
9 êëàññ. Ðåøåíèå çàäà÷.

B 1. Íàçîâåì õðîìîé ëàäüåé ôèãóðó, êîòîðàÿ áüåò êàê îáû÷íàÿ ëàäüÿ,
íî íå äàëåå, ÷åì íà 2 êëåòêè. Êàêîå íàèáîëüøåå ÷èñëî õðîìûõ ëàäåé ìîæíî
ïîñòàâèòü íà øàõìàòíîé äîñêå 8× 8?

Ðåøåíèå.

22. Â êàæäîé ãîðèçîíòàëè ìîæåò áûòü íå áîëåå òðåõ õðîìûõ ëàäåé, íà
ñîñåäíåé ãîðèçîíòàëè òîæå íå áîëåå 3-õ, à íà òðåòüåé � íå áîëåå äâóõ, ò.å.
8− 6 = 2. Ïîëó÷àåì íå áîëåå : 3 + 3+ 2+ 3+ 3+ 2+ 3+ 3 = 22 èëè 24− 2 = 22
(äâå ãîðèçîíòàëè íå ïî 3, à ïî 2).

B 2. Ïðè êàêîì íàèìåíüøåì n êâàäðàò ìîæíî ðàçäåëèòü íà n òðåóãîëü-
íèêîâ, ïëîùàäè êîòîðûõ îòíîñÿòñÿ êàê 1 : 3 : 5 : . . . : (2n− 1)?

Ðåøåíèå.

Ïðè n = 1 è n = 2 � íåò.
Åñëè n = 3, òî ïëîùàäü ñàìîãî áîëüøîãî òðåóãîëüíèêà áîëüøå ïîëîâèíû

ïëîùàäè êâàäðàòà: 5
9 > 1

2 , ÷òî íåâîçìîæíî.
Ïðè n = 4 � ìîæíî,òàê êàê 1+7 = 3+5.
B 3. Äàíû 2016 íàòóðàëüíûõ ÷èñåë ak = k!, k = 1, 2016. Ìîæíî ëè èç ýòîé

ïîñëåäîâàòåëüíîñòè âûáðàòü 2015 ÷ëåíîâ, ïðîèçâåäåíèå êîòîðûõ áóäåò òî÷íûì
êâàäðàòîì?

Ðåøåíèå.

S = (a1 · a2)(a3 · a4) . . . (a2015 · a2016) = (1!)2 · 2 · (3!)2 . . . (2015!)2 · 2016.
Òàê êàê ak+1 = ak(k + 1), òî
S = (1!)2 · (3!)2 . . . (2015!)2 · (2 · 4 . . . 2016) = (1!)2 · (3!)2 · . . . (2015!)2 · 21008 · 1 ·

2 . . . 1008 = (2504 · 1! · 3! . . . 2015!)2 · 1008!, ò. å.
a1 · a2 . . . a1007 · a1009 . . . a2016 = N2

B 4. Íàéòè âñå ïðîñòûå p è öåëûå x òàêèå,÷òî
x(x+ 1)(x4 − x+ 1) = 13p− 1.
Ðåøåíèå.

Ïåðåïèøåì â âèäå

(x2 + x)(x4 − x+ 1) + 1 = 13p;

x6 + x5 − x3 − x2 + x2 + x+ 1 = 13p;

(x6 + x5 + x4)− (x4 + x3 + x2) + (x2 + x+ 1) = 13p;

(x2 + x+ 1)(x4 − x2 + 1) = 13p;

Âîçìîæíû ñëó÷àè:
1) {

x2 + x+ 1 = 1;

x4 − x2 + 1 = 13p

x2 + x = 0, ò.å. x1 = 0, x2 = −1, ñëåäîâàòåëüíî, 13p = 1,p /∈ Z
2) {

x2 + x+ 1 = 13;

x4 − x2 + 1 = p

x2 + x− 12 = 0, îòñþäà x1 = 3, x2 = 4 è p1 = 73, p2 = 241.
3) {

x2 + x+ 1 = 1;

x4 − x2 + 1 = 13p

x4 − x2 = 0, ò. å. x1 = 0, x2 = 1, x3 = −1, ïîëó÷àåì, ÷òî 13p1 = 1, 13p2 = 3,
13p3 = 1, p1, p2, p3 /∈ Z

3) {
x2 + x+ 1 = 13;

x4 − x2 + 1 = p

x2 = 4, ïîëó÷àåì x1 = 2, x2 = −2,ò. å. p1 = 7, p2 = 3.
Èòàê, ïðè x1 = −2 p1 = 3, x2 = 2 p2 = 7, x3 = 3 p3 = 73, x4 = −4 p4 = 241.
Îòâåò: x1 = −2 p1 = 3, x2 = 2 p2 = 7, x3 = 3 p3 = 73, x4 = −4 p4 = 241.
B 5. Ïóñòü f(x) = ax2 + bx + c, c 6= 0. Èçâåñòíî, ÷òî óðàâíåíèå f(x) =

2016x+ 1 íå èìååò äåéñòâèòåëüíûõ êîðíåé.
Äîêàçàòü, ÷òî óðàâíåíèå

f(f(x)) = 20162x+ 2017.

òàêæå íå èìååò êîðíåé.
Ðåøåíèå.

1) a > 0, òîãäà
f(x) > 2016x+ 1,∀x,

â ÷àñòíîñòè

f(f(x)) > 2016f(x) + 1 > 2016(2016x+ 1) + 1 = 20162x+ 2017,∀x.

2) a < 0, òîãäà
f(x) < 2016x+ 1,

ñëåäîâàòåëüíî,

f(f(x)) < 2016f(x) + 1 < 2016(2016x+ 1) + 1 = 20162x+ 2017,∀x

B 6. Â òðåóãîëüíèêå ABC òî÷êà M � òî÷êà ïåðåñå÷åíèÿ ìåäèàíû AA1 è
áèññåêòðèñû BB1, a

AM
MA1

= BM
MB1

. Äîêàçàòü, ÷òî òðåóãîëüíèê ABC ðàâíîáåä-
ðåííûé.

Ðåøåíèå.

Ïóñòü AM
MA1

= BM
MB1

= k.
Ïîëîæèì B1M = d, MA1 = e, AB = c, BC = a.
Òîãäà ïî ôîðìóëàì äëèí áèññåêòðèñ BB1 â òðåóãîëüíèêå ABC è BM â

òðåóãîëüíèêå ABA1: {
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Ïî ñâîéñòâó áèññåêòðèñû â òðåóãîëüíèêå AA1B
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k2 − k − 2 = 0, k = 2.
Çíà÷èò, a = c(2− 1) = c. ×òî è òðåáîâàëîñü äîêàçàòü.
B 7. Íà êàêîå íàèáîëüøåå ÷èñëî âûïóêëûõ ÷àñòåé ìîãóò ðàçðåçàòü ïëîñ-

êîñòü ïðîäîëæåíèÿ ñòîðîí âûïóêëîãî n-óãîëüíèêà?
Ðåøåíèå.

Âîñïîëüçóåìñÿ ìàòåìàòè÷åñêîé èíäóêöèåé. Ïóñòü âåðíî ïðè n − 1. Øàã
èíäóêöèè: n. n-ÿ ïðÿìàÿ ìîæåò ïåðåñå÷üñÿ ñî âñåìè n − 1 ïðÿìûìè (ïðîäîë-
æåíèÿìè ñòîðîí), òàê æå äîáàâèòñÿ åùå è n êóñêîâ, ñëåäîâàòåëüíî,

n(n− 1)

2
+ n =

n2 − n+ 2n

2
=

n2 + n

2
=

n(n+ 1)

2
.

B 8. Ó íåêîòîðîé àðèôìåòè÷åñêîé ïðîãðåññèè ñóììà Sn óäîâëåòâîðÿåò
óñëîâèþ S1007 = S1009. ×åìó ðàâíà S2016?

Ðåøåíèå.

S1007 = a1 + · · ·+ a1007;

S1009 = a1 + · · ·+ a1009;

a1008 + a1009 = 2a1 + 2015d = 0;

S2016 =
a1 + a2016

2
· 2016 =

2a1 + 2015d

2
· 2016 = 0.

B 9. Äàíà âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü ÷èñåë, íå äåëÿùèõñÿ íè íà
îäíî èç ÷èñåë 2, 3, 5, 7. Êàêèì ïî ñ÷åòó áóäåò ÷èñëî 3377, åñëè ïåðâûé ÷ëåí
ðÿäà ðàâåí 11?

Ðåøåíèå.

11, 13, 17, . . . , 3377

Un = 3n+ 1 + 1−(−1)n

2

3377 = 3n+ 1 + 1−(−1)n

2
U1123 = 3377
Âûïèøåì ÷ëåíû ïîñëåäîâàòåëüíîñòè, êðàòíûå 5
5 · 5, 5 · 7, 5 · 11, 5 · 13, . . . , 5 · 673.
Èõ 673 = 3n+ 1 + 1−(−1)n

2 , n = 226.

5 = 3n+ 1 + 1−(−1)n

2 , n = 1.
Âñåãî èõ áóäåò 224, òàê êàê

673 = 3n+ 1 +
1− (−1)n

2
, n = 224.

Ñëåäîâàòåëüíî, â äàííîé ïîñëåäîâàòåëüíîñòü 889 ÷èñåë, íå êðàòíûõ 30.
Âûïèøåì ÷èñëà, êðàòíûå 7 :

7 · 5, 7 · 7, 7 · 11, 7 · 13, . . . , 7 · 481.

Òàêèõ ÷èñåë áóäåò 160. Íî ñðåäè íèõ åñòü è ÷èñëà, êðàòíûå 5 :

5, 5 · 5, 5 · 7, . . . , 5 · 95.

Ýòèõ ÷èñåë 32.
Èòàê, ÷èñëî 3377 èìååò íîìåð, ðàâíûé

899− 160 + 32 = 771.

B 10. Â ïëåìåíè äðåâíèõ øóìåðîâ ñ÷èòàëîñü, ÷òî ïàðàëëåëåïèïåä ¾êðà-
ñèâûé¿ , åñëè èç åãî òðåõ ðåáåð, êîòîðûå èçìåðÿëèñü öåëûìè ÷èñëàìè, ìîæíî
ñëîæèòü ïðÿìîóãîëüíûé òðåóãîëüíèê. Êàêîé íàèìåíüøèé îáúåì êðàòíûé 2016
ìîæíî áûëî áû îòìåðèòü ñ ïîìîùüþ ¾êðàñèâîãî¿ ïàðàëëåëåïèïåäà?

Ðåøåíèå.

Ïóñòü a, b, c � ñòîðîíû ¾êðàñèâîãî¿ ïàðàëëåëåïèïåäà, òîãäà a2 + b2 = c2 è
ïðîèçâåäåíèå èçìåðåíèé ïàðàëëåëåïèïåäà äîëæíî äåëèòüñÿ íà 60.

Ïðè äåëåíèè a, b, c íà 5 îñòàòîê ðàâåí ±1, ò.å. a, b, c = 3m±1⇒ a2+ b2 6= c2;
Ïðè äåëåíèè a, b, c íà 3 îñòàòîê ðàâåí ±1, ò.å. a, b, c = 5m± 21⇒ a2 + b2 =

= 5N +

(
2
5

)
; c2 = 5N +

(
1
4

)
, ò.å. abc : 60.

2016 = 4 · 8 · 63 = 12 · 8 · 21;
5V = 60 · 168, ò.å. íàèìåíüøèé îáúåì � 60 · 168 .


