
10 êëàññ. Ðåøåíèå çàäà÷.

B 1. Íàéäèòå íàèìåíüøåå çíà÷åíèå ôóíêöèè

f(x) = 2sin x + 2cos x.

Ðåøåíèå.
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Äîñòèãàåòñÿ ïðè
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4
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Îòâåò : 21−
√
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B 2. Ó Ñåðåæè áîëüøå 50 ÷åðíûõ è áåëûõ øàðîâ, ïðè÷åì áåëûõ áîëüøå,
÷åì ÷åðíûõ. Îêàçàëîñü,÷òî îí ìîæåò âûëîæèòü øàðû 2016 ñïîñîáàìè â ðÿä
òàê, ÷òî íèêàêèå äâà ÷åðíûõ íå ëåæàëè ðÿäîì. Ñêîëüêî øàðîâ áûëî ó Ñåðãåÿ?

Ðåøåíèå.

Ïóñòü p � êîëè÷åñòâî áåëûõ, à q � ÷åðíûõ. N = Cqp+1 � êîëè÷åñòâî ìåñò,
íà êîòîðûå ìîæíî âûëîæèòü ÷åðíûå øàðû.

p > q;
p+ q > 2q;
2p > p+ q > 50;
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;
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;
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m− n > m, ò. å. 2m > n;

C2
N =

N(N + 1)

2
=

64 · 63
2

;

p(p+ 1)

2
= 2016 = 32 · 63;

p(p+ 1) = 64 · 63;
Ïîëó÷àåì, ÷òî p = 63; q = 62, âñåãî 62 + 63 = 125 øàðîâ.
Îòâåò : 125 øàðîâ.
B 3. Äàí ðàâíîñòîðîííèé òðåóãîëüíèê ABC. Íàéòè ãåîìåòðè÷åñêîå ìåñòî

òî÷åê M , äëÿ êîòîðûõ MC2 =MA2 +MB2.
Ðåøåíèå.

Ïóñòü òî÷êà M âçÿòà â ïëîñêîñòè òðåóãîëüíèêà ABC òàê, ÷òî

MC2 =MA2 +MD2

Íà îòðåçêå MB ïîñòðîèì ðàâíîñòîðîííèé òðåóãîëüíèê BMM1.
Òðåóãîëüíèê MBC ðàâåí òðåóãîëüíèêà M1BA òàê êàê BC = BA, BM =

BM1 è ∠MBC = ∠M1BA. Ñëåäîâàòåëüíî. M1A = MC. Òàê êàê MM1 = MB,
òî MC2 = MA2 +MB2 = MA2 +MM2

1 è òðåóãîëüíèê AMM1 � ïðÿìîóãîëü-
íûé. Îòñþäà ñëåäóåò, ÷òî ∠AMB = 30◦.

Èòàê, åñëè òî÷êà îáëàäàåò óêàçàííûì â óñëîâèè çàäà÷è ñâîéñòâîì è íàõî-
äèòñÿ âíå òðåóãîëüíèêà ABC, òî îíà ëåæèò íà äóãå ñåãìåíòà, îïèðàþùåãîñÿ
íà ñòîðîíó AB è âìåùàþùåãî óãîë â 30◦.

Ñîâåðøåííî òàêèì æå ïóòåì äîêàçûâàåòñÿ, ÷òî åñëè òî÷êà M ëåæèò âíóòðè
òðåóãîëüíèêà è îáëàäàåò óêàçàííûì ñâîéñòâîì, òî îíà ëåæèò íà äóãå ñåãìåíòà,
îïèðàþùåãîñÿ íà ñòîðîíó AB è èìåþùåãî óãîë â 150◦.

Äîïóñòèì òåïåðü, ÷òî òî÷êà M ïðèíàäëåæèò îäíîé èç óïîìÿíóòûõ äóã,
íàïðèìåð âíåøíåé ïî îòíîøåíèþ ê òðåóãîëüíèêó ABC. Íàäî äîêàçàòü, ÷òî

MC2 =MA2 +MD2



Ïðîèçâåäÿ òî æå ïîñòðîåíèå, ÷òî è âûøå, ìû ïîëó÷èì òðåóãîëüíèê AMM1á ó
êîòîðîãî óãîë AMM1 � ïðÿìîé, èáî

∠AMM1 = ∠AMB + ∠BMM1 = 30◦ + 60◦ = 90◦.

Òàê êàê

MM1 =MB

è
AM1 = CM,

òî

CM = AM2
1 = AM +MM2

1 = AM2 +MB2.

Èòàê, èñêîìûì ãåîìåòðè÷åñêèì ìåñòîì ÿâëÿåòñÿ îêðóæíîñòü, ïðîõîäÿùàÿ
÷åðåç âåðøèíû A è B òðåóãîëüíèêà ABC, ïðè÷åì åå öåíòðîì ñëóæèò òî÷êà ,
ñèììåòðè÷íàÿ âåðøèíå îòíîñèòåëüíî ïðÿìîé AB (êîíöû òàêæå ïðèíàäëåæàò
èñêîìîìó ãåîìåòðè÷åñêîì ìåñòó).

Ñîâñåì ïðîñòî çàäà÷à ðåøàåòñÿ ñ ïîìîùüþ ìåòîäà êîîðäèíàò. Ïðèìåì âåð-
øèíó A çà íà÷àëî ïðÿìîóãîëüíîé ñèñòåìû êîîðäèíàò, à âåðøèíó B � çà åäè-
íè÷íóþ òî÷êó îñè OX. íàïðàâëåíèå îñè OY âûáåðåì òàê, ÷òîáû âåðøèíà C
íàõîäèëàñü â ïåðâîì êâàäðàíòå. Òîãäà åå êîîðäèíàòàìè áóäóò ñëóæèòü ÷èñëà(
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)
. Ïóñòü òî÷êà M(x, y) j,îáëàäàåò óêàçàííûì â çàäà÷å ñâîéñòâîì.
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Ñëåäîâàòåëüíî, x2 + y3 − x+
√
3 · y + 1

4 = 0, èëè
(
x− 1

2

)2
+
(
y +

√
3
2

)
= 1.

Òàêèì îáðàçîì, ìû ïîëó÷èëè òó æå îêðóæíîñòü, î êîòîðîé øëà ðå÷ü âûøå.
B 4. Âíóòðåííèå óãëû A1, A2, . . . , A2016 âûïóêëîãî 2016-óãîëüíèêà A1,

A2, . . . ,A2016 îáðàçóþò âîçðàñòàþùóþ àðèôìåòè÷åñêóþ ïðîãðåññèþ. Ìîæíî ëè
îïèñàòü îêðóæíîñòü âîêðóã ýòîãî ìíîãîóãîëüíèêà?

Ðåøåíèå.

Íåëüçÿ. Äîïóñòèì,÷òî ìîæíî. Îáîçíà÷èì ÷åðåç α1, α2, . . . ,α2n−1 � õîð-
äû,ñîåäèíÿþùèå ñîñåäíèå âåðøèíû, òîãäà

∠A1 =
1

2
(α1, α2, . . . , α2n−1),

∠A2 =
1

2
(α1, α2, . . . , α2n)

. . .

∠A2n =
1

2
(α1, α2, . . . , α2n−2).

Ñëîæèì âñå ÷åòíûå è âñå íå÷åòíûå

A1 +A3 + · · ·+A2n−1 =
1

2
((n− 2)α1 + (n− 2)α3 + · · ·+ (n− 2)α2n−1)

A2 +A4 + · · ·+A2n =
1

2
((n− 2)α1 + (n− 2)α3 + · · ·+ (n− 2)α2n−1),

ñëåäîâàòåëüíî, ðàâíû, íî òàê êàê âîçðàñòàþùàÿ àðèôìåòè÷åñêàÿ ïðîãðåñ-
ñèÿ, òî A1 +A3 + · · ·+A2n−1 < A2 +A4 + · · ·+A2n � ïðîòèâîðå÷èå.

B 5. Ïóñòü P(N) � ïðîèçâåäåíèå öèôð íàòóðàëüíîãî ÷èñëà N . Ñêîëü-
êî ñóùåñòâóåò ñåìåðîê ïîñëåäîâàòåëüíûõ ÷åòûðåõçíà÷íûõ íàòóðàëüíûõ ÷èñåë
(M,M+1,M+2,M+3, . . . ,M+6), â çàïèñè êîòîðûõ íåò íè îäíîãî íóëÿ òàêèõ,
÷òî P(M) + P(M + 1) + · · ·+ P(M + 6) = 2016.

Ðåøåíèå.

Mk = xyznk; nk+1 = nk + 1;
P(Mk) = x · y · z · nk;
2016 = xyz(n1 + n2 + · · ·+ n7) = x · y · z · S;
1) {

n1 = 1;

n7 = 7;

S= 28.
2016 = 28 · xyz;
xyz = 23 · 32;
x = 1, 9; y = 1, 9; z = 1, 9
x 1 2 2 3 4
y 8 4 6 8 6
z 9 9 6 3 3
n 6 6 3 3 6
n = 24;
2) {

n1 = 2;

n7 = 8;

S = 35, 2016 íå äåëèòñÿ íà 35, ñëåäîâàòåëüíî ðåøåíèé íåò.



3) {
n1 = 3;

n7 = 9;

S= 42;
xyz = 24;
x 1 1 2 2
y 3 4 2 4
z 8 6 6 3
n 6 6 3 6
n = 21;
Âñåãî : 21 + 24 = 45 ðàçëè÷íûõ ñåìåðîê íàòóðàëüíûõ ÷èñåë.
Îòâåò : 45.
B 6. Íà îòðåçêå [0,4] ÷èñëîâîé îñè ðàñïîëîæåíû 63 ðàçëè÷íûå òî÷êè ak

k = 1, 63. Äîêàæèòå,÷òî íà ýòîì îòðåçêå íàéäåòñÿ òàêàÿ òî÷êà x, ÷òî èìååò
ìåñòî íåðàâåíñòâî

1

|x− a1|
+

1

|x− a2|
+ · · ·+ 1

|x− a63|
< 2016.

Ðåøåíèå.

Ïóñòü ak < ak+1 (áåç îãðàíè÷åíèÿ îáùíîñòè). Íàéäåòñÿ, ïî êðàéíåé ìåðå,
îäèí îòðåçîê [am; am+1], äëèíà êîòîðîãî áîëüøå

4
64 = 1

16 (êîëè÷åñòâî îòðåçêîâ
64). Íå òðóäíî äîêàçàòü ìåòîäîì îò ïðîòèâíîãî. Â êà÷åñòâå x âîçüìåì ñåðåäèíó
ýòîãî îòðåçêà

x =
am + am+1

2
.

|x− am| =
1

2
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1

32

|x− am+1| =
1

2
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1

32

|x− ak| =
1

2
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1

2
(ak − am+1) +

1

2
(ak − am) >

1

32
;

1

x− a1
+

1

x− a2
+ · · ·+ 1

x− a63
< 32 · 64 = 2016.

B 7. Ïóñòü

f1(x) = f(x), fk(x) = f [fk−1(x)].

Ñóùåñòâóåò ëè ôóíêöèÿ f(x), îòëè÷íàÿ îò íóëÿ, òàêàÿ, ÷òî âûïîëíÿåòñÿ
òîæäåñòâî

f1() + f2(x) + · · ·+ f2015(x) = f2016(x).

Ðåøåíèå.

Ïóñòü f(x) : f(x) = kx, f2(x) = kf(x) = k2x =⇒ fn(x) = knx.
kx+ k2x+ · · ·+ k2015x = k2016x.
Ïóñòü g(0) = −1, òîãäà g(k) = k2015 − k2015−1

k−1 , f g(2) = 1, ñëåäîâàòåëüíî
ñóùåñòâóåò k0 ∈ (0; 1) : g(k0) = 0.

f(x) = k0x.

B 8. ×åðåç òî÷êó , ëåæàùóþ âíóòðè äàííîãî êðóãà, ïðîâåñòè õîðäó òàê,
÷òîáû îíà ðàçäåëèëàñü â òî÷êå A â äàííîì îòíîøåíèè m : n.

Ðåøåíèå.

Ïóñòü BC � èñêîìàÿ õîðäà. Ïðîâåäåì èç òî÷êè C ïðÿìóþ, ïàðàëëåëüíóþ
ðàäèóñó OB, äî ïåðåñå÷åíèÿ â òî÷êå D ñ ïðîäîëæåíèåì îòðåçêà OA. Èç ïîäîáèÿ
òðåóãîëüíèêîâ BAO è DAC èìååì:

AD

OA
=
DC

OB
=
AB

AC
=
m

n
.

Îòñþäà:

AD =
OA ·m
n

,DC =
OB ·m
n

.

Íî OA è OB � äàííûå îòðåçêè. Ñëåäîâàòåëüíî, îòðåçêè AD è DC ìû
ìîæåì ïîñòðîèòü. Îòñþäà âûòåêàåò ðåøåíèå çàäà÷è.

1) Íàõîäèì îòðåçîê AD è îòêëàäûâàåì åãî íà ïðîäîëæåíèè OA.
2) Íàõîäèì îòðåçîê DC è èç òî÷êè D îïèñûâàåì ðàäèóñ DC îêðóæíîñòü,

âîîáùå ãîâîðÿ, â äâóõ òî÷êàõ C1 è C3.
3) Ñîåäèíèâ C1 è C2 ñ A è ïðîäîëæèâ C1A è C2A äî ïåðåñå÷åíèÿ ñ îêðóæ-

íîñòüþ â òî÷êàõ B1 è B2 ïîëó÷èì äâå õîðäû: B1C1 è B2C2, äàþùèå ðåøåíèå
çàäà÷è.

B 9. Íàéäèòå âñå çíà÷åíèÿ m, ïðè êîòîðûõ óðàâíåíèå

2 sinx+m = cosx+ 2m tg x

èìååò äâà ðåøåíèÿ, òàêèõ,÷òî |x| < π
2 .

Ðåøåíèå.



cosx 6= 0;
cosx(2 tg x− 1) = m(2 tg x− 1);

tg x =
1

2
;

x = ± arctg
1

2
;

cosx = m,−1 ≤ m ≤ 0;

x = ± arctgm+ 2πn, |x| ≥ π

2
;

cosx = m, 1 > m > 0;

x = ± arccosm;

Åñëè m = 1á òî x = 0 è x = arctg 1
2 ;

Ïóñòü α = arctgm = arccosm, òîãäà

cosα =
1√

1 + tg2 α
=

1√
1 + 1

4

=
2√
5

Îòâåò: m = 1, 2√
5
.

B 10. Ïóñòü [a]� öåëàÿ ÷àñòü ÷èñëà (íàèáîëüøåå öåëîå ÷èñëî,íå ïðåâîñ-
õîäÿùåå ), {a}� äðîáíàÿ ÷àñòü ÷èñëà , ãäå {a} = a − [a].Âûÿñíèòü, ñêîëüêî
ðåøåíèé èìååò ñèñòåìà:{

([|x|] + |y|)([|y − 2|] + |x|)(|x2 − 4|+ |y − 3|)(x2 + y2 − 2y − 15) = 0;

{x}+ {y} = 1.

Ðåøåíèå.

{x}+ {y} = 1

1) [|x|] + |y| = 0
y = 0,−1 < x < 1
2) [|y − 2|] + |x| = 0
x = 0, 1 < y < 3
3) {

x = ±2;
y = 3;

4) x2 + y2 − 2y − 15 = 0
x+ y = m
x2 + y2 − 2y − 15 = 0
m2 − 2my + 2y2 − 2y − 15 = 0
2y2 − 2(m+ 1)y +m2 − 15 = 0
(m+ 1)2 − 2m2 + 30 < 0
−m2 + 2m+ 31 < 0
m2 − 2m− 31 > 0
m > 1 +

√
1 + 31 = 1 + 4

√
2

m < 1−
√
32


