

: 2ax− by + 2a(b− a) = 0 ¨ ℓ
2

: bx+ 2ay − a(b+ 4a) = 0.

�â¨ ¯àï¬ë¥ ¯¥à¯¥¤¨ªã«ïàë ¨ ¯¥à¥á¥ª îâáï ¢ â®çª¥ B(a, 2a). Ǳãáâì α | ã£®« ¬¥�¤ã ¯àï¬ë¬¨ AB ¨

ℓ
2

. �®£¤  α ∈
[

0, π
2

]

¨

d
1

+ d
2

= AB · (sinα+ osα) = AB ·
√
2 sin

(

α+

π
4

)

> AB =

√

(1− a)2 + (1− 2a)2 =
√

5a2 − 6a+ 2 > 1√
5

.

�â®à®¥ ¥à ¢¥áâ¢® áâ ®¢¨âáï à ¢¥áâ¢®¬ ¯à¨ a = 3

5

. �á«¨ ¨ b = 3

5

, â® A ∈ ℓ
2

¨ α = 0, ¯®íâ®¬ã ¢ ¯¥à¢®¬

¥à ¢¥áâ¢¥ â ª�¥ à¥ «¨§ã¥âáï à ¢¥áâ¢®. �



�¥è¥¨¥ 2. Ǳãáâì t = b
2a
, X | ¬¨¨¬¨§¨àã¥¬ ï ¤à®¡ì. Ǳ®¤¥«¨¢ ç¨á«¨â¥«ì ¨ § ¬¥ â¥«ì X   2a,

¬ë ¯®«ãç¨¬

X =

∣

∣

1− a+ t(2a− 1)

∣

∣

+

∣

∣

1− 2a+ t(1− a)
∣

∣

√
t2 + 1

.

� ¬¥â¨¬, çâ® ¯à¨ u, v > 0 ¢¥à® ¥à ¢¥áâ¢® u + v >
√
u2 + v2, ¯à¨ç¥¬ à ¢¥áâ¢® à¥ «¨§ã¥âáï â®«ìª® ¢

á«ãç ïå u = 0 ¨«¨ v = 0. Ǳà¨¬¥¨¢ íâ® ¥à ¢¥áâ¢® ª ç¨á«¨â¥«î X , ¬ë ¯®«ãç¨¬

X >
(1− a)2 + t2(2a− 1)

2 − 2t(1− a)(1− 2a) + (1− 2a)2 + t2(1− a)2 + 2t(1− a)(1− 2a)√
t2 + 1

=

=

√

(

t2 + 1

)(

(1− a)2 + (1− 2a)2
)

√
t2 + 1

=

√

5a2 − 6a+ 2 >
1√
5

.

Ǳ®á«¥¤¥¥ ¥à ¢¥áâ¢® áâ ®¢¨âáï à ¢¥áâ¢®¬ ¯à¨ a = 3

5

. � íâ®¬ á«ãç ¥ ç¨á«¨â¥«ì ¤à®¡¨ X ¯à¨¬¥â ¢¨¤

1

5

(

|t+2|+ |2t−1|
)

. �®£¤  ¯à¨ t = 1

2

à ¢¥áâ¢®¬ áâ ®¢¨âáï ¨ ¯¥à¢®¥ ¥à ¢¥áâ¢®. � ª¨¬ ®¡à §®¬, § ç¥¨¥

1√
5

¤«ï X à¥ «¨§ã¥âáï. �

3. �ãâà¨ âà¥ã£®«ì¨ª  ABC ¢ë¡à   â ª ï â®çª  P , çâ® AP = BP ¨ CP = AC. � ©¤¨â¥ ∠CBP ,

¥á«¨ ¨§¢¥áâ®, çâ® ∠BAC = 2∠ABC.

�â¢¥â: 30

◦
.

A B

C

P

C'

A B

C

Pα
β γ

�¥è¥¨¥ 1. Ǳà®¢¥¤¥¬ á¥à¥¤¨ë© ¯¥à¯¥¤¨ªã«ïà ª áâ®à®¥ AB. �ç¥¢¨¤®, çâ® ® ¯à®©¤¥â ç¥à¥§

â®çªã P . Ǳãáâì C′
| â®çª , á¨¬¬¥âà¨ç ï C ®â®á¨â¥«ì® íâ®£® ¯¥à¯¥¤¨ªã«ïà  (á¬. «¥¢ë© à¨áã®ª).

� á¨«ã á¨¬¬¥âà¨¨ ∠C′BA = ∠CAB = 2∠ABC, ®âªã¤  ∠C′BC = ∠ABC. � ¤àã£®© áâ®à®ë, ¯àï¬ë¥ CC′

¨ AB ¯ à ««¥«ìë, ¯®íâ®¬ã ∠ABC = ∠BCC′
. �â «® ¡ëâì, ∠BCC′

= ∠C′BC, âà¥ã£®«ì¨ª BC′C à ¢®-

¡¥¤à¥ë© ¨ BC′
= C′C. �§ á¨¬¬¥âà¨¨ BC′

= AC ¨ CP = C′P ,   ¯® ãá«®¢¨î AC = CP . �«¥¤®¢ â¥«ì®,

C′P = CP = AC = BC′
= C′C,

¨ âà¥ã£®«ì¨ª PCC′
à ¢®áâ®à®¨©. � ª¨¬ ®¡à §®¬, ∠CC′P = 60

◦
. � ¬¥â¨¬, çâ®

180

◦ − 2∠PBC′
= ∠PC′B = ∠BC′C − 60

◦
= 120

◦ − 2∠CBC′.

Ǳ®íâ®¬ã

∠CBP = ∠PBC′ − ∠CBC′
=

1

2

(180

◦ − 120

◦
) = 30

◦. �

�¥è¥¨¥ 2. Ǳ®«®�¨¬ α = ∠PAB, β = ∠PAC, γ = ∠PBC, ϕ = α + γ (á¬. ¯à ¢ë© à¨áã®ª). Ǳ®

ãá«®¢¨î ∠PBA = α, ∠CPA = β ¨

α+ β = 2ϕ = 2(α+ γ) ⇐⇒ 2γ = β − α.



Ǳ® â¥®à¥¬¥ á¨ãá®¢

AC

sinϕ
=

AB

sin(180

◦ − 3ϕ)
⇐⇒ sin 3ϕ

sinϕ
=

AB

AC
.

� ¬¥â¨¬, çâ®

AB = 2AP osα = 4AC osα osβ ⇐⇒ AB

AC
= 2

(

os(α + β) + os(β − α)
)

= 2 os 2ϕ+ 2 os2γ.

�à®¬¥ â®£®,

sin 3ϕ

sinϕ
= 3− 4 sin

2 ϕ = 2 os2ϕ+ 1.

Ǳ®íâ®¬ã

2 os 2ϕ+ 2 os2γ = 2 os 2ϕ+ 1⇐⇒ os 2γ =

1

2

⇐⇒ 2γ = 60

◦ ⇐⇒ γ = 30

◦. �

4. �¥è¨â¥ ¢  âãà «ìëå ç¨á« å ãà ¢¥¨¥ 2

x
+ 6

y
+ 5 = 15

z
.

�â¢¥â: (2, 1, 1), (2, 3, 2).

�¥è¥¨¥. Ǳà ¢ ï ç áâì ãà ¢¥¨ï ªà â  3,   «¥¢ ï ¤ ¥â â ª®© �¥ ®áâ â®ª ®â ¤¥«¥¨ï   3, ª ª

(−1)x + 2. � ç¨â, x ç¥â® ¨, ¢ ç áâ®áâ¨, x > 2. � ¯¨è¥¬ ãà ¢¥¨¥ ¢ ¢¨¤¥ 2

x
+ 6

y
= 15

z − 5 ¨

à áá¬®âà¨¬ ¤¢  á«ãç ï.

1) z ¥ç¥â®. �áâ â®ª ®â ¤¥«¥¨ï 15z−5   4 â ª®© �¥, ª ª ã (−1)z+3, â® ¥áâì ® à ¢¥ 2. �®£¤  6

y
¥

¤¥«¨âáï   4, ®âªã¤  y = 1 ¨ 2

x
= 15

z − 11. �áâ â®ª ®â ¤¥«¥¨ï 15

z − 11   8 â ª®© �¥, ª ª ã (−1)z +5, â®

¥áâì ® à ¢¥ 4. �â® ¢®§¬®�® «¨èì ¯à¨ x = 2. � ª ª ª 2

2

+6

1

+5 = 15

1

, ¬ë ¯®«ãç¨«¨ à¥è¥¨¥ (2, 1, 1).

2) z ç¥â®. �áâ â®ª ®â ¤¥«¥¨ï 15z−5   16 â ª®© �¥, ª ª (−1)z+11, â® ¥áâì ® à ¢¥ 12. � ¬¥â¨¬, çâ®

®áâ âª¨ ®â ¤¥«¥¨ï 6

y
  16 ¯à¨¨¬ îâ â®«ìª® § ç¥¨ï 6, 4, 8 ¨ 0, ¯à¨ç¥¬ ¨ ®¤® ¨§ ¨å ¥ à ¢® 12.

� ç¨â, 2

x
¥ ¬®�¥â ¤¥«¨âìáï   16, ®âªã¤  x = 2. �®£¤  ®áâ â®ª ®â ¤¥«¥¨ï 6

y
  16 ¤®«�¥ ¡ëâì à ¢¥ 4,

çâ® ¢®§¬®�® «¨èì ¯à¨ y = 2. Ǳ®áª®«ìªã 2

2

+ 6

3

+ 5 = 15

2

, ¬ë ¯®«ãç¨«¨ à¥è¥¨¥ (2, 3, 2). �

5. � ®§¤®à®¢¨â¥«ìë© « £¥àì ¯à¨¥å «® 175 èª®«ì¨ª®¢. �¥ª®â®àë¥ ¤¥â¨ § ª®¬ë ¤àã£ á ¤àã£®¬,   ¥ª®-

â®àë¥ | ¥â. �§¢¥áâ®, çâ® «î¡ëå è¥áâ¥àëå èª®«ì¨ª®¢ ¬®�® à áá¥«¨âì ¯® ¤¢ã¬ âà¥å¬¥áâë¬

ª®¬ â ¬ â ª, çâ® ¢á¥ èª®«ì¨ª¨, ®ª § ¢è¨¥áï ¢ ®¤®© ª®¬ â¥, ¡ã¤ãâ § ª®¬ë ¬¥�¤ã á®¡®©. � -

ª®¥  ¨¬¥ìè¥¥ ç¨á«® ¯ à § ª®¬ëå èª®«ì¨ª®¢ ¬®£«® ¯à¨¥å âì ¢ « £¥àì?

�â¢¥â: 15 050.

�¥è¥¨¥. Ǳà¥¤¯®«®�¨¬, çâ® ª ª®©-â® èª®«ì¨ª ( §®¢¥¬ ¥£® � á¥©) ¥ § ª®¬ å®âï ¡ë á ç¥âëàì¬ï

èª®«ì¨ª ¬¨. �ë¡¥à¥¬ á«¥¤ãîé¨å è¥áâ¥àëå ¤¥â¥©: � áî, ç¥âëà¥å ¥§ ª®¬ëå ¥¬ã èª®«ì¨ª®¢ ¨ ¥é¥

®¤®£® ¯à®¨§¢®«ì®£® èª®«ì¨ª . �å ¥¢®§¬®�® à áá¥«¨âì ¯® ¤¢ã¬ ª®¬ â ¬, ¯®áª®«ìªã ¨§ íâ®© è¥á-

â¥àª¨ � áï § ª®¬ ¥ ¡®«¥¥ ç¥¬ á ®¤¨¬ ç¥«®¢¥ª®¬. � ç¨â, ã ª �¤®£® èª®«ì¨ª  ¥áâì ¥ ¡®«¥¥ âà¥å

¥§ ª®¬ëå. � áá¬®âà¨¬ ¤¢  á«ãç ï.

1) � �¤ë© èª®«ì¨ª ¥ § ª®¬ ¥ ¡®«¥¥ ç¥¬ á ¤¢ã¬ï ¤¥âì¬¨. �®£¤  «î¡®© èª®«ì¨ª ¨¬¥¥â ¥ ¬¥¥¥

172 § ª®¬ëå, ¨ ®¡é¥¥ ç¨á«® ¯ à § ª®¬ëå ¥ ¬¥ìè¥, ç¥¬

175·172
2

= 15 050.

2) �ãé¥áâ¢ã¥â èª®«ì¨ª, ¥§ ª®¬ë© á âà¥¬ï ¤¥âì¬¨. �¡®§ ç¨¬ â ª®£® èª®«ì¨ª  ¡ãª¢®© A,  

¥§ ª®¬ëå ¥¬ã «î¤¥© | ç¥à¥§ B
1

, B
2

¨ B
3

. �ë¡¥à¥¬ á«¥¤ãîé¨å è¥áâ¥àëå ¤¥â¥©: A, B
1

, B
2

, B
3

¨ ¥é¥

¤¢®¨å ¯à®¨§¢®«ìëå èª®«ì¨ª®¢ C ¨ D. Ǳ®áª®«ìªã ¨å ¬®�® à áá¥«¨âì ¯® ¤¢ã¬ âà¥å¬¥áâë¬ ª®¬ â ¬,

A ¤®«�¥ ®ª § âìáï ¢ ®¤®© ª®¬ â¥ á C ¨ D. �® â®£¤  èª®«ì¨ª¨ C ¨ D ¤®«�ë ¡ëâì § ª®¬ë ¬¥�¤ã

á®¡®© ¨ á A. � ª¨¬ ®¡à §®¬, ¬ë ãáâ ®¢¨«¨, çâ® «î¡ë¥ èª®«ì¨ª¨, ®â«¨çë¥ ®â B
1

, B
2

¨ B
3

, § ª®¬ë

¬¥�¤ã á®¡®©. � ç áâ®áâ¨, íâ® ®§ ç ¥â, çâ® «î¡®© èª®«ì¨ª, ®â«¨çë© ®â B
1

, B
2

¨ B
3

, ¬®�¥â ¥ ¡ëâì

§ ª®¬ «¨èì á ª¥¬-â® ¨§ Bi. �® ª �¤ë© ¨§ Bi ¥ § ª®¬ ¥ ¡®«¥¥ ç¥¬ á âà¥¬ï èª®«ì¨ª ¬¨, ¯®íâ®¬ã

¯ à ¥§ ª®¬ëå èª®«ì¨ª®¢ ®ª §ë¢ ¥âáï ¥ ¡®«ìè¥ ¤¥¢ïâ¨. � ç¨â, ç¨á«® ¯ à § ª®¬ëå èª®«ì¨ª®¢ ¥

¬¥ìè¥, ç¥¬

175·174
2

− 9 = 15 216 > 15 050.

AC D

B1 B2 B3

A

B

C

D

E

F



� ãç¥â®¬ 1) ¨ 2) ®áâ «®áì ¯®ª § âì, çâ® ç¨á«® ¯ à § ª®¬ëå èª®«ì¨ª®¢ ¬®�¥â ¡ëâì ¢ â®ç®áâ¨ 15 050.

Ǳ®á ¤¨¬ ¢á¥å èª®«ì¨ª®¢ §  ¡®«ìè®© ªàã£«ë© áâ®« ¨ ¯®§ ª®¬¨¬ ¢á¥å, ªà®¬¥ á¨¤ïé¨å àï¤®¬. Ǳà®¢¥-

à¨¬, çâ® íâ  ª®áâàãªæ¨ï ã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨. Ǳ®áª®«ìªã ª �¤ë© èª®«ì¨ª § ª®¬ á 172

èª®«ì¨ª ¬¨, ®¡é¥¥ ª®«¨ç¥áâ¢® ¯ à § ª®¬ëå ¢ â®ç®áâ¨ à ¢®

175·172
2

= 15 050. �®§ì¬¥¬ ¯à®¨§¢®«ìãî

è¥áâ¥àªã èª®«ì¨ª®¢ ¨ à áá¥«¨¬ ¨å ¯® ¤¢ã¬ ª®¬ â ¬. �¤ «¨¬ ¢á¥å ®áâ «ìëå ¨§-§  ¡®«ìè®£® ªàã£«®£®

áâ®«  ¨ ®¡®§ ç¨¬ ®áâ ¢è¨åáï ¢ æ¨ª«¨ç¥áª®¬ ¯®àï¤ª¥ ç¥à¥§ A,B,C,D,E, F . Ǳ®á¥«¨¬ â¥¯¥àì èª®«ì¨ª®¢

A,C,E ¢ ®¤ã ª®¬ âã,   B,D, F | ¢ ¤àã£ãî. �¡¨â â¥«¨ ª �¤®© ª®¬ âë á¨¤ïâ §  áâ®«®¬ ¥ àï¤®¬ ¨,

â¥¬ ¡®«¥¥, ®¨ á¨¤¥«¨ ¥ àï¤®¬ §  ¡®«ìè¨¬ áâ®«®¬. Ǳ®íâ®¬ã ®¨ ¢á¥ ¤àã£ ¤àã£  § îâ. �

6. � ª®ãá ¯®¬¥é¥ë ç¥âëà¥ è à , ª á îé¨åáï ¤àã£ ¤àã£  (¢¥è¨¬ ®¡à §®¬) ¨ ¡®ª®¢®© ¯®¢¥àå®áâ¨

ª®ãá . �à¨ è à  ¨¬¥îâ à ¤¨ãá 3 ¨ ª á îâáï â ª�¥ ®á®¢ ¨ï ª®ãá . � ©¤¨â¥ à ¤¨ãá ç¥â¢¥àâ®£®

è à , ¥á«¨ ã£®« ¬¥�¤ã ®¡à §ãîé¥© ¨ ®á®¢ ¨¥¬ ª®ãá  à ¢¥

π
3

.

�â¢¥â: 9− 4

√
2.

A

B

O

C

D

N

O4

O1π̄
3

�¥è¥¨¥. Ǳãáâì O
1

, O
2

, O
3

, O
4

| æ¥âàë è à®¢, r | à ¤¨ãá ç¥â¢¥àâ®£® è à , BO | ¢ëá®â  ª®ãá ,

D | ¯à®¥ªæ¨ï O
1

  BO. �  à¨áãª¥ ¯®ª §   ç áâì á¥ç¥¨ï ª®ãá  ¯«®áª®áâìî BOO
1

. � ¬¥â¨¬, çâ®

DO
1

= 2

√
3 ª ª à ¤¨ãá ®ªàã�®áâ¨, ®¯¨á ®© ®ª®«® ¯à ¢¨«ì®£® âà¥ã£®«ì¨ª  O

1

O
2

O
3

á® áâ®à®®© 6.

�à®¬¥ â®£®,

CO
1

=

√

O
1

O2

4

− CO2

4

=

√

(r + 3)

2 − (r − 3)

2

= 2

√
3r.

� ª ª ª ∠BO
4

N = π − ∠NO
4

D = ∠CO
1

D =

π
3

, ¬ë ¯®«ãç ¥¬

2

√
3r os π

3

+ (r − 3) sin

π
3

= 2

√
3

(¢ «¥¢®© ç áâ¨ áâ®¨â áã¬¬  ¯à®¥ªæ¨© ®âà¥§ª®¢ O
1

C ¨ O
4

C   O
1

D, â ª çâ® íâ  ä®à¬ã«  ¢¥à  ¨ ¢ á«ãç ¥

r < 3). �®£¤ 

√
3r + (r − 3)

√
3

2

− 2

√
3 = 0⇐⇒ r + 2

√
r − 7 = 0 ⇐⇒ r =

(

−1 +
√
8

)

2

= 9− 4

√
2. �



� à¨ â 6

1. � ª¢ «¨ä¨ª æ¨®®¬ âãà¨à¥ ¯®  à¬à¥áâ«¨£ã ãç áâ¢ã¥â 896 á¯®àâá¬¥®¢. �  ¯®¡¥¤ã ¤ ¥âáï 1 ®ç-

ª®, §  ¯®à �¥¨¥ | 0 ®çª®¢. Ǳ¥à¥¤ ª �¤ë¬ âãà®¬ ¯ àë ¯® �à¥¡¨î á®áâ ¢«ïîâ ¨§ ãç áâ¨ª®¢,

¨¬¥îé¨å à ¢®¥ ª®«¨ç¥áâ¢® ®çª®¢ (â¥¬, ª®¬ã ¥  è«®áì ¯ àë,  ç¨á«ïîâ ®çª® ¡¥§ ¨£àë). Ǳ®á«¥

¢â®à®£® ¯®à �¥¨ï á¯®àâá¬¥ ¢ë¡ë¢ ¥â ¨§ âãà¨à . � ª â®«ìª® ®¯à¥¤¥«ï¥âáï ¥¤¨®«¨çë© «¨-

¤¥à, âãà¨à § ª ç¨¢ ¥âáï,   ¢á¥ ®áâ ¢è¨¥áï   ¥¬ á¯®àâá¬¥ë áç¨â îâáï ¯à®è¥¤è¨¬¨ ®â¡®à.

� ©¤¨â¥ ª®«¨ç¥áâ¢® â ª¨å á¯®àâá¬¥®¢.

�â¢¥â: 10.

�¥è¥¨¥. � ¬¥â¨¬, çâ® 896 = 1024− 128. �®ª �¥¬ ¢ ç «¥ ¢á¯®¬®£ â¥«ì®¥ ãâ¢¥à�¤¥¨¥.

� âãà¨à¥ á 2

n
ãç áâ¨ª ¬¨ ¯à¨ «î¡®¬m ∈ {1, . . . , n} ¯®á«¥m-£® âãà  ®áâ ¥âáï 2

n−m
á¯®àâá¬¥®¢,

¥ ¨¬¥îé¨å ¯®à �¥¨©, ¨ m · 2n−m
á¯®àâá¬¥®¢ á ®¤¨¬ ¯®à �¥¨¥¬. �®á¯®«ì§ã¥¬áï ¨¤ãªæ¨¥© ¯® m.

�«ï m = 1 ¢á¥ ®ç¥¢¨¤®. Ǳãáâì ¤«ï ¥ª®â®à®£® m < n ãâ¢¥à�¤¥¨¥ ¢¥à®. �®£¤  ¯¥à¥¤ (m + 1)-¬

âãà®¬   ¯ àë à §®¡ìîâáï ¢á¥ ãç áâ¨ª¨. Ǳ®á«¥ âãà  ª®«¨ç¥áâ¢® á¯®àâá¬¥®¢, ¥ ¨¬¥îé¨å ¯®à �¥¨©,

á®ªà â¨âáï ¢¤¢®¥, â® ¥áâì áâ ¥â à ¢ë¬ 2

n−m−1

. Ǳ® ®¤®¬ã ¯®à �¥¨î áâ ¥â ã â¥å, ªâ® ¯à®¨£à « ¢

£àã¯¯¥ «¨¤¥à®¢ (¨å 2

n−m−1

ç¥«®¢¥ª), ¨ ã â¥å, ªâ® ã�¥ ¨¬¥« ®¤® ¯®à �¥¨¥ ¨ ¢ë¨£à « (¯® ¨¤ãªæ¨®®¬ã

¯à¥¤¯®«®�¥¨î ¨å m · 2n−m−1

ç¥«®¢¥ª). � áã¬¬¥ ¬ë ¯®«ãç¨¬ (m + 1) · 2n−m−1

. �áâ «ìë¥ ãç áâ¨ª¨

¯®ª¨ãâ âãà¨à. � ª¨¬ ®¡à §®¬, ¨¤ãªæ¨®ë© ¯¥à¥å®¤ § ¢¥àè¥.

Ǳãáâì ¯ à ««¥«ì®  è¥¬ã ¯à®¢®¤¨âáï ¢â®à®© ª¢ «¨ä¨ª æ¨®ë© âãà¨à á® 128 ãç áâ¨ª ¬¨ ¯® â¥¬

�¥ ¯à ¢¨« ¬. �ë ¬®�¥¬ ¤® á¥¤ì¬®£® âãà  âà ªâ®¢ âì íâ¨ ¤¢  âãà¨à  ª ª ç áâ¨ ®¤®£® (á 1024 ãç áâ-

¨ª ¬¨). �ã¤¥¬ ¢ ª �¤®¬ âãà¥ á¢®¤¨âì â®«ìª® á¯®àâá¬¥®¢ ¨§ á¢®¥£® âãà¨à . �â® ¢®§¬®�®, â ª ª ª ¯®

¤®ª § ®¬ã ¢ëè¥ ç¨á«® «¨¤¥à®¢ ¨ ãç áâ¨ª®¢ á ®¤¨¬ ¯®à �¥¨¥¬ ¢® ¢â®à®¬ ¨ ®¡é¥¬ âãà¨à å ¡ã¤¥â

ç¥âë¬,   â®£¤  ¨ ¢ ¯¥à¢®¬ â®�¥. �ã¤¥¬ § ¯¨áë¢ âì ®áâ ¢è¨åáï ãç áâ¨ª®¢ ¢ ¢¨¤¥ ¯ à (a, b), £¤¥ b |

ª®«¨ç¥áâ¢® «¨¤¥à®¢, a | ç¨á«® á¯®àâá¬¥®¢ á ®¤¨¬ ¯®à �¥¨¥¬. � á¨«ã ¢á¯®¬®£ â¥«ì®£® ãâ¢¥à�¤¥¨ï

¯®á«¥ á¥¤ì¬®£® âãà  ¢ ®¡é¥¬ âãà¨à¥ ®áâ ¥âáï (56, 8) ãç áâ¨ª®¢,   ¢® ¢â®à®¬ | (7, 1). � ç¨â, ¢  è¥¬

âãà¨à¥ ¡ã¤¥â (49, 7) á¯®àâá¬¥®¢,   ¤ «ìè¥ ¨å ç¨á«® ¬¥ï¥âáï â ª:

(49, 7)→ (28, 4)→ (16, 2)→ (9, 1).

� ª¨¬ ®¡à §®¬, âãà¨à § ª®ç¨âáï ¯®á«¥ ¤¥áïâ®£® âãà , ¨ ª¢ «¨ä¨ª æ¨î ¯à®©¤ãâ 10 á¯®àâá¬¥®¢. �

2. � ©¤¨â¥  ¨¬¥ìè¥¥ § ç¥¨¥ ¯à¨ a, b > 0 ¢ëà �¥¨ï

∣

∣a+ 3b− b(a+ 9b)
∣

∣

+

∣

∣

3b− a+ 3b(a− b)
∣

∣

√
a2 + 9b2

.

�â¢¥â:

√
10

5

.

�¥è¥¨¥ 1. �¨¨¬¨§¨àã¥¬®¥ ¢ëà �¥¨¥ à ¢® d
1

+ d
2

, £¤¥ d
1

, d
2

| à ááâ®ï¨ï ®â â®çª¨ A(1, 1) ¤®

¯àï¬ëå ℓ
1

, ℓ
2

, § ¤ ¢ ¥¬ëå ãà ¢¥¨ï¬¨

ℓ
1

: ax+ 3by − b(a+ 9b) = 0 ¨ ℓ
2

: 3bx− ay + 3b(a− b) = 0.

�â¨ ¯àï¬ë¥ ¯¥à¯¥¤¨ªã«ïàë ¨ ¯¥à¥á¥ª îâáï ¢ â®çª¥ B(b, 3b). Ǳãáâì α | ã£®« ¬¥�¤ã ¯àï¬ë¬¨ AB ¨ ℓ
1

.

�®£¤  α ∈
[

0, π
2

]

¨

d
1

+ d
2

= AB · (sinα+ osα) = AB ·
√
2 sin

(

α+

π
4

)

> AB =

√

10b2 − 8b+ 2 >

√

2

5

.

�â®à®¥ ¥à ¢¥áâ¢® áâ ®¢¨âáï à ¢¥áâ¢®¬ ¯à¨ b = 2

5

. �á«¨ ¨ a = 2

5

, â® A ∈ ℓ
1

¨ α = 0, ¯®íâ®¬ã ¢ ¯¥à¢®¬

¥à ¢¥áâ¢¥ â ª�¥ à¥ «¨§ã¥âáï à ¢¥áâ¢®. �

�¥è¥¨¥ 2. Ǳãáâì t = a
3b
, X | ¬¨¨¬¨§¨àã¥¬ ï ¤à®¡ì. Ǳ®¤¥«¨¢ ç¨á«¨â¥«ì ¨ § ¬¥ â¥«ì X   3b,

¬ë ¯®«ãç¨¬

X =

∣

∣

1− 3b+ t(1− b)
∣

∣

+

∣

∣

1− b+ t(3b− 1)

∣

∣

√
t2 + 1

.



� ¬¥â¨¬, çâ® ¯à¨ u, v > 0 ¢¥à® ¥à ¢¥áâ¢® u + v >
√
u2 + v2, ¯à¨ç¥¬ à ¢¥áâ¢® à¥ «¨§ã¥âáï â®«ìª® ¢

á«ãç ïå u = 0 ¨«¨ v = 0. Ǳà¨¬¥¨¢ íâ® ¥à ¢¥áâ¢® ª ç¨á«¨â¥«î X , ¬ë ¯®«ãç¨¬

X >
(1− 3b)2 + t2(1− b)2 + 2t(1− b)(1− 3b) + (1− b)2 + t2(3b− 1)

2 − 2t(1− b)(1− 3b)√
t2 + 1

=

=

√

(

t2 + 1

)(

(1− b)2 + (1− 3b)2
)

√
t2 + 1

=

√

10b2 − 8b+ 2 >

√

2

5

.

Ǳ®á«¥¤¥¥ ¥à ¢¥áâ¢® áâ ®¢¨âáï à ¢¥áâ¢®¬ ¯à¨ b = 2

5

. � íâ®¬ á«ãç ¥ ç¨á«¨â¥«ì ¤à®¡¨ X ¯à¨¬¥â ¢¨¤

1

5

(

|3t−1|+ |t+3|
)

. �®£¤  ¯à¨ t = 1

3

à ¢¥áâ¢®¬ áâ ®¢¨âáï ¨ ¯¥à¢®¥ ¥à ¢¥áâ¢®. � ª¨¬ ®¡à §®¬, § ç¥¨¥

√

2

5

¤«ï X à¥ «¨§ã¥âáï. �

3. �  âà¥ã£®«ì¨ª ABC á  ¨¡®«ìè¥© áâ®à®®© BC. �¨áá¥ªâà¨á  ¥£® ã£«  C ¯¥à¥á¥ª ¥â ¢ëá®âë AA
1

¨ BB
1

¢ â®çª å P ¨ Q á®®â¢¥âáâ¢¥®,   ®¯¨á ãî ®ª®«® ABC ®ªàã�®áâì | ¢ â®çª¥ L. � ©¤¨â¥

∠ACB, ¥á«¨ ¨§¢¥áâ®, çâ® AP = LQ.

�â¢¥â: 60

◦
.

A

BC

L

A1

B1

P

Q

α

β
γ

�¥è¥¨¥. Ǳãáâì α = ∠BCL, β = ∠ALC, γ = ∠BLC (á¬. à¨áã®ª). �®ª �¥¬ à ¢¥áâ¢® âà¥ã£®«ì¨ª®¢

ALP ¨ BLQ. � ¬¥â¨¬, çâ® AP = LQ ¯® ãá«®¢¨î ¨ AL = LB ª ª å®à¤ë, á®®â¢¥âáâ¢ãîé¨¥ ®¤¨ ª®¢ë¬

ã£« ¬. �à®¬¥ â®£®,

∠APL = ∠A
1

PC = 90

◦ − α = ∠B
1

QC = ∠BQL.

�®£¤  ¯® â¥®à¥¬¥ á¨ãá®¢

AP

sin∠ALP
=

AL

sin∠APL
=

LB

sin∠BQL
=

LQ

sin∠LBQ
, ®âªã¤  sin∠ALP = sin∠LBQ.

�® ∠ALP = ∠ABC < 90

◦
¨

∠LBQ = 180

◦ − ∠BLC − ∠BQL = 90

◦ − ∠BAC + α < 90

◦ − ∠BAC + ∠ACB 6 90

◦

(¯®á«¥¤¥¥ ¥à ¢¥áâ¢® ¢¥à®, ¯®áª®«ìªã BC > AB). � ç¨â, ã£«ë ALP ¨ LBQ ®áâàë¥, ¨ ®¨ ®¤¨ ª®¢ë

¢¢¨¤ã à ¢¥áâ¢  ¨å á¨ãá®¢. � ª¨¬ ®¡à §®¬, âà¥ã£®«ì¨ª¨ ALP ¨ BLQ à ¢ë ¯® áâ®à®¥ ¨ ¤¢ã¬ ã£« ¬.

Ǳ®íâ®¬ã ∠LAP = ∠QLB = γ. �¥¯¥àì ¨§ âà¥ã£®«ì¨ª  ALP

β + γ + 90

◦ − α = 180

◦
=⇒ β + γ = 90

◦
+ α,

  ¨§ ç¥âëà¥åã£®«ì¨ª  ALBC

β + γ = 180

◦ − 2α =⇒ 180

◦ − 2α = 90

◦
+ α =⇒ α = 30

◦
=⇒ ∠ACB = 60

◦. �



4. �¥è¨â¥ ¢  âãà «ìëå ç¨á« å ãà ¢¥¨¥ 2

x
+ 5

y
+ 19 = 30

z
.

�â¢¥â: (8, 4, 2).

�¥è¥¨¥. Ǳà ¢ ï ç áâì ãà ¢¥¨ï ªà â  5,   «¥¢ ï ¤ ¥â â ª®© �¥ ®áâ â®ª ®â ¤¥«¥¨ï   5, ª ª

2

x − 1. � ç¨â, x ªà â® 4 ¨, ¢ ç áâ®áâ¨, x > 4. �à®¬¥ â®£®, ¯à ¢ ï ç áâì ªà â  3,   «¥¢ ï ¤ ¥â â ª®©

�¥ ®áâ â®ª ®â ¤¥«¥¨ï   3, ª ª (−1)x+(−1)y+1 = (−1)y+2. Ǳ®íâ®¬ã y ç¥â®, â® ¥áâì y = 2n. � ¬¥â¨¬,

çâ®

2

x
+ 5

y
+ 19 = 2

x
+ 5

2n − 1 + 20 = 2

x
+

(

5

n − 1

)(

5

n
+ 1

)

+ 20.

�¨á«®

(

5

n − 1

)(

5

n
+ 1

)

ªà â® 8 ª ª ¯à®¨§¢¥¤¥¨¥ á®á¥¤¨å ç¥âëå ç¨á¥«. �®£¤  «¥¢ ï ç áâì ãà ¢¥¨ï

¤¥«¨âáï   4, ® ¥ ¤¥«¨âáï   8, ¨ â® �¥ á ¬®¥ ¤®«�® ¡ëâì ¢¥à® ¤«ï 30

z
. � ç¨â, z = 2 ¨ 2

x
+25

n
= 881.

�«ï n ¤®¯ãáâ¨¬ë «¨èì § ç¥¨ï 1 ¨ 2. � ¬ ¯®¤®©¤¥â â®«ìª® n = 2, çâ® ¤ ¥â y = 4 ¨ x = 8. �

5. � ®§¤®à®¢¨â¥«ì®¬ « £¥à¥ ®â¤ëå îâ 225 èª®«ì¨ª®¢. �¥ª®â®àë¥ ¤¥â¨ § ª®¬ë ¤àã£ á ¤àã£®¬,  

¥ª®â®àë¥ | ¥â. �§¢¥áâ®, çâ® áà¥¤¨ «î¡ëå è¥áâ¥àëå èª®«ì¨ª®¢ ¥áâì âà¨ ¥¯¥à¥á¥ª îé¨¥áï

¯ àë § ª®¬ëå ¬¥�¤ã á®¡®©. � ª®¥  ¨¬¥ìè¥¥ ç¨á«® ¯ à § ª®¬ëå èª®«ì¨ª®¢ ¬®£«® ®â¤ëå âì ¢

« £¥à¥?

�â¢¥â: 24 750.

�¥è¥¨¥. Ǳà¥¤¯®«®�¨¬, çâ® ª ª®©-â® èª®«ì¨ª ( §®¢¥¬ ¥£® � á¥©) ¥ § ª®¬ å®âï ¡ë á ¯ïâìî

èª®«ì¨ª ¬¨. �®£¤  � áï ¨ ¯ïâ¥à® ¥§ ª®¬ëå ¥¬ã èª®«ì¨ª®¢ ®¡à §ãîâ è¥áâ¥àªã, ¥ ã¤®¢«¥â¢®àïî-

éãî ãá«®¢¨î § ¤ ç¨. � ª¨¬ ®¡à §®¬, ã ª �¤®£® èª®«ì¨ª  ¬®�¥â ¡ëâì ¥ ¡®«¥¥ ç¥âëà¥å ¥§ ª®¬ëå.

Ǳ®íâ®¬ã ª �¤ë© § ª®¬ ¯® ªà ©¥© ¬¥à¥ á 220 èª®«ì¨ª ¬¨, ¨ ª®«¨ç¥áâ¢® ¯ à § ª®¬ëå ¥ ¬¥ìè¥,

ç¥¬

225·220
2

= 24 750.

Ǳ®ª �¥¬ â¥¯¥àì, çâ® ç¨á«® ¯ à § ª®¬ëå èª®«ì¨ª®¢ ¬®�¥â ¡ëâì ¢ â®ç®áâ¨ 24 750. Ǳ®á ¤¨¬ ¢á¥å

èª®«ì¨ª®¢ §  ¡®«ìè®© ªàã£«ë© áâ®« ¨ ¯®§ ª®¬¨¬ ¢á¥å, ªà®¬¥ á¨¤ïé¨å àï¤®¬ ¨ á¨¤ïé¨å ç¥à¥§ ®¤®£®.

Ǳà®¢¥à¨¬, çâ® íâ  ª®áâàãªæ¨ï ã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨. Ǳ®áª®«ìªã ª �¤ë© èª®«ì¨ª ¥ § ª®¬

à®¢® á ç¥âëàì¬ï èª®«ì¨ª ¬¨, ® § ª®¬ ¢ â®ç®áâ¨ á 220 èª®«ì¨ª ¬¨, ¨ ®¡é¥¥ ª®«¨ç¥áâ¢® ¯ à

§ ª®¬ëå à ¢®

225·220
2

= 24 750.

A

B

C

D

E

F

� áá¬®âà¨¬ â¥¯¥àì ¯à®¨§¢®«ìãî è¥áâ¥àªã èª®«ì¨ª®¢. �áâ ¢¨¬ â®«ìª® ¨å §  ¡®«ìè¨¬ ªàã£«ë¬

áâ®«®¬. � ¬¥â¨¬, çâ® ª �¤ë© ¨§ ¨å § ª®¬ á á¨¤ïé¨¬ \ ¯à®â¨¢" ¥£® (â® ¥áâì á á¨¤ïé¨¬ ç¥à¥§ ¤¢ãå

®â ¥£®), ¯®áª®«ìªã §  ¡®«ìè¨¬ áâ®«®¬ ® ¥ ¬®£ ¡ëâì ¨ ¥£® á®á¥¤®¬, ¨ á¨¤ïé¨¬ ç¥à¥§ ®¤®£® ®â ¥£®.

�â ª, ¬ë ¢ë¡à «¨ âà¨ ¥¯¥à¥á¥ª îé¨¥áï ¯ àë § ª®¬ëå èª®«ì¨ª®¢. �

A

B

O

C

D

N

O5

O1π̄
4

6. � ª®ãá, ã ª®â®à®£® ¢ëá®â  ¨ à ¤¨ãá ®á®¢ ¨ï à ¢ë 7, ¯®¬¥é¥ë ç¥âëà¥ ®¤¨ ª®¢ëå è à . � �¤ë©

¨§ ¨å ª á ¥âáï ¤¢ãå ¤àã£¨å (¢¥è¨¬ ®¡à §®¬), ®á®¢ ¨ï ¨ ¡®ª®¢®© ¯®¢¥àå®áâ¨ ª®ãá . Ǳïâë©



è à  ª á ¥âáï ¡®ª®¢®© ¯®¢¥àå®áâ¨ ª®ãá  ¨ ¢á¥å ®¤¨ ª®¢ëå è à®¢ (¢¥è¨¬ ®¡à §®¬). � ©¤¨â¥

à ¤¨ãá ¯ïâ®£® è à .

�â¢¥â: 2

√
2− 1.

�¥è¥¨¥. Ǳãáâì O
1

, O
2

, O
3

, O
4

, O
5

| æ¥âàë è à®¢, r ¨ x | à ¤¨ãáë ¯¥à¢®£® ¨ ¯ïâ®£® è à®¢

á®®â¢¥âáâ¢¥®, BO | ¢ëá®â  ª®ãá , D | ¯à®¥ªæ¨ï O
1

  BO. �  à¨áãª¥ ¯®ª §   ç áâì á¥ç¥¨ï

ª®ãá  ¯«®áª®áâìî BOO
1

. � ¬¥â¨¬, çâ® DO
1

= r
√
2 ª ª ¯®«®¢¨  ¤¨ £® «¨ ª¢ ¤à â  O

1

O
2

O
3

O
4

á®

áâ®à®®© 2r. �à®¬¥ â®£®,

CO
1

=

√

O
1

O2

5

− CO2

5

=

√

(x+ r)2 − (x− r)2 = 2

√
xr.

� ª ª ª ∠OAB =

π
4

, ¬ë ¯®«ãç ¥¬ ∠BO
5

N = π − ∠NO
5

D = ∠CO
1

D =

π
4

¨

2

√
xr os π

4

+ (x− r) sin π
4

= r
√
2

(¢ «¥¢®© ç áâ¨ áâ®¨â áã¬¬  ¯à®¥ªæ¨© ®âà¥§ª®¢ O
1

C ¨ O
5

C   O
1

D, â ª çâ® íâ  ä®à¬ã«  ¢¥à  ¨ ¢ á«ãç ¥

x < r). Ǳ®«®�¨¬ t =
√

x
r
. �®£¤  t2 + 2t− 3 = 0, ®âªã¤  t = 1 ¨ x = r. �áâ «®áì § ¬¥â¨âì, çâ®

7 = AO = DO
1

+ r tg π
8

= r
√
2 + r · 1 + os

π
4

sin

π
4

= r
(

2

√
2 + 1

)

=⇒ r =
7

2

√
2 + 1

= 2

√
2− 1. �



� à¨ â 7

1. � â¥¨á®¬ âãà¨à¥ ãç áâ¢ãîâ 512 èª®«ì¨ª®¢. �  ¯®¡¥¤ã ¤ ¥âáï 1 ®çª®, §  ¯®à �¥¨¥ | 0 ®çª®¢.

Ǳ¥à¥¤ ª �¤ë¬ âãà®¬ ¯ àë ¯® �à¥¡¨î á®áâ ¢«ïîâ ¨§ ãç áâ¨ª®¢, ¨¬¥îé¨å à ¢®¥ ª®«¨ç¥áâ¢®

®çª®¢ (â¥¬, ª®¬ã ¥  è«®áì ¯ àë,  ç¨á«ïîâ ®çª® ¡¥§ ¨£àë). �ãà¨à § ª ç¨¢ ¥âáï, ª ª â®«ìª®

®¯à¥¤¥«ï¥âáï ¥¤¨®«¨çë© «¨¤¥à. �ª®«ìª® èª®«ì¨ª®¢ § ¢¥àè¨â âãà¨à á 6 ®çª ¬¨?

�â¢¥â: 84.

�¥è¥¨¥. Ǳ®ª �¥¬, çâ® ¢ âãà¨à¥ á 2

n
ãç áâ¨ª ¬¨ ¨ªâ® ¥ ¯®«ãç¨â ®çª®¢ ¡¥§ ¨£àë ¨ ¤«ï «î¡®£®

k ∈ {0, . . . , n} ¯® k ®çª®¢  ¡¥àãâ ¢ ¨â®£¥ Ck
n ãç áâ¨ª®¢. �®á¯®«ì§ã¥¬áï ¨¤ãªæ¨¥© ¯® n. �«ï n = 1 íâ®

®ç¥¢¨¤®. Ǳãáâì ¤«ï ¥ª®â®à®£® n ®¡  ãâ¢¥à�¤¥¨ï ¢¥àë. �®£¤  ¢ âãà¨à¥ á 2

n+1

ãç áâ¨ª ¬¨ ¯®á«¥

¯¥à¢®£® âãà  ¯® 2

n
èª®«ì¨ª®¢  ¡¥àãâ 0 ®çª®¢ ¨ 1 ®çª®. �ã¤¥¬ ¢ ¤ «ì¥©è¥¬ ¯à®¢®¤¨âì �¥à¥¡ì¥¢ªã â ª,

çâ®¡ë ãç áâ¨ª¨ ¨§ íâ¨å £àã¯¯ ¢áâà¥ç «¨áì â®«ìª® ¤àã£ á ¤àã£®¬. Ǳ® ¨¤ãªæ¨®®¬ã ¯à¥¤¯®«®�¥¨î

íâ® ¢á¥£¤  ¬®�® á¤¥« âì, ¨   à á¯à¥¤¥«¥¨¥ ¡ ««®¢ â ª®¥ ¤®¯ãé¥¨¥, ®ç¥¢¨¤®, ¥ ¯®¢«¨ï¥â. �ë¬¨

á«®¢ ¬¨, ¤ «¥¥ ¬ë ¯à®¢®¤¨¬ ¤¢  ¥§ ¢¨á¨¬ëå âãà¨à  á 2

n
ãç áâ¨ª ¬¨. Ǳ® ¨¤ãªæ¨®®¬ã ¯à¥¤¯®«®-

�¥¨î ¢ ¯¥à¢®¬ âãà¨à¥ ¯® k ®çª®¢  ¡¥àãâ Ck
n èª®«ì¨ª®¢,   ¢® ¢â®à®¬ | Ck−1

n èª®«ì¨ª®¢, ¯®áª®«ìªã

  áâ àâ¥ ¢á¥ ãç áâ¨ª¨ ¨¬¥«¨ ¯® ®çªã. � ¨â®£¥ ¯® k ®çª®¢  ¡¥àãâ Ck
n + Ck−1

n = Ck
n+1

èª®«ì¨ª®¢ (¬ë

¢®á¯®«ì§®¢ «¨áì ®á®¢ë¬ â®�¤¥áâ¢®¬ âà¥ã£®«ì¨ª  Ǳ áª «ï). � ª¨¬ ®¡à §®¬, ¨¤ãªæ¨®ë© ¯¥à¥å®¤

§ ¢¥àè¥. �áâ «®áì § ¬¥â¨âì, çâ® C6

9

=

9·8·7
1·2·3 = 84. �

2. � ©¤¨â¥  ¨¬¥ìè¥¥ § ç¥¨¥ ¯à¨ a, b > 0 ¢ëà �¥¨ï

(

2a+ 2ab− b(b+ 1)

)

2

+

(

b− 4a2 + 2a(b+ 1)

)

2

4a2 + b2
.

�â¢¥â: 1.

�¥è¥¨¥ 1. �¨¨¬¨§¨àã¥¬®¥ ¢ëà �¥¨¥ ¥áâì áã¬¬  ª¢ ¤à â®¢ à ááâ®ï¨© ®â â®çª¨ A(1, 2a) ¤®

¯àï¬ëå ℓ
1

¨ ℓ
2

, § ¤ ¢ ¥¬ëå ãà ¢¥¨ï¬¨

ℓ
1

: 2ax+ by − b(b+ 1) = 0 ¨ ℓ
2

: bx− 2ay + 2a(b+ 1) = 0.

�â¨ ¯àï¬ë¥ ¯¥à¯¥¤¨ªã«ïàë ¨ ¯¥à¥á¥ª îâáï ¢ â®çª¥ B(0, b+ 1). �®£¤  ¢ á¨«ã â¥®à¥¬ë Ǳ¨ä £®à   ¬

ã�®  ©â¨ ¬¨¨¬ã¬ AB2

= 1+(b+1−2a)2, ª®â®àë© à ¢¥ 1 ¨ à¥ «¨§ã¥âáï,  ¯à¨¬¥à, ¯à¨ a = b = 1. �

�¥è¥¨¥ 2. Ǳà¥®¡à §ã¥¬ ç¨á«¨â¥«ì ¤à®¡¨:

(

2a+ 2ab− b(b+ 1)

)

2

+

(

b− 4a2 + 2a(b+ 1)

)

2

=

= 4a2 + 4a2b2 + b2(b+ 1)

2

+ 8a2b− 4ab(b+ 1)− 4ab2(b+ 1)+

+ b2 + 16a4 + 4a2(b+ 1)

2 − 8a2b+ 4ab(b+ 1)− 16a3(b+ 1) =

=

(

4a2 + b2
)(

1 + 4a2 + (b+ 1)

2 − 4a(b+ 1)

)

=

(

4a2 + b2
)(

1 + (b+ 1− 2a)2
)

.

� ª¨¬ ®¡à §®¬, ¥®¡å®¤¨¬®  ©â¨ ¬¨¨¬ã¬ äãªæ¨¨ (b + 1 − 2a)2 + 1 ¯à¨ ¯®«®�¨â¥«ìëå a ¨ b. �

à ¢¥ 1 ¨ à¥ «¨§ã¥âáï,  ¯à¨¬¥à, ¯à¨ a = b = 1. �

3. �  áâ®à® å AB ¨ BC à ¢®áâ®à®¥£® âà¥ã£®«ì¨ª  ABC ¢ë¡à ë â ª¨¥ â®çª¨ P ¨ Q, çâ®

AP : PB = BQ : QC = 2 : 1. � ©¤¨â¥ ∠AKB, £¤¥ K | â®çª  ¯¥à¥á¥ç¥¨ï ®âà¥§ª®¢ AQ ¨ CP .

�â¢¥â: 90

◦
.

A

B

C

D

P

Q

H

K

A

B

C

H
P

Q
K



�¥è¥¨¥ 1. Ǳãáâì BH | ¢ëá®â  ¨ ¬¥¤¨   âà¥ã£®«ì¨ª  ABC. Ǳà®¢¥¤¥¬ ç¥à¥§ ¢¥àè¨ã B ¯ à «-

«¥«ì® AC ¯àï¬ãî ¨ ®¡®§ ç¨¬ â®çªã ¥¥ ¯¥à¥á¥ç¥¨ï á ¯àï¬®© CP ç¥à¥§ D (á¬. «¥¢ë© à¨áã®ª). �à¥-

ã£®«ì¨ª¨ BPD ¨ APC ¯®¤®¡ë á ª®íää¨æ¨¥â®¬

1

2

, ®âªã¤  DB =

1

2

AC = AH . Ǳ®íâ®¬ã ADBH |

¯àï¬®ã£®«ì¨ª, â® ¥áâì ∠ADB = 90

◦
. � ¬¥â¨¬, çâ® âà¥ã£®«ì¨ª¨ ABQ ¨ CAP à ¢ë ¯® ¤¢ã¬ áâ®à® ¬

¨ ã£«ã. �®£¤ 

∠BDK = ∠DCA = ∠BAK.

� ç¨â, ç¥âëà¥åã£®«ì¨ª ADBK | ¢¯¨á ë©, ®âªã¤  ∠AKB = 180

◦ − ∠ADB = 90

◦
. �

�¥è¥¨¥ 2. Ǳà®¢¥¤¥¬ ¢ âà¥ã£®«ì¨ª¥ ABC ¢ëá®âã CH (á¬. ¯à ¢ë© à¨áã®ª). � ª ª ª BH =

1

2

AB,

¬ë ¯®«ãç¨¬

BP
BH

=

2

3

=

BQ
BC

. Ǳ®íâ®¬ã âà¥ã£®«ì¨ª¨ BPQ ¨ BHC ¯®¤®¡ë, ®âªã¤  ∠BPQ = ∠BHC = 90

◦
.

� ¬¥â¨¬ â¥¯¥àì, çâ® BQ = AP , AB = CA ¨ ∠ABQ = ∠CAP = 60

◦
. �®£¤  âà¥ã£®«ì¨ª¨ ABQ ¨ CAP

à ¢ë ¯® ¤¢ã¬ áâ®à® ¬ ¨ ã£«ã. Ǳ®áª®«ìªã ∠AQB = ∠CPA = 180

◦ − ∠CPB, ç¥âëà¥åã£®«ì¨ª BPKQ

¢¯¨á ë©, ®âªã¤ 

∠AKB = 180

◦ − ∠BKQ = 180

◦ − ∠BPQ = 90

◦. �

4. �¥è¨â¥ ¢  âãà «ìëå ç¨á« å ãà ¢¥¨¥ 2

x
+ 3

y
+ 1 = 6

z
.

�â¢¥â: (1, 1, 1), (3, 3, 2), (5, 1, 2).

�¥è¥¨¥. Ǳà ¢ ï ç áâì ãà ¢¥¨ï ªà â  3,   «¥¢ ï ¤ ¥â â ª®© �¥ ®áâ â®ª ®â ¤¥«¥¨ï   3, ª ª

(−1)x + 1. � ç¨â, x ¥ç¥â®. � áá¬®âà¨¬ ¤¢¥ ¢®§¬®�ëå á¨âã æ¨¨.

1) x = 1. � ¬¥â¨¬, çâ® «¨¡® y = z = 1, «¨¡® y > 2 ¨ z > 2. Ǳ¥à¢ë© á«ãç © ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î:

2

1

+ 3

1

+ 1 = 6

1

,   ¢â®à®© ¥¢®§¬®�¥, ¯®áª®«ìªã ¯à ¢ ï ç áâì ¤¥«¨âáï   9,   «¥¢ ï | ¥â.

2) x > 3. � ¬¥â¨¬, çâ® 6

z > 2

3

+ 3 + 1 = 12, ®âªã¤  z > 2. �®£¤  2

x
¨ 6

z
ªà âë 4,   3

y
¤ ¥â ¯à¨

¤¥«¥¨¨   4 â ª®© �¥ ®áâ â®ª, ª ª (−1)y. Ǳ®íâ®¬ã y ¥ç¥â®, â® ¥áâì y = 2n+1. �¥¢ ï ç áâì ãà ¢¥¨ï

¥ ¤¥«¨âáï   8, ¯®áª®«ìªã

2

x
+ 3

y
+ 1 = 2

x
+ 3

2n+1 − 3 + 4 = 2

x
+ 3

(

3

n − 1

)(

3

n
+ 1

)

+ 4,

 

(

3

n − 1

)(

3

n
+ 1

)

ªà â® 8 ª ª ¯à®¨§¢¥¤¥¨¥ á®á¥¤¨å ç¥âëå ç¨á¥«. �®£¤  ¨ 6

z
¥ ¤¥«¨âáï   8, çâ®

¢®§¬®�® «¨èì ¯à¨ z = 2. �áâ «®áì à¥è¨âì ãà ¢¥¨¥ 2

x
+ 3

y
= 35. �«ï x ¤®¯ãáâ¨¬ë «¨èì § ç¥¨ï 3

¨ 5, ¨ ¨¬ á®®â¢¥âáâ¢ãîâ y = 3 ¨ y = 1. �

5. Ǳà ¢¨â¥«ìáâ¢® ¯à¨ï«® à¥è¥¨¥ ¯à¨¢ â¨§¨à®¢ âì £à �¤ áªãî  ¢¨ æ¨î. �«ï ª �¤ëå ¤¢ãå ¨§ 202

£®à®¤®¢ áâà ë á®¥¤¨ïîé ï ¨å  ¢¨ «¨¨ï ¯à®¤ ¥âáï ®¤®© ¨§ ç áâëå  ¢¨ ª®¬¯ ¨©. �¡ï§ â¥«ì-

®¥ ãá«®¢¨¥ ¯à®¤ �¨ â ª®¢®: ª �¤ ï  ¢¨ ª®¬¯ ¨ï ¤®«�  ®¡¥á¯¥ç¨âì ¢®§¬®�®áâì ¯¥à¥«¥â  ¨§

«î¡®£® £®à®¤  ¢ «î¡®© ¤àã£®© (¢®§¬®�®, á ¥áª®«ìª¨¬¨ ¯¥à¥á ¤ª ¬¨). � ª®¥  ¨¡®«ìè¥¥ ª®«¨ç¥áâ¢®

ª®¬¯ ¨© ¬®�¥â ªã¯¨âì  ¢¨ «¨¨¨?

�â¢¥â: 101.

�¥è¥¨¥. �®ª �¥¬ ¢ ç «¥, çâ® ¯à¨ k ∈ {1, . . . , 100} ®áâ âª¨ ®â ¤¥«¥¨ï ç¨á¥«

0, k, 2k, 3k, . . . , 99k, 100k

  ¯à®áâ®¥ ç¨á«® 101 à §«¨çë. �¥©áâ¢¨â¥«ì®, ¥á«¨ ¤«ï ¥ª®â®àëå 0 6 a < b 6 100 ç¨á«  ak ¨ bk ¤ îâ

®¤¨ ª®¢ë¥ ®áâ âª¨ ®â ¤¥«¥¨ï   101, â® ç¨á«® bk − ak = (b − a)k ¤¥«¨âáï   101, çâ® ¥¢®§¬®�®, ¨¡®

1 6 k 6 100 ¨ 0 < b− a < 101. � áá¬®âà¨¬ â¥¯¥àì ç¨á«®¢®¥ á¥¬¥©áâ¢®

Pk : 0, k, 2k, 3k, . . . , 99k, 100k, 100k+ 101, 99k + 101, . . . , 3k + 101, 2k + 101, k + 101, 101.

� ¬¥â¨¬, çâ® ¢á¥ ®áâ âª¨ ®â ¤¥«¥¨ï   202 ç¨á¥« ¨§ Pk à §«¨çë. �¥©áâ¢¨â¥«ì®, ¥á«¨ ¤¢  à §«¨çëå

ç¨á«  ¨§ Pk ¤ îâ ®¤¨ ª®¢ë¥ ®áâ âª¨ ®â ¤¥«¥¨ï   202, â® ®¨ ¤ îâ ®¤¨ ª®¢ë¥ ®áâ âª¨ ¨ ®â ¤¥«¥¨ï

  101. �®£¤  íâ® ç¨á«  ¢¨¤  ak ¨ ak + 101, çâ® ¥¢®§¬®�®, â ª ª ª ã ¨å à § ï ç¥â®áâì. Ǳ®áª®«ìªã

Pk á®¤¥à�¨â à®¢® 202 ç¨á« , ¨å ®áâ âª¨ ¯à¨¨¬ îâ ¢á¥¢®§¬®�ë¥ § ç¥¨ï ®â 0 ¤® 201.

Ǳ¥à¥©¤¥¬ â¥¯¥àì ª à¥è¥¨î § ¤ ç¨. � ª ª ª ª �¤ ï  ¢¨ ª®¬¯ ¨ï ®¡ï§   á¢®¨¬¨ á¨« ¬¨ ®¡¥á¯¥ç¨âì

á®®¡é¥¨¥ ¬¥�¤ã ¢á¥¬¨ £®à®¤ ¬¨, ã ¥¥ ¤®«�® ¡ëâì ¥ ¬¥¥¥ 201  ¢¨ «¨¨¨. �¡é¥¥ ç¨á«®  ¢¨ «¨¨©

à ¢®

202·201
2

, ¯®íâ®¬ã ª®«¨ç¥áâ¢®  ¢¨ ª®¬¯ ¨© ¥ ¯à¥¢®áå®¤¨â 101.



Ǳ®ª �¥¬ â¥¯¥àì, çâ® ç¨á«®  ¢¨ ª®¬¯ ¨©, ãç áâ¢ãîé¨å ¢ ¯à¨¢ â¨§ æ¨¨  ¢¨ «¨¨©, ¬®�¥â ¡ëâì ¢

â®ç®áâ¨ 101. �®£®¢®à¨¬áï á¨¬¢®«®¬ 〈a〉 ®¡®§ ç âì ®áâ â®ª ®â ¤¥«¥¨ï æ¥«®£® ç¨á«  a   202. � ã-

¬¥àã¥¬ £®à®¤  ç¨á« ¬¨ ®â 0 ¤® 201. Ǳà¨ «î¡®¬ k = 1, . . . , 100 ¢ë¤¥«¨¬ k-©  ¢¨ ª®¬¯ ¨¨  ¢¨ «¨¨¨,

á®¥¤¨ïîé¨¥ £®à®¤  á ®¬¥à ¬¨ 〈a〉 ¨ 〈b〉, £¤¥ a ¨ b | á®á¥¤¨¥ ç¨á«  ¨§ á¥¬¥©áâ¢  Pk. Ǳ®áª®«ìªã ®áâ âª¨

ç¨á¥« ¨§ Pk ¯à®¡¥£ îâ (¢ ®¯à¥¤¥«¥®¬ ¯®àï¤ª¥) ¢á¥ § ç¥¨ï ®â 0 ¤® 201,  ¢¨ ª®¬¯ ¨ï á¢®¨¬¨ á¨« ¬¨

á¬®�¥â ®¡¥á¯¥ç¨âì ¯¥à¥«¥â ¨§ «î¡®£® £®à®¤  ¢ «î¡®© ¤àã£®©. �â¬¥â¨¬ â ª�¥, çâ® ¨ ®¤   ¢¨ «¨¨ï ¥

¤®áâ ¥âáï ¤¢ã¬ ª®¬¯ ¨ï¬ áà §ã. �¥©áâ¢¨â¥«ì®, ¯ãáâì k ¨ m | à §«¨çë¥ ç¨á«  ®â 1 ¤® 100, (a, b) ¨

(c, d) | ¯ àë á®á¥¤¨å ç¨á¥« ¨§ á¥¬¥©áâ¢ Pk ¨ Pm á®®â¢¥âáâ¢¥®, ¯à¨ç¥¬ {〈a〉, 〈b〉} = {〈c〉, 〈d〉}. �®£¤  ¯®
¤®ª § ®¬ã ¢ëè¥ {a, b} = {c, d}, çâ® ¥¢®§¬®�®, ¯®áª®«ìªã b− a = k 6= m = d− c.

�á¥  ¢¨ «¨¨¨, ®áâ ¢è¨¥áï ®â ¯¥à¢ëå áâ   ¢¨ ª®¬¯ ¨©, ¯à®¤ ¤¨¬ 101-©  ¢¨ ª®¬¯ ¨¨. �®ª �¥¬,

çâ® ¨ ®  á¬®�¥â ®¡¥á¯¥ç¨âì ¯¥à¥«¥â ¨§ «î¡®£® £®à®¤  ¢ «î¡®© ¤àã£®©. �ç¥¢¨¤®, çâ® ¥© ¯à¨ ¤«¥�¨â

 ¢¨ «¨¨ï (0, 101), ¯®áª®«ìªã 0 ¨ 101 ¥ á®á¥¤áâ¢ãîâ ¢ á¥¬¥©áâ¢¥ Pk ¨ ¯à¨ ª ª®¬ k. Ǳ®ª �¥¬ â¥¯¥àì, çâ®

¯à¨ «î¡®¬ m ∈ {1, . . . , 100}  ¢¨ «¨¨¨ (0, 202−m) ¨ (101, 101−m) â ª�¥ ¯à¨ ¤«¥� â 101-© ª®¬¯ ¨¨.

�¥©áâ¢¨â¥«ì®, ¯ãáâì «¨¨ï (0, 202−m) ¯à¨ ¤«¥�¨â ª®¬¯ ¨¨ á ®¬¥à®¬ k 6 100. �®£¤  202−m = k,

çâ® ¥¢®§¬®�®, ¯®áª®«ìªã k +m 6 200. �â®à®¥ ãâ¢¥à�¤¥¨¥ ¯à®¢¥àï¥âáï   «®£¨ç®. � ª¨¬ ®¡à §®¬,

101-ï  ¢¨ ª®¬¯ ¨ï á®¥¤¨ï¥â «î¡ë¥ ¤¢  £®à®¤  âà §¨â®¬ ç¥à¥§ £®à®¤  0 ¨ 101. �

6. �¡« áâì ®£à ¨ç¥  ¤¢ã¬ï ª®ãá ¬¨ á ®¡é¨¬ ®á®¢ ¨¥¬, ¢ëá®â  ª®â®àëå à ¢  4,   à ¤¨ãá ®á®-

¢ ¨ï à ¢¥ 3. � ®¡« áâì ¯®¬¥é¥ë âà¨ è à , ª á îé¨åáï ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬. �¢  è à 

®¤¨ ª®¢ë ¨ ª á îâáï ®¡®¨å ª®ãá®¢,   âà¥â¨© ª á ¥âáï £à ¨æë ®¡« áâ¨. � ª®¢ ¬¨¨¬ «ìë©

à ¤¨ãá âà¥âì¥£® è à ?

�â¢¥â:

27

35

.

A

B

O
O1 O2

α

OC

B

O3
D

E

β

α

�¥è¥¨¥. ǱãáâìO
1

, O
2

, O
3

|æ¥âàë è à®¢, BO| ¢ëá®â  ®¤®£® ¨§ ª®ãá®¢, r ¨ x|à ¤¨ãáë ¯¥à¢ëå

¤¢ãå ¨ âà¥âì¥£® è à®¢ á®®â¢¥âáâ¢¥®, α| ã£®« ¬¥�¤ã ®¡à §ãîé¥© ¨ ¢ëá®â®© ª®ãá®¢. �  «¥¢®¬ à¨áãª¥

¯®ª §   ç áâì á¥ç¥¨ï ®¡« áâ¨ ¯«®áª®áâìî BOO
1

,   ¯à ¢®¬ | ç áâì á¥ç¥¨ï ¯«®áª®áâìî BOO
3

. Ǳ®

ãá«®¢¨î osα =

4

5

. �§ «¥¢®£® à¨áãª  ïá®, çâ®

3 = AO = AO
1

+O
1

O = r
(

1

osα
+ 1

)

=

9

4

r, â® ¥áâì r = 4

3

.

Ǳãáâì   ¯à ¢®¬ à¨áãª¥ OD | ¯¥à¯¥¤¨ªã«ïà   ®¡à §ãîéãî BC ª®ãá , β | ã£®« ¬¥�¤ã OD ¨

OO
3

. � ¬¥â¨¬, çâ® OO
3

| ¢ëá®â  à ¢®¡¥¤à¥®£® âà¥ã£®«ì¨ª  O
1

O
2

O
3

á ¡®ª®¢®© áâ®à®®© r + x ¨

®á®¢ ¨¥¬ 2r, ®âªã¤  OO
3

=

√

(x+ r)2 − r2 =
√
x2 + 2rx. �®£¤ 

CO · osα = OD = OO
3

· osβ +O
3

E ⇐⇒ 12

5

= osβ
√

x2 + 2rx+ x ⇐⇒ osβ =

12

5

− x
√

x2 + 8

3

x
.

Ǳà ¢ ï ç áâì ¯®á«¥¤¥£® à ¢¥áâ¢  ã¡ë¢ ¥â á à®áâ®¬ x, ¯®íâ®¬ã ¬¨¨¬ «ì®¥ § ç¥¨¥ x à¥ «¨§ã¥âáï

¯à¨ ¬ ªá¨¬ «ì®¬ osβ, â® ¥áâì ¯à¨ β = 0. � íâ®¬ á«ãç ¥ x 6 12

5

¨

√

x2 + 8

3

x =

12

5

− x ⇐⇒ 8

3

x =

144

25

− 24

5

x ⇐⇒ x =

27

35

. �



� à¨ â 8

1. � âãà¨à¥ ¯®  à¬à¥áâ«¨£ã ãç áâ¢ã¥â 2

n
á¯®àâá¬¥®¢, £¤¥ n |  âãà «ì®¥ ç¨á«®, ¡�®«ìè¥¥ 7. � 

¯®¡¥¤ã ¤ ¥âáï 1 ®çª®, §  ¯®à �¥¨¥ | 0 ®çª®¢. Ǳ¥à¥¤ ª �¤ë¬ âãà®¬ ¯ àë ¯® �à¥¡¨î á®áâ ¢«ïîâ

¨§ ãç áâ¨ª®¢, ¨¬¥îé¨å à ¢®¥ ª®«¨ç¥áâ¢® ®çª®¢ (â¥¬, ª®¬ã ¥  è«®áì ¯ àë, ¯à®áâ®  ç¨á«ïîâ

®çª®). Ǳ®á«¥ á¥¤ì¬®£® âãà  ®ª § «®áì, çâ® à®¢® 42 ãç áâ¨ª   ¡à «¨ ¯® 5 ®çª®¢. �¥¬ã à ¢® n?

�â¢¥â: 8.

�¥è¥¨¥. Ǳãáâì f(m, k) | ç¨á«® ãç áâ¨ª®¢,  ¡à ¢è¨å ¯®á«¥m âãà®¢ k ®çª®¢. Ǳà®¢¥à¨¬ ¨¤ãªæ¨¥©

¯® m, çâ®

f(m, k) = 2

n−m · Ck
m, £¤¥ 0 6 k 6 m 6 2

n.

�á«¨ m = 0, â® ¨ k = 0,   f(0, 0) = 2

n
. Ǳà®¢¥¤¥¬ ¨¤ãªæ¨®ë© ¯¥à¥å®¤. Ǳãáâì ¤«ï ¥ª®â®à®£® m < n

âà¥¡ã¥¬®¥ à ¢¥áâ¢® ¢¥à®. �®£¤  ª �¤ ï £àã¯¯  á ®¤¨ ª®¢ë¬ ª®«¨ç¥áâ¢®¬ ®çª®¢ á®¤¥à�¨â ç¥â®¥ ç¨á«®

ãç áâ¨ª®¢, ¯®íâ®¬ã   ¯ àë à §®¡ìîâáï ¢á¥ ãç áâ¨ª¨. Ǳ®á«¥ (m + 1)-£® âãà  £àã¯¯ë á¯®àâá¬¥®¢, ¥

¨¬¥îé¨å ¯®¡¥¤ ¨ ¥ ¨¬¥îé¨å ¯®à �¥¨©, á®ªà âïâáï ¢¤¢®¥. Ǳ®íâ®¬ã

f(m+ 1, 0) = 1

2

f(m, 0) = 1

2

· 2n−m
= 2

n−(m+1) · C0

m+1

¨ f(m+ 1,m+ 1) =

1

2

f(m,m) = 2

n−(m+1) · Cm+1

m+1

.

Ǳãáâì â¥¯¥àì k ∈ {1, . . . ,m}. Ǳ®á«¥ (m+1)-£® âãà  ¯® k ®çª®¢ áâ ¥â ã â¥å, ªâ® ¨¬¥« k ®çª®¢ ¨ ¯à®¨£à «,

  â ª�¥ ã â¥å, ªâ® ¨¬¥« k − 1 ®çª® ¨ ¢ë¨£à «. Ǳ®íâ®¬ã

f(m+ 1, k) = 1

2

· f(m, k) + 1

2

· f(m, k − 1) = 2

n−m−1

(

Ck
m + Ck−1

m

)

= 2

n−(m+1) · Ck
m+1

(¢ ¯®á«¥¤¥¬ ¯¥à¥å®¤¥ ¬ë ¢®á¯®«ì§®¢ «¨áì ®á®¢ë¬ â®�¤¥áâ¢®¬ âà¥ã£®«ì¨ª  Ǳ áª «ï). � ª¨¬ ®¡à §®¬,

¨¤ãªæ¨®ë© ¯¥à¥å®¤ § ¢¥àè¥. �áâ «®áì § ¬¥â¨âì, çâ®

42 = f(7, 5) = 2

n−7 · C5

7

= 2

n−7 · 7·6
2

= 42 · 2n−8, â® ¥áâì n = 8. �

2. � ©¤¨â¥  ¨¬¥ìè¥¥ § ç¥¨¥ ¯à¨ a, b > 0 ¢ëà �¥¨ï

(

3ab− 6b+ a(1− a)
)

2

+

(

9b2 + 2a+ 3b(1− a)
)

2

a2 + 9b2
.

�â¢¥â: 4.

�¥è¥¨¥ 1. �¨¨¬¨§¨àã¥¬®¥ ¢ëà �¥¨¥ ¥áâì áã¬¬  ª¢ ¤à â®¢ à ááâ®ï¨© ®â â®çª¨ A(3b,−2) ¤®
¯àï¬ëå ℓ

1

¨ ℓ
2

, § ¤ ¢ ¥¬ëå ãà ¢¥¨ï¬¨

ℓ
1

: ax+ 3by + a(1− a) = 0 ¨ ℓ
2

: 3bx− ay + 3b(1− a) = 0.

�â¨ ¯àï¬ë¥ ¯¥à¯¥¤¨ªã«ïàë ¨ ¯¥à¥á¥ª îâáï ¢ â®çª¥ B(a − 1, 0). �®£¤  ¢ á¨«ã â¥®à¥¬ë Ǳ¨ä £®à   ¬

ã�®  ©â¨ ¬¨¨¬ã¬ AB2

= (a − 1 − 3b)2 + 4, ª®â®àë© à ¢¥ 4 ¨ à¥ «¨§ã¥âáï,  ¯à¨¬¥à, ¯à¨ a = 4 ¨

b = 1. �

�¥è¥¨¥ 2. Ǳà¥®¡à §ã¥¬ ç¨á«¨â¥«ì ¤à®¡¨:

(

3ab− 6b+ a(1− a)
)

2

+

(

9b2 + 2a+ 3b(1− a)
)

2

=

= 36b2 + 9a2b2 + a2(1− a)2 − 36ab2 − 12ab(1− a) + 6a2b(1− a)+

+ 4a2 + 81b4 + 9b2(1− a)2 + 36ab2 + 12ab(1− a) + 54b3(1− a) =

=

(

a2 + 9b2
)(

4 + 9b2 + (1− a)2 + 6b(1− a)
)

=

(

a2 + 9b2
)(

4 + (1− a+ 3b)2
)

.

� ª¨¬ ®¡à §®¬, ¥®¡å®¤¨¬®  ©â¨ ¬¨¨¬ã¬ äãªæ¨¨ (1−a+3b)2+1 ¯à¨ ¯®«®�¨â¥«ìëå a ¨ b. � à ¢¥

4 ¨ à¥ «¨§ã¥âáï,  ¯à¨¬¥à, ¯à¨ a = 4 ¨ b = 1. �



3. �  £¨¯®â¥ã§¥ AB à ¢®¡¥¤à¥®£® ¯àï¬®ã£®«ì®£® âà¥ã£®«ì¨ª  ABC ®â¬¥ç¥ë â ª¨¥ K ¨ L, çâ®

AK : KL : LB = 1 : 2 :

√
3. � ©¤¨â¥ ∠KCL.

�â¢¥â: 45

◦
.

C A

DB M

L

K

�¥è¥¨¥ 1. Ǳãáâì AK = 1. �®£¤  KL = 2 ¨ LB =

√
3, ®âªã¤  AB = 3 +

√
3 ¨ AC = BC =

3+

√
3√

2

.

�®£¤ 

AC · BC = 6 + 3

√
3 = 3 (2 +

√
3) = AL ·KB, ¨«¨

KB

BC
=

CA

AL
.

� ª ª ª ∠KBC = 45

◦
= ∠CAL, âà¥ã£®«ì¨ª¨ CBK ¨ LAC ¯®¤®¡ë. Ǳ®íâ®¬ã ∠BCK = ∠ALC ¨

∠ALC = ∠BCL+ ∠LBC = ∠BCL + 45

◦
= ∠BCK − ∠KCL+ 45

◦
= ∠ALC − ∠KCL+ 45

◦,

®âªã¤  ∠KCL = 45

◦
. �

�¥è¥¨¥ 2. �®áâà®¨¬ âà¥ã£®«ì¨ª ABC ¤® ª¢ ¤à â  ABCD, ¨ ¯ãáâìM | â®çª  ¯¥à¥á¥ç¥¨ï ¯àï¬ëå

BD ¨ CL (á¬. à¨áã®ª). Ǳ®«®�¨¬ a = AC. �à¥ã£®«ì¨ª¨ ALC ¨ BLM ¯®¤®¡ë á ª®íää¨æ¨¥â®¬

√
3.

Ǳ®íâ®¬ã

BM =

a√
3

, CM =

√

a2 +
a2

3

=

2a√
3

,
AB

CM
=

√

3

2

.

�à®¬¥ â®£®,

BL =

AB√
3 + 1

, CL =

CM ·
√
3√

3 + 1

,
CL

BL
=

√
3 · CM

AB
=

√
2,

  â ª�¥

KL =

2AB√
3 + 3

, ML =

CM√
3 + 1

,
KL

ML
=

2√
3

· AB

CM
=

√
2.

� ª¨¬ ®¡à §®¬,

CL
BL

=

KL
ML

, ¨ âà¥ã£®«ì¨ª¨ BLM ¨ CLK ¯®¤®¡ë. �®£¤  ∠KCL = ∠MBL = 45

◦
. �

4. �¥è¨â¥ ¢  âãà «ìëå ç¨á« å ãà ¢¥¨¥ 2

x
+ 3

y
+ 3 = 10

z
.

�â¢¥â: (2, 1, 1), (4, 4, 2).

�¥è¥¨¥. �¥¢ ï ç áâì ãà ¢¥¨ï ¯à¨ ¤¥«¥¨¨   3 ¤ ¥â â ª®© �¥ ®áâ â®ª, ª ª (−1)x,   ®áâ â®ª

¯à ¢®© ç áâ¨ ¯à¨ «î¡®¬ z à ¢¥ 1. � ç¨â, x ç¥â® ¨, ¢ ç áâ®áâ¨, x > 2. �á«¨ z = 1, â® ãà ¢¥¨î

ã¤®¢«¥â¢®àïîâ x = 2, y = 1 ¨ â®«ìª® ®¨. Ǳãáâì z > 2. �®£¤  ¯à ¢ ï ç áâì ãà ¢¥¨ï ªà â  4,   «¥¢ ï

¯à¨ ¤¥«¥¨¨   4 ¤ ¥â â ª®© �¥ ®áâ â®ª, ª ª (−1)y + 3. � ç¨â, y ç¥â®, â® ¥áâì y = 2n. � áá¬®âà¨¬ ¤¢ 

á«ãç ï.

1) z = 2. �ë ¯®«ãç¨¬ 2

x
+ 9

n
= 97. �«ï n ¤®¯ãáâ¨¬ë «¨èì § ç¥¨ï 1 ¨ 2. � ¬ ¯®¤®©¤¥â â®«ìª®

n = 2, çâ® ¤ ¥â y = 4 ¨ x = 4.

2) z > 3. �®£¤  ¯à ¢ ï ç áâì ãà ¢¥¨ï ªà â  8,   «¥¢ ï à ¢ 

2

x
+ 3

2n − 1 + 4 = 2

x
+

(

3

n − 1

)(

3

n
+ 1

)

+ 4.

� ¬¥â¨¬, çâ®

(

3

n − 1

)(

3

n
+ 1

)

ªà â® 8 ª ª ¯à®¨§¢¥¤¥¨¥ á®á¥¤¨å ç¥âëå ç¨á¥«. � ç¨â, 2

x
¥ ¬®�¥â

¤¥«¨âìáï   8, ®âªã¤  x = 2. � ª¨¬ ®¡à §®¬, 9

n
+ 7 = 10

z
. �® íâ® ¥¢®§¬®�®, ¯®áª®«ìªã ®áâ â®ª ®â

¤¥«¥¨ï   9 ¯à ¢®© ç áâ¨ ¯à¨ «î¡®¬ z à ¢¥ 1,   ®áâ â®ª «¥¢®© ç áâ¨ à ¢¥ 7. �



5. Ǳà ¢¨â¥«ìáâ¢® ¯à¨ï«® à¥è¥¨¥ ¯à¨¢ â¨§¨à®¢ âì £à �¤ áªãî  ¢¨ æ¨î. �«ï ª �¤ëå ¤¢ãå ¨§ 127

£®à®¤®¢ áâà ë á®¥¤¨ïîé ï ¨å  ¢¨ «¨¨ï ¯à®¤ ¥âáï ®¤®© ¨§ ç áâëå  ¢¨ ª®¬¯ ¨©. � �¤ ï

 ¢¨ ª®¬¯ ¨ï ¤®«�  á¤¥« âì ¢á¥ ¯à¨®¡à¥â¥ë¥  ¢¨ «¨¨¨ ®¤®áâ®à®¨¬¨, ® â ª¨¬ ®¡à §®¬,

çâ®¡ë ®¡¥á¯¥ç¨âì ¢®§¬®�®áâì ¯¥à¥«¥â  ¨§ «î¡®£® £®à®¤  ¢ «î¡®© ¤àã£®© (¢®§¬®�®, á ¥áª®«ìª¨¬¨

¯¥à¥á ¤ª ¬¨). � ª®¥  ¨¡®«ìè¥¥ ª®«¨ç¥áâ¢® ª®¬¯ ¨© ¬®�¥â ªã¯¨âì  ¢¨ «¨¨¨?

�â¢¥â: 63.

�¥è¥¨¥. �«ï æ¥«ëå k ¨ n ®¡®§ ç¨¬ ç¥à¥§ Nk,n ®áâ â®ª ®â ¤¥«¥¨ï k · n   ¯à®áâ®¥ ç¨á«® 127.

�®ª �¥¬ ¢ ç «¥, çâ® ¥á«¨ k ¥ ¤¥«¨âáï   127, â® ç¨á«  Nk,0, . . . , Nk,126 à §«¨çë. �¥©áâ¢¨â¥«ì®, ¥á«¨

¤«ï ¥ª®â®àëå 0 6 a < b 6 126 ç¨á«  ak ¨ bk ¤ îâ ®¤¨ ª®¢ë¥ ®áâ âª¨ ®â ¤¥«¥¨ï   127, â® ç¨á«®

bk−ak = (b−a)k ¤¥«¨âáï   127, çâ® ¥¢®§¬®�®, â ª ª ª 0 < b−a < 127. Ǳ®íâ®¬ã ç¨á«  Nk,0, . . . , Nk,126

¯à®¡¥£ îâ ¢á¥ § ç¥¨ï ®â 0 ¤® 126,   Nk,127 à ¢® ã«î.

Ǳ¥à¥©¤¥¬ â¥¯¥àì ª à¥è¥¨î § ¤ ç¨. �®§ì¬¥¬ ¯à®¨§¢®«ìãî  ¢¨ ª®¬¯ ¨î, ãç áâ¢ãîéãî ¢ ¯à¨¢ â¨-

§ æ¨¨. Ǳ®áª®«ìªã ®  ®¡ï§   á¢®¨¬¨ á¨« ¬¨ ®¡¥á¯¥ç¨âì á®®¡é¥¨¥ ¬¥�¤ã ¢á¥¬¨ £®à®¤ ¬¨, ¤«ï «î¡®£®

£®à®¤  ã ¥¥ ¤®«�  ¡ëâì  ¢¨ «¨¨ï, ¢¥¤ãé ï ¢ íâ®â £®à®¤, ¨  ¢¨ «¨¨ï, ¢ë¢®¤ïé ï ¨§ ¥£®. � ª¨¬ ®¡-

à §®¬, á ª �¤ë¬ £®à®¤®¬ ¤®«�ë ¡ëâì á¢ï§ ë å®âï ¡ë ¤¢¥  ¢¨ «¨¨¨, ¯à¨ ¤«¥� é¨¥ íâ®© ª®¬¯ ¨¨.

�® â®£¤  ¢á¥£® ã ª®¬¯ ¨¨ ¤®«�® ¡ëâì ¥ ¬¥¥¥ 127  ¢¨ «¨¨©. �¡é¥¥ ª®«¨ç¥áâ¢®  ¢¨ «¨¨© à ¢®

127·126
2

= 127 · 63, ¯®íâ®¬ã ç¨á«®  ¢¨ ª®¬¯ ¨© ¥ ¯à¥¢®áå®¤¨â 63.

Ǳ®ª �¥¬ â¥¯¥àì, çâ® ¢ ¯à¨¢ â¨§ æ¨¨ ¬®£«¨ ãç áâ¢®¢ âì ¢ â®ç®áâ¨ 63  ¢¨ ª®¬¯ ¨¨. � ã¬¥àã¥¬

£®à®¤  ç¨á« ¬¨ ®â 0 ¤® 126. �«ï «î¡®£® k = 1, . . . , 63 ¢ë¤¥«¨¬ k-©  ¢¨ ª®¬¯ ¨¨  ¢¨ «¨¨¨, ¢¥¤ãé¨¥

¨§ £®à®¤  á ®¬¥à®¬ Nk,n ¢ £®à®¤ á ®¬¥à®¬ Nk,n+1

, £¤¥ n ∈ {0, . . . , 126}. Ǳ® ¤®ª § ®¬ã ¢ëè¥ â ª¨¥

 ¢¨ «¨¨¨,  ç¨ ïáì ¨ § ª ç¨¢ ïáì ¢ £®à®¤¥ 0, æ¨ª«¨ç¥áª¨ ¯à®å®¤ïâ (¢ ®¯à¥¤¥«¥®¬ ¯®àï¤ª¥) ¢á¥

®áâ «ìë¥ £®à®¤ . � ª¨¬ ®¡à §®¬, k-ï  ¢¨ ª®¬¯ ¨ï á¬®�¥â ®¡¥á¯¥ç¨âì ¯¥à¥«¥â ¨§ «î¡®£® £®à®¤  ¢ «î¡®©

¤àã£®©. �áâ «®áì ¯à®¢¥à¨âì, çâ® ¨ ®¤   ¢¨ «¨¨ï ¥ ¤®áâ ¥âáï ¤¢ã¬ ª®¬¯ ¨ï¬ áà §ã. �¥©áâ¢¨â¥«ì®,

¯ãáâì k,m ∈ {1, . . . , 63} ¨ ¥ª®â®à ï  ¢¨ «¨¨ï ¤®áâ « áì k-© ¨ m-© ª®¬¯ ¨ï¬. �®£¤   ©¤ãâáï â ª¨¥

i, j ∈ {1, . . . , 126}, çâ® Nk,i = Nm,j ¨ Nk,i+1

= Nm,j+1

. �ë ¯®«ãç¨¬ Nk,i+1

−Nk,i = Nm,j+1

−Nm,j, â® ¥áâì

k = m. �

6. �¡« áâì ®£à ¨ç¥  ¤¢ã¬ï ª®ãá ¬¨ á ®¡é¨¬ ®á®¢ ¨¥¬, ¢ëá®â  ª®â®àëå ¢¤¢®¥ ¬¥ìè¥ ®¡à §ãîé¥©.

� ®¡« áâì ¯®¬¥é¥ë âà¨ è à , ª á îé¨åáï ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬. �¢  è à  ®¤¨ ª®¢ë ¨

ª á îâáï ®¡®¨å ª®ãá®¢,   âà¥â¨© ª á ¥âáï £à ¨æë ®¡« áâ¨. � ª®¢® ¬ ªá¨¬ «ì®¥ ®â®è¥¨¥

à ¤¨ãá  âà¥âì¥£® è à  ª à ¤¨ãáã ¯¥à¢®£®?

�â¢¥â:

7−
√
22

3

.

A

B

O
O1 O2

π
3̄

OC

B

O3
D

E

�¥è¥¨¥. Ǳãáâì O
1

, O
2

, O
3

| æ¥âàë è à®¢, BO | ¢ëá®â  ®¤®£® ¨§ ª®ãá®¢, R | à ¤¨ãá ®á®¢ ¨ï

ª®ãá®¢, r ¨ x | à ¤¨ãáë ¯¥à¢ëå ¤¢ãå ¨ âà¥âì¥£® è à®¢ á®®â¢¥âáâ¢¥®, t =

x
r
. �  «¥¢®¬ à¨áãª¥

¯®ª §   ç áâì á¥ç¥¨ï ®¡« áâ¨ ¯«®áª®áâìî BOO
1

,   ¯à ¢®¬ | ç áâì á¥ç¥¨ï ¯«®áª®áâìî BOO
3

. �§

«¥¢®£® à¨áãª  ïá®, çâ®

R = AO = AO
1

+O
1

O = r

(

1

os

π
3

+ 1

)

= 3r.

Ǳãáâì   ¯à ¢®¬ à¨áãª¥ OD | ¯¥à¯¥¤¨ªã«ïà   ®¡à §ãîéãî BC ª®ãá , α | ã£®« ¬¥�¤ã OD ¨

OO
3

. � ¬¥â¨¬, çâ® OO
3

| ¢ëá®â  à ¢®¡¥¤à¥®£® âà¥ã£®«ì¨ª  O
1

O
2

O
3

á ¡®ª®¢®© áâ®à®®© r + x ¨



®á®¢ ¨¥¬ 2r, ®âªã¤  OO
3

=

√

(x+ r)2 − r2 =
√
x2 + 2rx. �®£¤ 

R os

π
3

= OD = O
3

E +OO
3

· osα ⇐⇒ 3

2

r = x+ osα
√

x2 + 2rx ⇐⇒ 2 osα =

3r − 2x√
x2 + 2rx

=

3− 2t√
t2 + 2t

.

Ǳà ¢ ï ç áâì ¯®á«¥¤¥£® à ¢¥áâ¢  ã¡ë¢ ¥â á à®áâ®¬ t. Ǳ®íâ®¬ã ¬ ªá¨¬ «ì®¥ § ç¥¨¥ t à¥ «¨§ã¥âáï

¯à¨ ¬¨¨¬ «ì®¬ osα, â® ¥áâì ¯à¨ α =

π
3

(íâ® á®®â¢¥âáâ¢ã¥â á«ãç î, ª®£¤  æ¥âà âà¥âì¥£® è à  «¥�¨â

  ®¡é¥¬ ®á®¢ ¨¨ ª®ãá®¢). � ãç¥â®¬ ãá«®¢¨ï t 6 3

2

¬ë ¯®«ãç¨¬

√

t2 + 2t = 3− 2t ⇐⇒ t2 + 2t = 4t2 − 12t+ 9 ⇐⇒ 3t2 − 14t+ 9 = 0 ⇐⇒ t = 7−
√
22

3

. �
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