
Îòáîðî÷íûé ýòàï îëèìïèàäû �Ïîêîðè Âîðîáüåâû ãîðû!� ïî ìàòåìàòèêå ñîñòîÿë èç áëèö-òóðà (5

çàäà÷ íà 3 ÷àñà) è òâîð÷åñêîé ÷àñòè (5 çàäà÷).

Êîìïëåêò áëèö-çàäà÷

Êàæäûé ó÷àñòíèê îòáîðî÷íîãî ýòàïà ïîëó÷àë ñâîé íàáîð çàäà÷, îòëè÷àþùèéñÿ îò íàáîðîâ çàäà÷ äðó-

ãèõ ó÷àñòíèêîâ. Ïðèâîäèì íàáîð òèïè÷íûõ çàäà÷ ýòîãî áëèö-òóðà.

1. �åøèòå íåðàâåíñòâî

2 2+
√

x−1 − 24

2 1+
√

x−1 − 8
> 1.

Â îòâåòå óêàæèòå ñóììó âñåõ öåëî÷èñëåííûõ çíà÷åíèé x, óäîâëåòâîðÿþùèõ äàííîìó íåðàâåíñòâó è

ïðèíàäëåæàùèõ èíòåðâàëó (-70;34).

�åøåíèå. Îáîçíà÷èâ t = 21+
√

x−1
, ïîëó÷èì

2t− 24

t− 8
> 1 ⇐⇒

t− 16

t− 8
> 0 ⇐⇒ t ∈ (−∞; 8) ∪ [16;+∞).

Îòñþäà ëèáî 21+
√

x−1 < 23,
√
x− 1 < 2, x ∈ [1; 5), ëèáî 21+

√

x−1 > 24,
√
x− 1 > 3, x ∈ [10;+∞). Òàêèì

îáðàçîì, ðåøåíèå íåðàâåíñòâà x ∈ [1; 5) ∪ (10;+∞). Èñêîìàÿ ñóììà

1 + 2 + 3 + 4 + (10 + 11 + 12 + . . .+ 33) = 10 +
10 + 33

2
· 24 = 526.

Îòâåò: 526.

2. �åøèòå óðàâíåíèå

sin4 x+ 5(x− 2π)2 cosx+ 5x2 + 20π2 = 20πx.

Íàéäèòå ñóììó åãî êîðíåé, ïðèíàäëåæàùèõ îòðåçêó [−π; 6π], è óêàæèòå åå â îòâåòå, ïðè íåîáõîäèìîñòè
îêðóãëèâ äî äâóõ çíàêîâ ïîñëå çàïÿòîé.

�åøåíèå. Èñõîäíîå óðàâíåíèå ðàâíîñèëüíî óðàâíåíèþ

sin4 x+ 5(x− 2π)2(cos x+ 1) = 0,

ëåâàÿ ÷àñòü êîòîðîãî íåîòðèöàòåëüíà. Ïîýòîìó sinx = 0 è (x − 2π)2(cosx + 1) = 0. Ïîýòîìó ðåøåíèå

óðàâíåíèÿ: x = 2π è x = π + 2πn, n ∈ Z. Íà îòðåçîê [−π; 6π] ïîïàäàåò çíà÷åíèÿ −π, π, 2π, 3π, 5π,
ñóììà êîòîðûõ ðàâíà 10π ≈ 31, 4159 . . . Â îòâåò çàïèñûâàåì 31, 42.

Îòâåò: 31, 42.

3. Âíóòðè ïðÿìîóãîëüíîãî òðåóãîëüíèêà ABC ñ ãèïîòåíóçîé AC âçÿòà òî÷êà M òàê, ÷òî ïëîùàäè

òðåóãîëüíèêîâABM è BCM ñîñòàâëÿþò òðåòü è ÷åòâåðòü ïëîùàäè òðåóãîëüíèêàABC ñîîòâåòñòâåííî.

Íàéòè BM , åñëè AM = 60 è CM = 70. Â ñëó÷àå, åñëè îòâåò áóäåò íåöåëûì ÷èñëîì, îêðóãëèòå åãî äî

áëèæàéøåãî öåëîãî.

�åøåíèå. Îáîçíà÷èâ AB = c, BC = a, ïîëó÷èì
{

(

c− c

4

)2
+
(

a

3

)2
= 602,

(

c

4

)2
+
(

a− a

3

)2
= 702.

�åøàåì ñèñòåìó è íàõîäèì BM =
(

a

3

)2
+

(

c

4

)2
= 1002

7 . Ïîýòîìó BM = 100
√

7
. Â îòâåò çàïèñûâàåì

áëèæàéøåå öåëîå.



Îòâåò: 38.

4. Ïåðâàÿ áðèãàäà ðàáî÷èõ äåëàåò àñ�àëüò íà îäíîì ó÷àñòêå äîðîãè, à âòîðàÿ áðèãàäà, â êîòîðîé íà

6 ðàáî÷èõ áîëüøå, � íà äðóãîì, ïëîùàäü êîòîðîãî âòðîå áîëüøå. Ïðîèçâîäèòåëüíîñòü âñåõ ðàáî÷èõ

îäèíàêîâà. Êàêîå íàèìåíüøåå ÷èñëî ðàáî÷èõ ìîãëî áûòü â ïåðâîé áðèãàäå, åñëè ñâîþ ðàáîòó îíà

âûïîëíèëà áûñòðåå? Åñëè ðåøåíèé íåò, òî â îòâåòå ïîñòàâüòå 0.

�åøåíèå. Åñëè â ïåðâîé áðèãàäå n ðàáî÷èõ, ïëîùàäü ïåðâîãî ó÷àñòêà ðàâíà S, à ïðîèçâîäèòåëüíîñòü

îäíîãî ðàáî÷åãî ðàâíà x, òî óñëîâèå çàäà÷è çàïèøåòñÿ â âèäå

S

nx
< 3S

(n+6)x , îòêóäà ñëåäóåò
1
n
< 3

n+6 , è

n > 3. Òàêèì îáðàçîì, íàèìåíüøèì âîçìîæíûì n ÿâëÿåòñÿ 4.

Îòâåò: 4.

5. Íàéäèòå âñå a, ïðè êîòîðûõ ñèñòåìà

{

x2 + 4y2 = 1,

x+ 2y = a.

èìååò åäèíñòâåííîå ðåøåíèå. Ïðè íåîáõîäèìîñòè îêðóãëèòå åãî äî äâóõ çíàêîâ ïîñëå çàïÿòîé. Åñëè

ðåøåíèé íåò, òî â îòâåòå ïîñòàâüòå 0.

�åøåíèå. Òàê êàê 2y = a− x, òî èç ïåðâîãî óðàâíåíèÿ ïîëó÷èì:

x2 + (a− x)2 = 1 ⇐⇒ 2x2 − 2ax+ a2 − 1 = 0.

Ýòî óðàâíåíèå èìååò åäèíñòâåííîå ðåøåíèå ïðè

D

4 = 2−a2 = 0. Çíà÷èò, a = ±
√
2, íàèìåíüøåå çíà÷åíèå

ðàâíî −
√
2 ≈ −1, 414214 . . . .

Îòâåò: −1, 41.



I-A. Ñóììà 28218 íàòóðàëüíûõ ÷èñåë ðàâíà 2016 · 15, à èõ ïðîèçâåäåíèå � (20162 + 15). Íàéäèòå
âñå âîçìîæíûå íàáîðû òàêèõ ÷èñåë. Â îòâåòå óêàæèòå ñóììó íàèáîëüøåãî è íàèìåíüøåãî èç ÷èñåë

âñåõ íàéäåííûõ íàáîðîâ. Åñëè òàêèõ ÷èñåë íå ñóùåñòâóåò, òî â îòâåòå óêàæèòå ÷èñëî 0.

�åøåíèå. Èç ðàçëîæåíèÿ 20162 + 15 = 3 · 19 · 113 · 631 äåëàåì âûâîä, â çàäà÷å

{

a1 + . . .+ a28218 = 2016 · 15;
a1 · . . . · a28218 = 20162 + 15 = 3 · 19 · 113 · 631

÷èñåë ak íå ðàâíûõ 1 ìîæåò áûòü íå áîëåå 4 (ò.å. íå áîëåå ÷åì êîëè÷åñòâî ïðîñòûõ äåëèòåëåé), ïîýòîìó

çàäà÷à ðàâíîñèëüíà ñëåäóþùåé











a1 + a2 + a3 + a4 = 2026;

a1 · a2 · a3 · a4 = 3 · 19 · 113 · 631;
a5 = a6 = . . . = a28218 = 1.

�åøàåì ïîñëåäíþþ çàäà÷ó: Íàáîð a1, a2, a3, a4 ñîñòîèò èç ÷èñåë 1, 19, 113, 3 · 631.
Îñòàåòñÿ âû÷èñëèòü (3 · 631) + 1 = 1894.

Îòâåò: 1894.

1. Ñóììà 28218 íàòóðàëüíûõ ÷èñåë ðàâíà 2016 · 15, à èõ ïðîèçâåäåíèå � (20162 + 15). Íàéäèòå âñå
âîçìîæíûå íàáîðû òàêèõ ÷èñåë. Â îòâåòå óêàæèòå ñóììó íàèáîëüøåãî è íàèìåíüøåãî èç ÷èñåë âñåõ

íàéäåííûõ íàáîðîâ. Åñëè òàêèõ ÷èñåë íå ñóùåñòâóåò, òî â îòâåòå óêàæèòå ÷èñëî 0.
Îòâåò 1894.
2. Ñóììà 1289 íàòóðàëüíûõ ÷èñåë ðàâíà 2016 + 19, à èõ ïðîèçâåäåíèå � (20162 + 19). Íàéäèòå âñå

âîçìîæíûå íàáîðû òàêèõ ÷èñåë. Â îòâåòå óêàæèòå ñóììó íàèáîëüøåãî è íàèìåíüøåãî èç ÷èñåë âñåõ

íàéäåííûõ íàáîðîâ. Åñëè òàêèõ ÷èñåë íå ñóùåñòâóåò, òî â îòâåòå óêàæèòå ÷èñëî 0.
Óêàçàíèå: 20162 + 19 = 52 · 17 · 73 · 131.
Îòâåò 656.
3. Ñóììà 16054 íàòóðàëüíûõ ÷èñåë ðàâíà 2016 · 9, à èõ ïðîèçâåäåíèå � (20162 − 9). Íàéäèòå âñå

âîçìîæíûå íàáîðû òàêèõ ÷èñåë. Â îòâåòå óêàæèòå ñóììó íàèáîëüøåãî è íàèìåíüøåãî èç ÷èñåë âñåõ

íàéäåííûõ íàáîðîâ. Åñëè òàêèõ ÷èñåë íå ñóùåñòâóåò, òî â îòâåòå óêàæèòå ÷èñëî 0.
Óêàçàíèå: 20162 − 9 = 32 · 11 · 61 · 673.
Îòâåò 2020.
4. Ñóììà 50178 íàòóðàëüíûõ ÷èñåë ðàâíà 2016 · 27, à èõ ïðîèçâåäåíèå � (20162 + 27). Íàéäèòå âñå

âîçìîæíûå íàáîðû òàêèõ ÷èñåë. Â îòâåòå óêàæèòå ñóììó íàèáîëüøåãî è íàèìåíüøåãî èç ÷èñåë âñåõ

íàéäåííûõ íàáîðîâ. Åñëè òàêèõ ÷èñåë íå ñóùåñòâóåò, òî â îòâåòå óêàæèòå ÷èñëî 0.
Óêàçàíèå: 20162 + 27 = 33 · 109 · 1381.
Îòâåò 4144.
5. Ñóììà 1118 íàòóðàëüíûõ ÷èñåë ðàâíà 2016 + 44, à èõ ïðîèçâåäåíèå � (20162 + 44). Íàéäèòå âñå

âîçìîæíûå íàáîðû òàêèõ ÷èñåë. Â îòâåòå óêàæèòå ñóììó íàèáîëüøåãî è íàèìåíüøåãî èç ÷èñåë âñåõ

íàéäåííûõ íàáîðîâ. Åñëè òàêèõ ÷èñåë íå ñóùåñòâóåò, òî â îòâåòå óêàæèòå ÷èñëî 0.
Óêàçàíèå: 20162 + 44 = 22 · 52 · 97 · 419.
Îòâåò 839.
6. Ñóììà 82705 íàòóðàëüíûõ ÷èñåë ðàâíà 2016 · 46, à èõ ïðîèçâåäåíèå � (20162 + 46). Íàéäèòå âñå

âîçìîæíûå íàáîðû òàêèõ ÷èñåë. Â îòâåòå óêàæèòå ñóììó íàèáîëüøåãî è íàèìåíüøåãî èç ÷èñåë âñåõ

íàéäåííûõ íàáîðîâ. Åñëè òàêèõ ÷èñåë íå ñóùåñòâóåò, òî â îòâåòå óêàæèòå ÷èñëî 0.
Óêàçàíèå: 20162 + 46 = 2 · 11 · 37 · 4993.
Îòâåò 9987.



7. Ñóììà 8571 íàòóðàëüíûõ ÷èñåë ðàâíà 2016 · 6, à èõ ïðîèçâåäåíèå � (20162 + 6). Íàéäèòå âñå

âîçìîæíûå íàáîðû òàêèõ ÷èñåë. Â îòâåòå óêàæèòå ñóììó íàèáîëüøåãî è íàèìåíüøåãî èç ÷èñåë âñåõ

íàéäåííûõ íàáîðîâ. Åñëè òàêèõ ÷èñåë íå ñóùåñòâóåò, òî â îòâåòå óêàæèòå ÷èñëî 0.
Óêàçàíèå: 20162 + 6 = 2 · 3 · 439 · 1543.
Îòâåò 3087.
8. Ñóììà 10780 íàòóðàëüíûõ ÷èñåë ðàâíà 2016 · 9, à èõ ïðîèçâåäåíèå � (20162 + 9). Íàéäèòå âñå

âîçìîæíûå íàáîðû òàêèõ ÷èñåë. Â îòâåòå óêàæèòå ñóììó íàèáîëüøåãî è íàèìåíüøåãî èç ÷èñåë âñåõ

íàéäåííûõ íàáîðîâ. Åñëè òàêèõ ÷èñåë íå ñóùåñòâóåò, òî â îòâåòå óêàæèòå ÷èñëî 0.
Óêàçàíèå: 20162 + 9 = 32 · 5 · 37 · 2441.
Îòâåò 7324.
9. Ñóììà 1265 íàòóðàëüíûõ ÷èñåë ðàâíà 2016 + 33, à èõ ïðîèçâåäåíèå � (20162 + 33). Íàéäèòå âñå

âîçìîæíûå íàáîðû òàêèõ ÷èñåë. Â îòâåòå óêàæèòå ñóììó íàèáîëüøåãî è íàèìåíüøåãî èç ÷èñåë âñåõ

íàéäåííûõ íàáîðîâ. Åñëè òàêèõ ÷èñåë íå ñóùåñòâóåò, òî â îòâåòå óêàæèòå ÷èñëî 0.
Óêàçàíèå: 20162 + 33 = 3 · 41 · 173 · 191.
Îòâåò 574.

II-A. �åøèòå óðàâíåíèå

(1 + cosx+ cos 2x+ cos 3x+ cos 4x)4 + (sinx+ sin 2x+ sin 3x+ sin 4x)4 =
3

4
+

cos 8x

4
.

Íàéäèòå ñóììó âñåõ êîðíåé íà ïðîìåæóòêå A, îêðóãëèâ ïðè íåîáõîäèìîñòè äî öåëîãî ÷èñëà. Åñëè

êîðíåé íåò èëè èõ íà ýòîì ïðîìåæóòêå áåñêîíå÷íî ìíîãî, â îòâåòå çàïèøèòå öè�ðó 0.

�åøåíèå. 1-ûé ñïîñîá ðåøåíèÿ. Ñïðàâåäëèâî

(1 + cos 4x) + (cosx+ cos 3x) + cos 2x = cos 2x (2 cos 2x+ 2 cos 2x+ 1),

sin 2x+ sin 4x+ (sinx+ sin 3x) = sin 2x (1 + 2 cos 2x+ 2 cosx).

Ñëåäîâàòåëüíî,

(2 cos 2x+ 2 cos 2x+ 1)
4 (

cos4 2x+ sin4 2x
)

=
3

4
+

1− 2 sin2 4x

4
⇐⇒

(

4 cos2 x+ 2 cosx− 1
)4 (

cos4 2x+ sin4 2x
)

= 1−
sin2 4x

2
⇐⇒

(

4 cos2 x+ 2 cosx− 1
)4

(

1−
sin2 4x

2

)

= 1−
sin2 4x

2
⇐⇒

(

4 cos2 x+ 2 cosx− 1
)4

= 1 ⇐⇒
4 cos2 x+ 2 cosx− 1 = ±1.

�åøàÿ êâàäðàòíûå (îòíîñèòåëüíî ïåðåìåííîé cosx) óðàâíåíèÿ 4 cos2 x + 2 cosx − 2 = 0 è 4 cos2 x +
2 cosx = 0 ïðèõîäèì ê cosx = 1/2; −1; 0; −1/2.

Îòâåò: x = ±π

3 + 2πn, x = ± 2π
3 + 2πn, x = π

2 + πn, x = π + 2πn, n ∈ Z.

2-ûé ñïîñîá ðåøåíèÿ. Êàê ëåãêî çàìåòèòü, íà ìíîæåñòâå x = 2πn, n ∈ Z ðåøåíèé íåò. �àññìîòðèì

âñå îñòàëüíûå çíà÷åíèÿ x ∈ R. Óðàâíåíèå ðàâíîñèëüíî:

(

sin 5x
2 cos 2x

sin x

2

)4

+

(

sin 5x
2 sin 2x

sin x

2

)4

= 1−
sin2 4x

2
⇐⇒

(

sin 5x
2

sin x

2

)4
(

cos4 2x+ sin4 2x
)

= 1−
sin2 4x

2
⇐⇒

(

sin 5x
2

sin x

2

)4 (

1−
sin2 4x

2

)

= 1−
sin2 4x

2
⇐⇒

(

sin 5x
2

sin x

2

)4

= 1.



�åøèì óðàâíåíèå

sin
5x

2
= ± sin

x

2
⇐⇒

[

5x
2 = ±x

2 + 2πn,
5x
2 = π ± x

2 + 2πm,
⇐⇒









3x = 2πn,
2x = 2πn,
3x = π + 2πn,
2x = π + 2πn.

⇐⇒









x = 2πn
3 ,

x = πn,

x = π

3 + 2πn
3 ,

x = π

2 + πn.

Èñõîäíîå óðàâíåíèå íà ìíîæåñòâå x 6= 2πn, n ∈ Z ðàâíîñèëüíî





x = 2πm
3 , m ∈ Z,m 6= 3s, s ∈ Z,

x = π

3 + 2πn
3 , n ∈ Z,

x = π

2 + πn, n ∈ Z.

Îòâåò: Íà ìíîæåñòâå A = [2πm; 2πm+ π]. Îòâåò 5π
2 + 8πm, m ∈ Z.

1. A = [2πm; 2πm+ π], m = 1009. Îòâåò 25367.
2. A = [2πm; 2πm+ π], m = 1010. Îòâåò 25392.
3. A = [2πm; 2πm+ π], m = 1011. Îòâåò 25417.
4. A = [2πm; 2πm+ π], m = 1012. Îòâåò 25442.
5. A = [2πm; 2πm+ π], m = 1013. Îòâåò 25467.
6. A = [2πm; 2πm+ π], m = 1014. Îòâåò 25492.
7. A = [2πm; 2πm+ π], m = 1015. Îòâåò 25518.
8. A = [2πm; 2πm+ π], m = 1016. Îòâåò 25543.
9. A = [2πm; 2πm+ π], m = 1017. Îòâåò 25568.
10. A = [2πm; 2πm+ π], m = 1018. Îòâåò 25593.

III-A. Âíóòðè òðåóãîëüíèêà ABC âçÿòà òî÷êà M òàêàÿ, ÷òî ïðî íå¼ èçâåñòíî ñëåäóþùåå ñâîéñòâî:

åñëè ê ñóììå êâàäðàòîâ âñåõ ñòîðîí òðåóãîëüíèêà ïðèáàâèòü óòðîåííóþ ñóììó âñåõ êâàäðàòîâ ðàñ-

ñòîÿíèé îò òî÷êè M äî âåðøèí òðåóãîëüíèêà, òî ïîëó÷èòñÿ âåëè÷èíà, êîòîðàÿ íå ïðåâîñõîäèò

24 ·x. Íàéäèòå ñòîðîíó òðåóãîëüíèêà y, åñëè èçâåñòíî, ÷òî ïëîùàäü òðåóãîëüíèêà ABC íå ìåíåå

√
3 ·x.

Ïðè íåîáõîäèìîñòè îêðóãëèòå íàéäåííîå çíà÷åíèå äî äâóõ çíàêîâ ïîñëå çàïÿòîé.

�åøåíèå. Îáîçíà÷èì ÷åðåç C1 è B1 ïðîåêöèþ òî÷åê C è B íà ïðÿìóþ AM . Òîãäà ñïðàâåäëèâî:

A

B

C

M
B1

C1

A

B

C

M

O

N

x

x/2¯

¯

�èñ. 1: �èñ. 2:

4(SAMB + SAMC) = 2 · AM · (BB1 + CC1) 6 2 · AM · BC =

=
1√
3
·
(

2 ·
√
3AM · BC

)

6
1√
3
·
(

3 ·AM2 +BC2
)

.



Àíàëîãè÷íî, ïîëó÷àåì

4(SBMC + SBMA) 6
1√
3
·
(

3 · BM2 +AC2
)

,

4(SCMA + SCMB) 6
1√
3
·
(

3 · CM2 +AB2
)

.

Òàêèì îáðàçîì

8
√
3SABC 6 AB2 +AC2 +BC2 + 3(AM2 +BM2 + CM2).

Äîêàæåì, ÷òî çíàê ðàâíî â äàííîì íåðàâåíñòâå äîñòèãàåòñÿ òîëüêî â ñëó÷àå ïðàâèëüíîãî òðåóãîëüíèêà.

Äëÿ ýòîãî äîêàæåì, ÷òî âñå óãëû ðàâíû ïî 60◦. Ïðîâåä¼ì äîêàçàòåëüñòâî äëÿ óãëà β (ñì. ðèñ. 2)

è ïîêàæåì, ÷òî β = 60◦. Îñòàëüíûå óãëû äîêàçûâàþòñÿ àíàëîãè÷íî. Ïóñòü O � öåíòð îïèñàííîé

îêðóæíîñòè âîêðóã òðåóãîëüíèêà ABC. Ïîñêîëüêó âî âñåõ ïåðåõîäàõ â íåðàâåíñòâàõ äîëæåí ñòîÿòü

çíàê ðàâíî, òî M � òî÷êà ïåðñåñå÷åíèÿ âûñîò è

AC = BM
√
3 ⇐⇒ b =

√
3x.

Ñëåäîâàòåëüíî èç òðåóãîëüíèêà AON ïîëó÷àåì

tg β =
AN

ON
=

b/2

x/2
=

√
3 ⇐⇒ β = 60◦.

Íî èç óñëîâèÿ âûòåêàåò, ÷òî

8
√
3SABC > 24x > AB2 +AC2 +BC2 + 3(AM2 +BM2 + CM2).

Ñëåäîâàòåëüíî òðåóãîëüíèê ABC ðàâíîñòîðîíèé.

Îòâåò: 2
√
x.

1. Èçâåñòíî, ÷òî x = 2014, íàéäèòå y = AC. Îòâåò 89.76.
2. Èçâåñòíî, ÷òî x = 2015, íàéäèòå y = AB. Îòâåò 89.78.
3. Èçâåñòíî, ÷òî x = 2013, íàéäèòå y = BC. Îòâåò 89, 73.
4. Èçâåñòíî, ÷òî x = 2017, íàéäèòå y = AC. Îòâåò 89.82.
5. Èçâåñòíî, ÷òî x = 2018, íàéäèòå y = AB. Îòâåò 89.84.
6. Èçâåñòíî, ÷òî x = 2019, íàéäèòå y = BC. Îòâåò 89.87.
7. Èçâåñòíî, ÷òî x = 2020, íàéäèòå y = AC. Îòâåò 89.89.
8. Èçâåñòíî, ÷òî x = 2021, íàéäèòå y = AB. Îòâåò 89.91.
9. Èçâåñòíî, ÷òî x = 2022, íàéäèòå y = BC. Îòâåò 89.93.
10. Èçâåñòíî, ÷òî x = 2023, íàéäèòå y = AC. Îòâåò 89.96.
11. Èçâåñòíî, ÷òî x = 2024, íàéäèòå y = AB. Îòâåò 89.98.
12. Èçâåñòíî, ÷òî x = 2026, íàéäèòå y = BC. Îòâåò 90.02.

IV-A. Îïðåäåëèì f(a) êàê �óíêöèþ, ðàâíóþ êîëè÷åñòâó ðàçëè÷íûõ ðåøåíèé óðàâíåíèÿ

sin
aπx

x2 + 1
+ cos

π(x2 + 4ax+ 1)

4x2 + 4
=

√

2−
√
2. (1)

Íàïðèìåð, f(a1) = 3 îçíà÷àåò, ÷òî ïðè a = a1 ýòî óðàâíåíèå èìååò òðè ðàçëè÷íûõ ðåøåíèÿ x1, x2, x3.

Åñëè ïðè a = a0 óðàâíåíèå êîðíåé íå èìååò, òî ïîëîæèì f(a0) = 0.
�åøèòå íåðàâåíñòâî f(a) 6 5. Â îòâåò çàïèøèòå ñóììàðíóþ äëèíó ïîëó÷èâøèõñÿ èíòåðâàëîâ,

îêðóãëèâ åå, ïðè íåîáõîäèìîñòè, äî äâóõ çíàêîâ ïîñëå çàïÿòîé. Åñëè ðåøåíèé íåò, òî íàïèøèòå ÷èñëî

0; åñëè ïîëó÷èâøàÿñÿ äëèíà áåñêîíå÷íà, òî íàïèøèòå ÷èñëî 9999.



�åøåíèå. Ïóñòü t = aπx

x2+1 . Òîãäà óðàâíåíèå ïðèíèìàåò âèä sin t+ cos(π4 + t) =
√

2−
√
2 èëè

sin t+ sin
(π

4
− t

)

=

√

2−
√
2 ⇐⇒

2 sin
π

8
cos

(π

8
− t

)

=

√

2−
√
2 ⇐⇒

cos
(π

8
− t

)

= 1.

Èç ïîñëåäíåé �îðìóëû âèäíî, ÷òî åñëè t çàìåíèòü íà −t êîëè÷åñòâî ðåøåíèé íå ìåíÿåòñÿ. Ñëåäîâà-

òåëüíî �óíêöèÿ f(a) � ÷¼òíàÿ.

�åøèì íåðàâåíñòâî |f(a)| 6 5. Ïîñëåäíåå íåðàâåíñòâî îçíà÷àåò, ÷òî êîðíåé ó èñõîäíîãî óðàâíåíèÿ

äîëæíî áûòü íå áîëåå 5. Äëÿ ýòîãî ðåøàåì óðàâíåíèå cos
(

π

8 − t
)

= 1:

t =
π

8
+ 2πk, k ∈ Z.

Ïîñêîëüêó t = aπx

x2+1 , òî

x2 −
a

2k + 1/8
x+ 1 = 0.

Îòìåòèì, ÷òî ïðè ðàçëè÷íûõ çíà÷åíèÿõ b = b1 è b = b2 óðàâíåíèÿ x2 − b1x+1 = 0 è x2 − b2x+1 = 0 íå
èìåþò îáùèõ êîðíåé. Äåéñòâèòåëüíî, åñëè ýòè óðàâíåíèÿ èìåþò îáùèé êîðåíü, òî ïî òåîðåìå Âèåòà

ñîâïàäóò è äâà äðóãèõ êîðíÿ, à çíà÷èò, b1 = b2. Ïðè êàæäîì �èêñèðîâàííîì k ∈ Z ðåøåíèå ñóùåñòâóåò,

åñëè D > 0, ïðè÷åì ïðè D = 0 èìååòñÿ îäíî ðåøåíèå, ïðè D > 0 � äâà. Óñëîâèå D > 0 ðàâíîñèëüíî

(

a

2k + 1
8

)2

− 4 > 0 ⇐⇒ |a| >
∣

∣

∣

∣

2

(

2k +
1

8

)∣

∣

∣

∣

.

Ñëåäîâàòåëüíî,

|a| <
1

4
=⇒ ðåøåíèé íåò, |a| =

1

4
=⇒ 1 ðåøåíèå,

|a| ∈
[

1

4
;
15

4

)

=⇒ 2 ðåøåíèÿ, |a| =
15

4
=⇒ 3 ðåøåíèÿ,

|a| ∈
[

15

4
;
17

4

)

=⇒ 4 ðåøåíèÿ, |a| =
17

4
=⇒ 5 ðåøåíèé,

|a| >
17

4
=⇒ áîëåå 5 ðåøåíèé.

Îòâåò: a ∈ [− 17
4 ;

17
4 ], äëèíà èíòåðâàëà ðàâíà 8, 5.

1. Óðàâíåíèå:

sin
aπx

x2 + 1
+ cos

π(x2 + 4ax+ 1)

4x2 + 4
=

√

2−
√
2,

íåðàâåíñòâî f(a) 6 5. Îòâåò: a ∈ [− 17
4 ; 17

4 ], äëèíà èíòåðâàëà ðàâíà 8, 5.
2. Óðàâíåíèå:

cos
aπx

x2 + 4
+ sin

π(x2 + 4ax+ 4)

4x2 + 16
=

√

2 +
√
2,

íåðàâåíñòâî f(a) 6 7. Îòâåò: a ∈ [− 31
2 ; 31

2 ], äëèíà èíòåðâàëà ðàâíà 31.
3. Óðàâíåíèå:

cos
aπx

x2 + 1
+ sin

π(x2 − 4ax+ 1)

4x2 + 4
= −

√

2 +
√
2,

íåðàâåíñòâî f(a) 6 5. Îòâåò: a ∈ [− 23
4 ; 23

4 ], äëèíà èíòåðâàëà ðàâíà 11, 5.
4. Óðàâíåíèå:

sin
2aπx

x2 + 1
+ cos

π(x2 + 8ax+ 1)

4x2 + 4
= −

√

2−
√
2,



íåðàâåíñòâî f(a) 6 7. Îòâåò: a ∈ [− 25
8 ; 25

8 ], äëèíà èíòåðâàëà ðàâíà 6, 25.
5. Óðàâíåíèå:

sin
aπx

x2 + 1
− cos

π(x2 + 4ax+ 1)

4x2 + 4
= −

√

2 +
√
2,

íåðàâåíñòâî f(a) 6 5. Îòâåò: a ∈ [− 19
4 ; 19

4 ], äëèíà èíòåðâàëà ðàâíà 9, 5.
6. Óðàâíåíèå:

cos
2aπx

x2 + 1
− sin

π(x2 + 8ax+ 1)

4x2 + 4
=

√

2−
√
2,

íåðàâåíñòâî f(a) 6 7. Îòâåò: a ∈ [− 29
8 ; 29

8 ], äëèíà èíòåðâàëà ðàâíà 7, 25.
7. Óðàâíåíèå:

sin
aπx

x2 + 1
+ sin

π(x2 + 4ax+ 1)

4x2 + 4
= −

√

2 +
√
2,

íåðàâåíñòâî f(a) 6 9. Îòâåò: a ∈ [− 37
4 ; 37

4 ], äëèíà èíòåðâàëà ðàâíà 18, 5.
8. Óðàâíåíèå:

cos
aπx

x2 + 4
− cos

π(x2 − 4ax+ 4)

4x2 + 16
= −

√

2−
√
2,

íåðàâåíñòâî f(a) 6 5. Îòâåò: a ∈ [− 21
2 ; 21

2 ], äëèíà èíòåðâàëà ðàâíà 21.

V-A. Ïóñòü an � êîëè÷åñòâî ïåðåñòàíîâîê (k1, k2, . . . , kn) ÷èñåë (1, 2, . . . , n) òàêèõ, ÷òî âûïîëíåíû
äâà óñëîâèÿ:

• k1 = 1;

• Äëÿ ëþáîãî íîìåðà i = 1, 2, . . . , n− 1 âûïîëíåíî íåðàâåíñòâî |ki − ki+1| 6 2.

Êàêîâî ÷èñëî aN?

�åøåíèå. Äîêàæåì â íåñêîëüêî øàãîâ:

Øàã 1. Äîêàæåì, ÷òî åñòü ðåêóððåíòíîå ñîîòíîøåíèå: an = an−1 + an−3 + 1. Âîçìîæíû ñëåäóþùèå

íà÷àëà ïåðåñòàíîâêè:

• Â ïîñëåäîâàòåëüíîñòè (1, 2, . . . , ). Îòáðîñèì ïåðâóþ åäèíèöó, à îñòàëüíûå ÷èñëà óìåíüøèì

íà 1. Òî, ÷òî ïîëó÷èëîñü, óäîâëåòâîðÿåò óñëîâèÿì íà ïåðåñòàíîâêè ïðè n−1. Ñëåäîâàòåëüíî,
òàêèõ ïåðåñòàíîâîê an−1.

• Â ïîñëåäîâàòåëüíîñòè (1, 3, 2, 4, . . . , ). Îòáðîñèì ïåðâûå òðè ÷ëåíà ïåðåñòàíîâêè ((1, 3, 2)).
Îñòàëüíûå ÷èñëà óìåíüøèì íà òðè. Òî, ÷òî ïîëó÷èëîñü, óäîâëåòâîðÿåò óñëîâèÿì íà ïåðå-

ñòàíîâêè ïðè n− 3. Ñëåäîâàòåëüíî, òàêèõ ïåðåñòàíîâîê åñòü an−3.

• Åñòü åù¼ îäíà ïåðåñòàíîâêà âèäà (1, 3, 5, 7, ..., 6, 4, 2). Â ñåðåäèíå � ïåðåõîä ñ ïîñëåäíåãî

íå÷¼òíîãî ÷èñëà, íå ïðåâîñõîäÿùåãî n ê ïîñëåäíåìó ÷¼òíîìó ÷èñëó, íå ïðåâîñõîäÿùåãî n.

Òàêèì îáðàçîì, ïîëó÷èëè

an = an−1 + an−3 + 1. (2)

Øàã 2. Âû÷èñëÿåì íà÷àëüíûå ýëåìåíòû ïîñëåäîâàòåëüíîñòè

a1 = 1, a2 = 1, a3 = 2, a4 = 4, a5 = 6, a6 = 9, a7 = 14, a8 = 21, a9 = 31,

a10 = 46, a11 = 68, a12 = 100, a13 = 147, , a14 = 216, a15 = 317,

a16 = 465, a17 = 682, a18 = 1000, a19 = 1466, a20 = 2149, a21 = 3150,

a22 = 4617, a23 = 6767, a24 = 9918, a25 = 14536, a26 = 21304, a27 = 31223,

a28 = 45760, a29 = 67065, a30 = 98289, a31 = 144050, a32 = 211116, a33 = 309406,

a34 = 453457, a35 = 664574, a36 = 973981, a37 = 1427439, a38 = 2092014,

a39 = 3065996, a40 = 4493436, a41 = 6585451, a42 = 9651448, a43 = 14144885,

a44 = 20730337, a45 = 30381786, a46 = 44526672, a47 = 65257010.



Îòâåò: a41 = 6585451.

1. N = 41. Îòâåò 6585451.
2. N = 42. Îòâåò 9651448.
3. N = 43. Îòâåò 14144885.
4. N = 44. Îòâåò 20730337.
5. N = 45. Îòâåò 30381786.
6. N = 46. Îòâåò 44526672.
7. N = 34. Îòâåò 453457.
8. N = 35. Îòâåò 664574.
9. N = 36. Îòâåò 973981.
10. N = 37. Îòâåò 1427439.
11. N = 38. Îòâåò 2092014.
12. N = 39. Îòâåò 3065996.
13. N = 40. Îòâåò 4493436.


