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Задания для 10–11 классов



�«¨¬¯¨ ¤  èª®«ì­¨ª®¢ �Ǳ¡�� ¯® ¬ â¥¬ â¨ª¥.

� ª«îç¨â¥«ì­ë© âãà. 2013/2014 ãç¥¡­ë© £®¤.

� à¨ ­â 1

1. �  ¤®áª¥ ­ ¯¨á ­® ç¥âëà¥å§­ ç­®¥ ¢®áì¬¥à¨ç­®¥ ç¨á«® x, ã ª®â®à®£® ¯ à  áâ àè¨å æ¨äà â ª ï �¥,

ª ª ¯ à  ¬« ¤è¨å æ¨äà. �á«¨ § ¯¨á âì x ¢ ¤¥áïâ¨ç­®© á¨áâ¥¬¥, â® ®­® ¡ã¤¥â ç¨â âìáï ®¤¨­ ª®¢®

á«¥¢  ­ ¯à ¢® ¨ á¯à ¢  ­ «¥¢®. �â® ­ ¯¨á ­® ­  ¤®áª¥?

�â¢¥â: 1111.

�¥è¥­¨¥. Ǳãáâì x
8

¨ x
10

| á®®â¢¥âáâ¢¥­­® ¢®áì¬¥à¨ç­ ï ¨ ¤¥áïâ¨ç­ ï § ¯¨áì x. � ¬¥â¨¬, çâ®

x = abab
8

= (1 + 64) · ab
8

= 5 · 13 · ab
8

. Ǳ®íâ®¬ã x ¤¥«¨âáï ­  5 ¨ ­  13. � ç áâ­®áâ¨, x
10

­ ç¨­ ¥âáï ¨

§ ª ­ç¨¢ ¥âáï ­  5. Ǳ®áª®«ìªã 1000

8

> 100 ¨ 7777

8

< 10 000, ç¨á«® x
10

¬®�¥â ¡ëâì «¨¡® ç¥âëà¥å§­ ç­ë¬,

«¨¡® âà¥å§­ ç­ë¬. � áá¬®âà¨¬ ®¡  á«ãç ï.

1) x
10

= 5cc5
10

. � ¬¥â¨¬, çâ® 5cc5
10

= 5005+110c= 5 (1001+22á). �®£¤  1001+22á ¤¥«¨âáï ­  13. � ª

ª ª 1001 ªà â­® 13, ­  13 ¤¥«¨âáï 22á ¨, §­ ç¨â, c, çâ® ¢®§¬®�­® â®«ìª® ¯à¨ á=0. �® ç¨á«® 5005
10

= 11615

8

­¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨.

2) x
10

= 5c5
10

. � ¬¥â¨¬, çâ® 5c5
10

= 505 + 10c = 5 (101 + 2á). �®£¤  101 + 2á ¤¥«¨âáï ­  13. � ª ª ª

101 = 13 · 8 − 3, ®áâ â®ª ®â ¤¥«¥­¨ï 2c ­  13 ¤®«�¥­ ¡ëâì à ¢¥­ 3. �â® ¢®§¬®�­® â®«ìª® ¯à¨ c = 8.

�áâ «®áì § ¬¥â¨âì, çâ® 585

10

= 1111

8

. �

2. � ª¢ «¨ä¨ª æ¨®­­®¬ âãà­¨à¥ n è å¬ â¨áâ®¢ ¨£à îâ ¢ ®¤¨­ ªàã£. �«ï ¯®¯ ¤ ­¨ï ¢ ®á­®¢­®© âãà­¨à

­¥®¡å®¤¨¬® § ­ïâì ¬¥áâ® ­¥ ­¨�¥ m-£®. Ǳà¨ à ¢¥­áâ¢¥ ®çª®¢ ¯à¥¨¬ãé¥áâ¢® ¨¬¥¥â á¯®àâá¬¥­ á

¡�®«ìè¨¬ à¥©â¨­£®¬ (à¥©â¨­£ ã ¢á¥å à §­ë©). � ª®¢® ¬¨­¨¬ «ì­®¥ ª®«¨ç¥áâ¢® ®çª®¢, á ª®â®àë¬

¢®§¬®�­® ¯à®©â¨ ¢ ®á­®¢­®© âãà­¨à? (�  ¯®¡¥¤ã ¢ è å¬ â å ¤ îâ 1 ®çª®, §  ­¨çìî | ¯®«-®çª ,

§  ¯®à �¥­¨¥ | 0).

�â¢¥â:

n−m
2

.

�¥è¥­¨¥. Ǳãáâì X | è å¬ â¨áâ, § ­ï¢è¨© m-¥ ¬¥áâ®. �¥®¡å®¤¨¬® ­ ©â¨ ¬¨­¨¬ «ì­® ¢®§¬®�­®¥

ª®«¨ç¥áâ¢® ¥£® ®çª®¢. �¤¥« ¥¬ ¤¢  ­ ¡«î¤¥­¨ï.

1)�®�­® áç¨â âì, çâ® á¯®àâá¬¥­ë, § ­ï¢è¨¥ ¬¥áâ  ¢ëè¥ X, ¢ë¨£à «¨ ã â¥å, ªâ® áâ®¨â ­¨�¥ X.

� ¯à®â¨¢­®¬ á«ãç ¥ ¨§¬¥­¨¬ á®®â¢¥âáâ¢ãîé¨¥ à¥§ã«ìâ âë, çâ® ­¥ ¯®¢«¨ï¥â ­  ¬¥áâ® X .

2)�®�­® áç¨â âì, çâ® X ¯à®¨£à « ¢á¥¬, ªâ® áâ®¨â ¢ëè¥ ¥£®. �¥©áâ¢¨â¥«ì­®, ¯ãáâì X ­¥ ¯à®¨£à «

ª®¬ã-â® ¨§ áâ®ïé¨å ¢ëè¥ ¥£®. � ¬¥­¨¬ íâ®â à¥§ã«ìâ â ­  ¯à®¨£àëè. � â¥¬ à¥§ã«ìâ âë X á ­¨�¥áâ®-

ïé¨¬¨ á®¯¥à­¨ª ¬¨ ã«ãçè¨¬ â ª, çâ®¡ë ª®«¨ç¥áâ¢® ®çª®¢ X (¯® ¢®§¬®�­®áâ¨) ­¥ ¨§¬¥­¨«®áì. �á«¨ ¢

¨â®£¥ ç¨á«® ®çª®¢ X ¢á¥-â ª¨ ã¬¥­ìè¨âáï, â® à¥§ã«ìâ â X á ­¨�¥áâ®ïé¨¬¨ á®¯¥à­¨ª ¬¨ ®ª �¥âáï ¬ ª-

á¨¬ «ì­ë¬, ¨ ¢ á¨«ã 1) ¬¥áâ® X ­¥ ¨§¬¥­¨âáï. Ǳà®¢®¤ï â ªãî ®¯¥à æ¨î ­¥áª®«ìª® à §, ¬ë ¤®¡ì¥¬áï

�¥« ¥¬®£®.

�á«¥¤áâ¢¨¥ 1) ¨ 2) § ¤ ç  á¢®¤¨âáï ª ¬¨­¨¬¨§ æ¨¨ ª®«¨ç¥áâ¢  ®çª®¢ N , ­ ¡à ­­ëå ¯®¡¥¤¨â¥«¥¬ âãà-

­¨à  á n−m+ 1 ãç áâ­¨ª®¬. � íâ¨å ¬ âç å à §ë£àë¢ ¥âáï C2

n−m+1

=

(n−m)(n−m+1)

2

®çª®¢. Ǳ®¡¥¤¨â¥«ì

­ ¡¨à ¥â ­ ¨¡®«ìè¥¥ ª®«¨ç¥áâ¢® ®çª®¢, ¯®íâ®¬ã N > n−m
2

. � ¢¥­áâ¢® à¥ «¨§ã¥âáï, ¥á«¨ ¢á¥ ãç áâ­¨ª¨,

§ ­ï¢è¨¥ ¬¥áâ® ­¥ ¢ëè¥ m-£®, áë£à «¨ ¤àã£ á ¤àã£®¬ ¢­¨çìî. �

3. � ©¤¨â¥ ­ ¨¬¥­ìè¥¥ §­ ç¥­¨¥ ¢ëà �¥­¨ï

(

4

√

x4 + 4 + x− y
)

2

+

(

4

√

y4 + 4 + y − x
)

2

.

�â¢¥â: 4.

�¥è¥­¨¥ 1. Ǳ®«®�¨¬ f(t) =
4

√
t4 + 4 + t, A =

(

x, f(x)
)

, B =

(

f(y), y
)

. � ¬ ­¥®¡å®¤¨¬® ¬¨­¨¬¨§¨-

à®¢ âì AB2

. Ǳ®áª®«ìªã f(t) > t ¤«ï «î¡®£® t, â®çª¨ A ¨ B «¥� â ¯® à §­ë¥ áâ®à®­ë ®â ¡¨áá¥ªâà¨áë

ℓ ¯¥à¢®£® ¨ âà¥âì¥£® ª¢ ¤à ­â®¢. �®£¤  AB ­¥ ¬¥­ìè¥ áã¬¬ë à ááâ®ï­¨© ®â A ¨ B ¤® ℓ,   ¯à¨ y = x

à¥ «¨§ã¥âáï à ¢¥­áâ¢® ¢¢¨¤ã á¨¬¬¥âà¨¨ A ¨ B ®â­®á¨â¥«ì­® ℓ. � ¬¥â¨¬, çâ® à ááâ®ï­¨¥ ®â A ¤® ℓ ¥áâì
f(x)−x

√
2

=

4

√
x4+4√
2

,   ¥£® ¬¨­¨¬ «ì­®¥ §­ ç¥­¨¥ à ¢­® 1, ª ª ¨ à ááâ®ï­¨ï ®â B ¤® ℓ. Ǳ®íâ®¬ã ¬¨­¨¬ã¬ AB2

à ¢¥­ 4. �



�¥è¥­¨¥ 2. � ¬¥â¨¬, çâ® ¯à¨ x = y = 0 ¨­â¥à¥áãîé¥¥ ­ á ¢ëà �¥­¨¥ à ¢­® 4. �®ª �¥¬, çâ® ¯à¨

¯à®¨§¢®«ì­ëå x ¨ y ®­® ­¥ ¬¥­ìè¥ 4. �¥£ª® ¢¨¤¥âì, çâ®

(

4

√

x4 + 4 + x− y
)

2

+

(

4

√

y4 + 4 + y − x
)

2

=

=

√

x4 + 4 +

√

y4 + 4+ 2(x− y)
(

x− y +
4

√

x4 + 4− 4

√

y4 + 4

)

.

� �¤®¥ ¨§ ¯¥à¢ëå ¤¢ãå á« £ ¥¬ëå ­¥ ¬¥­ìè¥ ¤¢ãå. Ǳ®íâ®¬ã ¤®áâ â®ç­® ¯à®¢¥à¨âì, çâ® ¯®á«¥¤­¥¥ á« -

£ ¥¬®¥ ­¥®âà¨æ â¥«ì­®. �­® ®¡à é ¥âáï ¢ ­®«ì ¯à¨ x = y,   ¯à¨ x 6= y à ¢­®

2(x− y)2
(

1 +

4

√
x4 + 4− 4

√

y4 + 4

x− y

)

.

� ¬ ­ã�­® ¤®ª § âì ­¥®âà¨æ â¥«ì­®áâì íâ®£® ¢ëà �¥­¨ï, â® ¥áâì ¯à®¢¥à¨âì ­¥à ¢¥­áâ¢®

4

√
x4 + 4− 4

√

y4 + 4

x− y
> −1.

Ǳà¥®¡à §ã¥¬ ¤à®¡ì ¢ «¥¢®© ç áâ¨, ¤®¬­®�¨¢ ç¨á«¨â¥«ì ¨ §­ ¬¥­ â¥«ì ­  á®¯àï�¥­­ë¥:

4

√
x4 + 4− 4

√

y4 + 4

x− y
=

x4 − y4

x− y
· 1

(√
x4 + 4 +

√

y4 + 4

)(

4

√
x4 + 4 +

4

√

y4 + 4

) =

=

(x+ y)(x2 + y2)
(√

x4 + 4 +

√

y4 + 4

)(

4

√
x4 + 4 +

4

√

y4 + 4

) >

> − (|x|+ |y|)(x2 + y2)
(√

x4 + 4 +

√

y4 + 4

)(

4

√
x4 + 4 +

4

√

y4 + 4

) > −1.

� ¯®á«¥¤­¥¬ ­¥à ¢¥­áâ¢¥ ¬ë ¢®á¯®«ì§®¢ «¨áì â¥¬, çâ®

4

√
x4 + 4 > |x| ¨ 4

√

y4 + 4 > |y|, ®âªã¤  ¯¥à¢ ï

áª®¡ª  ¢ §­ ¬¥­ â¥«¥ ­¥ ¬¥­ìè¥ x2 + y2,   ¢â®à ï áª®¡ª  ­¥ ¬¥­ìè¥ |x|+ |y|. �

4. � � á¨ ¥áâì ¤®áª  50 × 50, ª«¥âª¨ ª®â®à®© à áªà è¥­ë ¢ è å¬ â­®¬ ¯®àï¤ª¥, ¨ ¬­®£® ¡ã¬ �­ëå

¯®«®á®ª, á®áâ®ïé¨å ¨§ âà¥å ª«¥â®ª â®£® �¥ à §¬¥à , çâ® ¨ ª«¥âª¨ ¤®áª¨. � ª¨¬ ­ ¨¬¥­ìè¨¬

ª®«¨ç¥áâ¢®¬ ¯®«®á®ª � áï á¬®�¥â ­ ªàëâì ¢á¥ ç¥à­ë¥ ª«¥âª¨ ¤®áª¨ (¯®«®áª¨ ¬®£ãâ ¯¥à¥ªàë¢ âìáï

¨ ¢ë«¥§ âì §  ªà © ¤®áª¨)?

�â¢¥â: 626.

�¥è¥­¨¥. � §¢¥à­¥¬ ¤®áªã â ª, çâ® «¥¢ ï ­¨�­ïï ª«¥âª  ¡ã¤¥â ç¥à­®©. �â¬¥â¨¬ ç¥à­ë¥ ª«¥âª¨,

à §­®áâ¨ ª®®à¤¨­ â ª®â®àëå ªà â­ë 4. � ª¨¥ ª«¥âª¨ à á¯®« £ îâáï ­  ¯ à ««¥«ì­ëå ¤¨ £®­ «ïå (®¤­ 

¨§ ª®â®àëå ¨¤¥â ¨§ «¥¢®£® ­¨�­¥£® ã£« ), ®âáâ®ïé¨å ¤àã£ ®â ¤àã£  ­  4 ª«¥âª¨. �¡é¥¥ ç¨á«® ª«¥â®ª ­ 

íâ¨å ¤¨ £®­ «ïå à ¢­®

50 + 2 · 46 + 2 · 42 + 2 · 38 + . . .+ 2 · 2 = 50 + 4 · (1 + 3 + 5 + . . .+ 23) = 50 + 4 · 122 = 626.

Ǳ®áª®«ìªã ª �¤ ï ¯®«®áª  ¯®ªàë¢ ¥â ­¥ ¡®«¥¥ ®¤­®© ®â¬¥ç¥­­®© ª«¥âª¨, ­ ¬ ¯®âà¥¡ã¥âáï ­¥ ¬¥­¥¥ 626

¯®«®á®ª.

Ǳ®ª �¥¬, çâ® ¯®ªàëâì 626 ¯®«®áª ¬¨ ¢á¥ ç¥à­ë¥ ª«¥âª¨ ¬®�­®. � ¬¥â¨¬, çâ® ¤«ï ¯®ªàëâ¨ï ¢á¥å

ç¥à­ëå ª«¥â®ª ¯®«®áë 48× 2 ¤®áâ â®ç­® 24 ¯®«®á®ª (á¬. à¨áã­®ª). �®áª  50× 50 ¡¥§ ã£«®¢®£® ª¢ ¤à â 

2× 2 à §à¥§ ¥âáï ­  26 ¯®«®á 48× 2. �«ï ç¥à­ëå ª«¥â®ª ¨§ ¯®«®á ­ ¬ ¯®­ ¤®¡¨âáï 26 · 24 = 624 ¯®«®áª¨,

¨ ¥é¥ ¤¢¥ ¤«ï ç¥à­ëå ª«¥â®ª ã£«®¢®£® ª¢ ¤à â  2× 2. �

Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z

. . .

. . .

5. � ­ à ¢­®¡¥¤à¥­­ë© âà¥ã£®«ì­¨ª ABC á ®á­®¢ ­¨¥¬ AB. �®çª  M | á¥à¥¤¨­  áâ®à®­ë AC âà¥-

ã£®«ì­¨ª  ABC, CH | ¢ëá®â  ABC. �¯¨á ­­ ï ®ªàã�­®áâì âà¥ã£®«ì­¨ª  BCM ¯¥à¥á¥ª ¥â CH ¢

â®çª¥ K. � ©¤¨â¥ à ¤¨ãá ®¯¨á ­­®© ®ªàã�­®áâ¨ âà¥ã£®«ì­¨ª  ABC, ¥á«¨ ¨§¢¥áâ­®, çâ® CK = 1.



�â¢¥â:

2

3

.

O

A

CB

MH

K

N

A

CB

MH

K
L

�¥è¥­¨¥ 1. � ª ª ª âà¥ã£®«ì­¨ª ABC à ¢­®¡¥¤à¥­­ë©, ¥£® ¢ëá®â  CH ï¢«ï¥âáï ¡¨áá¥ªâà¨á®©, â®

¥áâì ã£«ë ACH ¨ BCH ®¤¨­ ª®¢ë. �®£¤  à ¢­ë å®à¤ë MK ¨ BK, ­  ª®â®àë¥ íâ¨ ã£«ë ®¯¨à îâáï.

�à®¬¥ â®£®, â®çª  K «¥�¨â ­  á¥à¥¤¨­­®¬ ¯¥à¯¥­¤¨ªã«ïà¥ ª AB, ®âªã¤  BK = AK. �«¥¤®¢ â¥«ì­®,

âà¥ã£®«ì­¨ª AKM à ¢­®¡¥¤à¥­­ë©, ¯®íâ®¬ã ¥£® ¢ëá®â  KN â ª�¥ ï¢«ï¥âáï ¨ ¬¥¤¨ ­®©. �®£¤ 

NM =

1

2

AM =

1

2

CM, â® ¥áâì CM =

2

3

CN.

� ¬¥â¨¬, çâ® æ¥­âà O ®¯¨á ­­®© ®ªàã�­®áâ¨ âà¥ã£®«ì­¨ª  ABC «¥�¨â ­  ¯¥à¥á¥ç¥­¨¨ CH ¨ á¥à¥¤¨­­®£®

¯¥à¯¥­¤¨ªã«ïà  ª AC, ®âªã¤  MO ⊥ AC. Ǳ®íâ®¬ã âà¥ã£®«ì­¨ª¨ COM ¨ CKN ¯®¤®¡­ë á ª®íää¨æ¨¥­-

â®¬

2

3

, ¨ ¬ë ¯®«ãç ¥¬ CO =

2

3

CK =

2

3

. �

�¥è¥­¨¥ 2. Ǳ®áª®«ìªã âà¥ã£®«ì­¨ª ABC à ¢­®¡¥¤à¥­­ë©, ¥£® ¢ëá®â  CH ï¢«ï¥âáï ¡¨áá¥ªâà¨á®© ¨

¬¥¤¨ ­®©, ¢ ç áâ­®áâ¨, ∠ACH = ∠BCH . Ǳãáâì L | â®çª  ¯¥à¥á¥ç¥­¨ï BM ¨ CH . �®£¤  L ï¢«ï¥âáï

â®çª®© ¯¥à¥á¥ç¥­¨ï ¬¥¤¨ ­ âà¥ã£®«ì­¨ª  ABC ¨, §­ ç¨â, ®­  ¤¥«¨â ª �¤ãî ¬¥¤¨ ­ã ¢ ®â­®è¥­¨¨ 2 : 1.

� ª¨¬ ®¡à §®¬, CL =

2

3

CH . �§ ¢¯¨á ­­®áâ¨ ç¥âëà¥åã£®«ì­¨ª  BKMC á«¥¤ã¥â, çâ® ∠CKM = ∠CBM .

�®£¤  âà¥ã£®«ì­¨ª¨ KMC ¨ BLC ¯®¤®¡­ë ¯® ¤¢ã¬ ã£« ¬. �ç¨âë¢ ï à ¢¥­áâ¢® CK = 1, ¬ë ¯®«ãç ¥¬

BC =

BC

CK
=

CL

CM
=

2

3

CH
1

2

AC
=

4

3

· CH

AC
=

4

3

· sin∠BAC.

Ǳ® â¥®à¥¬¥ á¨­ãá®¢ à ¤¨ãá ®¯¨á ­­®© ®ªàã�­®áâ¨ âà¥ã£®«ì­¨ª  ABC à ¢¥­

BC

2 sin∠BAC
=

2

3

. �

6. � áä¥à¨ç¥áªãî ®¡®«®çªã à ¤¨ãá  5 ¯®¬¥é¥­ë âà¨ ¬¥â ««¨ç¥áª¨å è à , ¤¢  ¨§ ª®â®àëå ¨¬¥îâ à ¤¨-

ãáë 1 ¨ 4. � ©¤¨â¥ ¬ ªá¨¬ «ì­® ¢®§¬®�­ë© à ¤¨ãá âà¥âì¥£® è à .

�â¢¥â:

20

21

.

O O1O2

O3

�¥è¥­¨¥. � àë à ¤¨ãá®¢ 1 ¨ 4 ª á îâáï ¤àã£ ¤àã£  ¨ áä¥àë. Ǳ®íâ®¬ã à ¤¨ãá âà¥âì¥£® è à 

¬ ªá¨¬ «¥­, ¥á«¨ íâ®â è à ª á ¥âáï ¤¢ãå ¤àã£¨å ¨ áä¥àë. Ǳãáâì O
1

, O
2

, O
3

| æ¥­âàë è à®¢, r
1

, r
2

, r
3

|



¨å à ¤¨ãáë, O | æ¥­âà ®å¢ âë¢ îé¥© áä¥àë (­  à¨áã­ª¥ ¯®ª § ­® á¥ç¥­¨¥, ¯à®å®¤ïé¥¥ ç¥à¥§ æ¥­âàë

è à®¢). � ¬¥â¨¬, çâ®

OO
1

= 2r
2

+ r
1

− (r
1

+ r
2

) = r
2

, OO
2

= r
1

, OO
3

= r
1

+ r
2

− r
3

.

�®£¤  ¯®«ã¯¥à¨¬¥âàë âà¥ã£®«ì­¨ª®¢ OO
2

O
3

¨ OO
1

O
3

à ¢­ë r
1

+ r
2

, ¨ ¯® ä®à¬ã«¥ �¥à®­ 

SOO
2

O
3

=

√

(r
1

+ r
2

)r
2

(r
1

− r
3

)r
3

, SOO
1

O
3

=

√

(r
1

+ r
2

)r
1

(r
2

− r
3

)r
3

.

Ǳ®íâ®¬ã

r
1

r
2

=

SOO
2

O
3

SOO
1

O
3

=

√

(r
1

+ r
2

)r
2

(r
1

− r
3

)r
3

(r
1

+ r
2

)r
1

(r
2

− r
3

)r
3

⇐⇒ r3
1

r3
2

=

r
1

− r
3

r
2

− r
3

.

Ǳ®¤áâ ¢«ïï ¢ íâ® à ¢¥­áâ¢® r
1

= 4 ¨ r
2

= 1, ¬ë ¯®«ãç¨¬ r
3

=

20

21

. �



� à¨ ­â 2

1. �¢ ¤à â ­ âãà «ì­®£® ç¨á«  x | è¥áâ¨§­ ç­®¥ ç¨á«®, ¤¥áïâ¨ç­ ï § ¯¨áì ª®â®à®£® ¥áâì ¯ «¨­¤à®¬

(â® ¥áâì ®­  ®¤¨­ ª®¢® ç¨â ¥âáï á«¥¢  ­ ¯à ¢® ¨ á¯à ¢  ­ «¥¢®). �®�¥â «¨ x â®�¥ ®ª § âìáï

¯ «¨­¤à®¬®¬?

�â¢¥â: �¥â.

�¥è¥­¨¥. � ª ª ª ç¨á«® x2 ¨¬¥¥â ¢¨¤ abccba, áã¬¬ë ¥£® æ¨äà ­  ç¥â­ëå ¨ ­¥ç¥â­ëå ¯®§¨æ¨ïå

®¤¨­ ª®¢ë. Ǳ®íâ®¬ã x2 ¤¥«¨âáï ­  11,   §­ ç¨â, ¨ x â®�¥. �®¯ãáâ¨¬, çâ® x ï¢«ï¥âáï ¯ «¨­¤à®¬®¬. � ª

ª ª ç¨á«® x âà¥å§­ ç­®¥, ¥£® æ¨äàë ¨¬¥îâ ¢¨¤ a, 2a, a. � ¬¥â¨¬, çâ® a 6 4 (¯®áª®«ìªã 2a 6 9) ¨ a > 3

(¨­ ç¥ x ¡ã¤¥â ¯ïâ¨§­ ç­ë¬ ç¨á«®¬). � ª¨¬ ®¡à §®¬, x ¤®«�¥­ ¡ëâì à ¢¥­ 363 ¨«¨ 484. �¥¯®áà¥¤áâ¢¥­­®

¯à®¢¥àï¥âáï, çâ® ª¢ ¤à âë íâ¨å ç¨á¥« ­¥ ¡ã¤ãâ ¯ «¨­¤à®¬ ¬¨. �

2. � ª¢ «¨ä¨ª æ¨®­­®¬ âãà­¨à¥ n è å¬ â¨áâ®¢ ¨£à îâ ¢ ®¤¨­ ªàã£. �«ï ¯®¯ ¤ ­¨ï ¢ ®á­®¢­®© âãà-

­¨à ­¥®¡å®¤¨¬® § ­ïâì ¬¥áâ® ­¥ ­¨�¥ m-£®. Ǳà¨ à ¢¥­áâ¢¥ ®çª®¢ ¯à¥¨¬ãé¥áâ¢® ¨¬¥¥â á¯®àâá¬¥­

á ¡�®«ìè¨¬ à¥©â¨­£®¬ (à¥©â¨­£ ã ¢á¥å à §­ë©). � ª®¢® ¬¨­¨¬ «ì­®¥ ª®«¨ç¥áâ¢® ®çª®¢, £ à ­â¨àãî-

é¥¥ è å¬ â¨áâã ¯®¯ ¤ ­¨¥ ¢ ®á­®¢­®© âãà­¨à ­¥§ ¢¨á¨¬® ®â à¥§ã«ìâ â®¢ ¤àã£¨å ¨£à ¨ à¥©â¨­£ ?

(�  ¯®¡¥¤ã ¢ è å¬ â å ¤ îâ 1 ®çª®, §  ­¨çìî | ¯®«-®çª , §  ¯®à �¥­¨¥ | 0).

�â¢¥â:

2n−m−1

2

.

�¥è¥­¨¥. Ǳãáâì X | è å¬ â¨áâ, § ­ï¢è¨© (m+1)-¥ ¬¥áâ®. �¥®¡å®¤¨¬® ­ ©â¨ ¬ ªá¨¬ «ì­® ¢®§¬®�-

­ãî áã¬¬ã ¥£® ®çª®¢ ¨ ¤®¡ ¢¨âì ­¥©

1

2

. �¤¥« ¥¬ ¤¢  ­ ¡«î¤¥­¨ï.

1)�®�­® áç¨â âì, çâ® á¯®àâá¬¥­ë, § ­ï¢è¨¥ ¬¥áâ  ¢ëè¥ X, ¢ë¨£à «¨ ã â¥å, ªâ® áâ®¨â ­¨�¥ X.

� ¯à®â¨¢­®¬ á«ãç ¥ ¨§¬¥­¨¬ á®®â¢¥âáâ¢ãîé¨¥ à¥§ã«ìâ âë, çâ® ­¥ ¯®¢«¨ï¥â ­  ¬¥áâ® X .

2)�®�­® áç¨â âì, çâ® X ¢ë¨£à « ã ¢á¥å, ªâ® áâ®¨â ­¨�¥ ¥£®. �¥©áâ¢¨â¥«ì­®, ¯ãáâì X ­¥ ¢ë¨£à «

ã ª®£®-â® ¨§ áâ®ïé¨å ­¨�¥ ¥£®. � ¬¥­¨¬ íâ®â à¥§ã«ìâ â ­  ¢ë¨£àëè. � â¥¬ à¥§ã«ìâ âë X á ¢ëè¥áâ®ïé¨-

¬¨ á®¯¥à­¨ª ¬¨ ãåã¤è¨¬ â ª, çâ®¡ë ª®«¨ç¥áâ¢® ®çª®¢ X (¯® ¢®§¬®�­®áâ¨) ­¥ ¨§¬¥­¨«®áì. �á«¨ ¢ ¨â®£¥

ç¨á«® ®çª®¢ X ¢á¥-â ª¨ ã¢¥«¨ç¨âáï, íâ® ¡ã¤¥â ®§­ ç âì, çâ® X ¯à®¨£à « ¢á¥¬ ¢ëè¥áâ®ïé¨¬ á®¯¥à­¨ª ¬,

¨ ¢ á¨«ã 1) ¬¥áâ® X ­¥ ¨§¬¥­¨âáï. Ǳà®¢®¤ï â ªãî ®¯¥à æ¨î ­¥áª®«ìª® à §, ¬ë ¤®¡ì¥¬áï �¥« ¥¬®£®.

�á«¥¤áâ¢¨¥ 1) ¨ 2) § ¤ ç  á¢®¤¨âáï ª ¬ ªá¨¬¨§ æ¨¨ ª®«¨ç¥áâ¢  ®çª®¢ N , ­ ¡à ­­ëå  ãâá ©¤¥à®¬

âãà­¨à  á m + 1 ãç áâ­¨ª®¬. � íâ¨å ¬ âç å à §ë£àë¢ ¥âáï C2

m+1

=

m(m+1)

2

®çª®¢. �ãâá ©¤¥à ­ ¡¨à ¥â

­ ¨¬¥­ìè¥¥ ª®«¨ç¥áâ¢® ®çª®¢, ¯®íâ®¬ã N 6 m
2

. � ¢¥­áâ¢® à¥ «¨§ã¥âáï, ¥á«¨ ¢á¥ ãç áâ­¨ª¨, § ­ï¢è¨¥

¬¥áâ  ­¥ ­¨�¥ (m + 1)-£®, áë£à «¨ ¤àã£ á ¤àã£®¬ ¢­¨çìî. �â¢¥â®¬ ¡ã¤¥â n − m − 1 +N +

1

2

=

2n−m−1

2

®çª®¢. �

3. � ©¤¨â¥ ­ ¨¬¥­ìè¥¥ §­ ç¥­¨¥ ¢ëà �¥­¨ï

(

√

x2 + 3− x+ y
)

2

+

(

√

y2 + 3− y + x
)

2

.

�â¢¥â: 6.

�¥è¥­¨¥ 1. Ǳ®«®�¨¬ f(t) =

√
t2 + 3 + t, A =

(

−x, f(−x)
)

, B =

(

f(−y),−y
)

. � ¬ ­¥®¡å®¤¨¬®

¬¨­¨¬¨§¨à®¢ âì AB2

. Ǳ®áª®«ìªã f(t) > t ¤«ï «î¡®£® t, â®çª¨ A ¨ B «¥� â ¯® à §­ë¥ áâ®à®­ë ®â

¡¨áá¥ªâà¨áë ℓ ¯¥à¢®£® ¨ âà¥âì¥£® ª¢ ¤à ­â®¢. �®£¤  AB ­¥ ¬¥­ìè¥ áã¬¬ë à ááâ®ï­¨© ®â A ¨ B ¤® ℓ,  

¯à¨ y = x à¥ «¨§ã¥âáï à ¢¥­áâ¢® ¢¢¨¤ã á¨¬¬¥âà¨¨ A ¨ B ®â­®á¨â¥«ì­® ℓ. � ¬¥â¨¬, çâ® à ááâ®ï­¨¥ ®â A

¤® ℓ ¥áâì
f(−x)+x

√
2

=

√

x2+3

2

,   ¥£® ¬¨­¨¬ «ì­®¥ §­ ç¥­¨¥ à ¢­®

√

3

2

, ª ª ¨ à ááâ®ï­¨ï ®â B ¤® ℓ. Ǳ®íâ®¬ã

¬¨­¨¬ã¬ AB2

à ¢¥­

(

2

√

3

2

)

2

= 6. �

�¥è¥­¨¥ 2. � ¬¥â¨¬, çâ® ¯à¨ x = y = 0 ¨­â¥à¥áãîé¥¥ ­ á ¢ëà �¥­¨¥ à ¢­® 6. �®ª �¥¬, çâ® ¯à¨

¯à®¨§¢®«ì­ëå x ¨ y ®­® ­¥ ¬¥­ìè¥ 6. �¥£ª® ¢¨¤¥âì, çâ®

(

√

x2 + 3− x+ y
)

2

+

(

√

y2 + 3 + y − x
)

2

= (x2 + y2 + 6) + 2(x− y)
(

x− y +
√

y2 + 3−
√

x2 + 3

)

.

Ǳ¥à¢ ï áª®¡ª , ®ç¥¢¨¤­®, ­¥ ¬¥­ìè¥ è¥áâ¨. Ǳ®íâ®¬ã ¤®áâ â®ç­® ¯à®¢¥à¨âì, çâ® ¯®á«¥¤­¥¥ á« £ ¥¬®¥

­¥®âà¨æ â¥«ì­®. �­® ®¡à é ¥âáï ¢ ­®«ì ¯à¨ x = y,   ¯à¨ x 6= y à ¢­®

2(x− y)2
(

1−
√
x2 + 3−

√

y2 + 3

x− y

)

.



� ¬ ­ã�­® ¤®ª § âì ­¥®âà¨æ â¥«ì­®áâì íâ®£® ¢ëà �¥­¨ï, â® ¥áâì ¯à®¢¥à¨âì ­¥à ¢¥­áâ¢®

√
x2 + 3−

√

y2 + 3

x− y
6 1.

Ǳà¥®¡à §ã¥¬ ¤à®¡ì ¢ «¥¢®© ç áâ¨, ¤®¬­®�¨¢ ç¨á«¨â¥«ì ¨ §­ ¬¥­ â¥«ì ­  á®¯àï�¥­­®¥:

√
x2 + 3−

√

y2 + 3

x− y
=

x2 − y2

x− y
· 1

(√
x2 + 3+

√

y2 + 3

) =

x+ y√
x2 + 3 +

√

y2 + 3

6
|x|+ |y|√

x2 + 3 +

√

y2 + 3

6 1,

¯®áª®«ìªã

√
x2 + 3 > |x| ¨

√

y2 + 3 > |y|, ®âªã¤  §­ ¬¥­ â¥«ì ­¥ ¬¥­ìè¥ |x|+ |y|. �

4. � Ǳ¥â¨ ¥áâì ¤®áª  40× 40, ª«¥âª¨ ª®â®à®© à áªà è¥­ë ¢ è å¬ â­®¬ ¯®àï¤ª¥, ¨ ¬­®£® ¡ã¬ �­ëå

¯®«®á®ª, á®áâ®ïé¨å ¨§ ¯ïâ¨ ª«¥â®ª â®£® �¥ à §¬¥à , çâ® ¨ ª«¥âª¨ ¤®áª¨. � ª¨¬ ­ ¨¬¥­ìè¨¬

ª®«¨ç¥áâ¢®¬ ¯®«®á®ª Ǳ¥âï á¬®�¥â ­ ªàëâì ¢á¥ ç¥à­ë¥ ª«¥âª¨ ¤®áª¨ (¯®«®áª¨ ¬®£ãâ ¯¥à¥ªàë¢ âìáï

¨ ¢ë«¥§ âì §  ªà © ¤®áª¨)?

�â¢¥â: 268.

�¥è¥­¨¥. � §¢¥à­¥¬ ¤®áªã â ª, çâ® «¥¢ ï ­¨�­ïï ª«¥âª  ¡ã¤¥â ç¥à­®©. �â¬¥â¨¬ ç¥à­ë¥ ª«¥âª¨,

à §­®áâ¨ ª®®à¤¨­ â ª®â®àëå ªà â­ë 6. � ª¨¥ ª«¥âª¨ à á¯®« £ îâáï ­  ¯ à ««¥«ì­ëå ¤¨ £®­ «ïå (®¤­ 

¨§ ª®â®àëå ¨¤¥â ¨§ «¥¢®£® ­¨�­¥£® ã£« ), ®âáâ®ïé¨å ¤àã£ ®â ¤àã£  ­  6 ª«¥â®ª. �¡é¥¥ ç¨á«® ª«¥â®ª ­ 

íâ¨å ¤¨ £®­ «ïå à ¢­®

40 + 2 · 34 + 2 · 28 + 2 · 22 + 2 · 16 + 2 · 10 + 2 · 4 = 40 + 4 · (2 + 5 + 8 + 11 + 14 + 17) = 268.

Ǳ®áª®«ìªã ª �¤ ï ¯®«®áª  ¯®ªàë¢ ¥â ­¥ ¡®«¥¥ ®¤­®© ®â¬¥ç¥­­®© ª«¥âª¨, ­ ¬ ¯®âà¥¡ã¥âáï ­¥ ¬¥­¥¥ 268

¯®«®á®ª.

Ǳ®ª �¥¬, çâ® ¯®ªàëâì 268 ¯®«®áª ¬¨ ¢á¥ ç¥à­ë¥ ª«¥âª¨ ¬®�­®. � ¬¥â¨¬, çâ® ¤«ï ¯®ªàëâ¨ï ¢á¥å

ç¥à­ëå ª«¥â®ª ¯®«®áë 36× 2 ¤®áâ â®ç­® 12 ¯®«®á®ª (á¬. à¨áã­®ª). �®áª  40× 40 ¡¥§ ã£«®¢®£® ª¢ ¤à â 

4×4 à §à¥§ ¥âáï ­  22 ¯®«®áë 36×2. �«ï ç¥à­ëå ª«¥â®ª ¨§ ¯®«®á ­ ¬ ¯®­ ¤®¡¨âáï 22 ·12 = 264 ¯®«®áª¨,

¨ ¥é¥ ç¥âëà¥ ¤«ï ç¥à­ëå ª«¥â®ª ã£«®¢®£® ª¢ ¤à â  4× 4. �

Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z

. . .

. . .

5. �¨ £®­ «¨ ¢ë¯ãª«®£® ç¥âëà¥åã£®«ì­¨ª  ABCD ¯¥à¥á¥ª îâáï ¢ â®çª¥ O. �§¢¥áâ­®, çâ® AB = BC =

CD, AO = DO ¨ AC 6= BD. �¥¬ã à ¢­® ¢ëà �¥­¨¥ ∠BAD + ∠ADC?

�â¢¥â: 120

◦
.

OA

B

C

D

K

M

α

β
γ

�¥è¥­¨¥ 1. Ǳ®«®�¨¬ α = ∠ODA, β = ∠OAB ¨ γ = ∠OBC. Ǳà®¢¥¤¥¬ ¢ âà¥ã£®«ì­¨ª å AOB ¨

DOC ¢ëá®âë AK ¨ DM (á¬. à¨áã­®ª). �à¥ã£®«ì­¨ª¨ AOK ¨ DOM à ¢­ë, ®âªã¤  AK = DM . �®£¤ 

âà¥ã£®«ì­¨ª¨ KAB ¨ MDC â ª�¥ à ¢­ë, ¨ ∠KAB = ∠MDC. �®§¬®�­ë ¤¢¥ á¨âã æ¨¨.



1) ∠KAO = β ±∠KAB = γ ±∠KAB. �®£¤  β = γ, OC = OB ¨ AC = BD, çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î.

2) ∠KAO = β ± ∠KAB = γ ∓ ∠KAB. � íâ®¬ á«ãç ¥

β + γ = 2∠KAO = 2(90

◦ − ∠AOK) = 2(90

◦ − 2α), ®âªã¤  4α+ β + γ = 180

◦.

�à®¬¥ â®£®, ¨§ âà¥ã£®«ì­¨ª®¢ BOC ¨ AOD

β + γ = 180

◦ − ∠BOC = 180

◦ − ∠AOD = 2α.

�áª«îç ï ¨§ íâ¨å à ¢¥­áâ¢ β + γ, ¬ë ¯®«ãç¨¬ 6α = 180

◦
, â® ¥áâì α = 30

◦
. � ª®­¥æ,

∠BAD + ∠ADC = 2α+ β + γ = 4α = 120

◦. �

�¥è¥­¨¥ 2. Ǳ®«®�¨¬ α = ∠ODA, β = ∠OAB ¨ γ = ∠OBC. �®£¤  ∠OAD = α, ∠BCA = β ¨

∠CBD = γ. �§ â¥®à¥¬ë á¨­ãá®¢ ¤«ï âà¥ã£®«ì­¨ª®¢ ABD ¨ ACD á«¥¤ãîâ à ¢¥­áâ¢ 

AB

sinα
=

AD

sin∠ABD
¨

CD

sinα
=

AD

sin∠ACD
.

�å «¥¢ë¥ ç áâ¨ á®¢¯ ¤ îâ, ¯®áª®«ìªã AB = CD. �®£¤  sin∠ABD = sin∠ACD, çâ® íª¢¨¢ «¥­â­®

∠ABD = ∠ACD ¨«¨ ∠ABD = 180

◦ − ∠ACD. � ¯¥à¢®¬ á«ãç ¥ âà¥ã£®«ì­¨ª¨ ABD ¨ ACD ®ª §ë¢ -

îâáï à ¢­ë¬¨ ¯® ¤¢ã¬ ã£« ¬ ¨ áâ®à®­¥, ®âªã¤  AD = BC,   íâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î. �â «® ¡ëâì,

∠ABD + ∠ACD = 180

◦
. � ª¨¬ ®¡à §®¬,

180

◦ − α− (α+ β) + 180

◦ − α− (α+ γ) = 180

◦

¨, §­ ç¨â, 4α+ β + γ = 180

◦
. �à®¬¥ â®£®, β + γ = 180

◦ −∠BOC = 180

◦ −∠AOD = 2α. �áª«îç ï ¨§ íâ¨å

à ¢¥­áâ¢ β + γ, ¬ë ¯®«ãç¨¬ 6α = 180

◦
, â® ¥áâì α = 30

◦
. �«¥¤®¢ â¥«ì­®,

∠BAD + ∠ADC = (α+ β) + (α+ γ) = 2α+ (β + γ) = 4α = 120

◦. �

6. �à¨ ¬¥â ««¨ç¥áª¨å è à , ¯®¬¥é¥­­ë¥ ¢­ãâàì áä¥à¨ç¥áª®© ®¡®«®çª¨, ª á îâáï ®¡®«®çª¨ ¨ ¤àã£ ¤àã-

£ . �§¢¥áâ­®, çâ® áà¥¤­¨© è à ¢¤¢®¥ ¬¥­ìè¥ ¡�®«ìè¥£®. � ©¤¨â¥ ®â­®è¥­¨¥ à ¤¨ãá®¢ ¡�®«ìè¥£® ¨

¬¥­ìè¥£® è à®¢.

�â¢¥â: 7 : 3.

O O1O2

O3

�¥è¥­¨¥. Ǳãáâì O
1

, O
2

, O
3

| æ¥­âàë è à®¢, r
1

, r
2

, r
3

| ¨å à ¤¨ãáë (r
1

> r
2

> r
3

), O | æ¥­âà

®å¢ âë¢ îé¥© áä¥àë (­  à¨áã­ª¥ ¯®ª § ­® á¥ç¥­¨¥, ¯à®å®¤ïé¥¥ ç¥à¥§ æ¥­âàë è à®¢). � ¬¥â¨¬, çâ®

OO
1

= 2r
2

+ r
1

− (r
1

+ r
2

) = r
2

, OO
2

= r
1

¨ OO
3

= r
1

+ r
2

− r
3

.

�®£¤  ¯®«ã¯¥à¨¬¥âàë âà¥ã£®«ì­¨ª®¢ OO
2

O
3

¨ OO
1

O
3

à ¢­ë r
1

+ r
2

, ¨ ¯® ä®à¬ã«¥ �¥à®­ 

SOO
2

O
3

=

√

(r
1

+ r
2

)r
2

(r
1

− r
3

)r
3

¨ SOO
1

O
3

=

√

(r
1

+ r
2

)r
1

(r
2

− r
3

)r
3

.

Ǳ®íâ®¬ã

r
1

r
2

=

SOO
2

O
3

SOO
1

O
3

=

√

(r
1

+ r
2

)r
2

(r
1

− r
3

)r
3

(r
1

+ r
2

)r
1

(r
2

− r
3

)r
3

⇐⇒ r3
1

r3
2

=

r
1

− r
3

r
2

− r
3

⇐⇒
(

r
1

r
2

)

3

=

1− r
3

r
1

r
2

r
1

− r
3

r
1

.

Ǳ®¤áâ ¢«ïï ¢ íâ® à ¢¥­áâ¢®

r
1

r
2

= 2, ¬ë ¯®«ãç¨¬

r
3

r
1

=

3

7

. �



� à¨ ­â 3

1. Ǳãáâì ¢¥à­® à ¢¥­áâ¢® ����� = 3 · ����, £¤¥ an . . . a1 ®§­ ç ¥â ¤¥áïâ¨ç­ãî § ¯¨áì n-§­ ç­®£®

ç¨á«  á æ¨äà ¬¨ an, . . . , a1,   à §­ë¬ ¡ãª¢ ¬ á®®â¢¥âáâ¢ãîâ à §­ë¥ æ¨äàë. � ©¤¨â¥ ����� ¨

����.

�â¢¥â: 23 769 = 3 · 7923.
�¥è¥­¨¥. �á­®, çâ® æ¨äà  � à ¢­  1 ¨«¨ 2. �­ ç¨â, ¯¥à¥­®á  ¨§ ¢â®à®£® à §àï¤  ¢ âà¥â¨© ­¥ ¡ã¤¥â,

®âªã¤  æ¨äàë �, �, � ¨¬¥îâ ®¤¨­ ª®¢ãî ç¥â­®áâì. Ǳ®íâ®¬ã ¯¥à¥­®á d ¨§ âà¥âì¥£® à §àï¤  ¢ ç¥â¢¥àâë©

ç¥â¥­. � áá¬®âà¨¬ ¤¢  á«ãç ï.

1) d = 0. �®£¤  æ¨äà  � ¬®�¥â ¯à¨­¨¬ âì §­ ç¥­¨ï 1, 2, 3 (­®«ì ®â¯ ¤ ¥â, ¨­ ç¥ � = 0). �®®â¢¥âáâ¢ã-

îé¨¥ ¨¬ §­ ç¥­¨ï æ¨äàë � à ¢­ë 7, 4, 1,   æ¨äàë � | 9, 8, 7. �® ç¨á«® 3 ·� ¤®«�­® ®ª ­ç¨¢ âìáï ­  �,

ç¥£® ­¥ ¯®«ãç ¥âáï ­¨ ¢ ®¤­®¬ ¨§ á«ãç ¥¢.

2) d = 2. � íâ®¬ á«ãç ¥ ¢®§¬®�­ë¥ §­ ç¥­¨ï ¤«ï � | 7, 8, 9, ¤«ï � | 9, 6, 3, ¤«ï � | 1, 4, 7 á®®â¢¥â-

áâ¢¥­­®. �¨á«® 3�+2 ®ª ­ç¨¢ ¥âáï ­  �, ®âªã¤  � = 7, � = 3, � = 9. � ª ª ª 3�+2 = 23, ¬ë ¯®«ãç ¥¬

� = 2 ¨ � = 6. �

2. � ®¤­®ªàã£®¢®¬ è å¬ â­®¬ âãà­¨à¥ ãç áâ¢®¢ «® n ¬ «ìç¨ª®¢ ¨ 10 ¤¥¢®ç¥ª. Ǳ® ®ª®­ç ­¨¨ âãà­¨à 

¢ëïá­¨«®áì, çâ® ª �¤ë© ãç áâ­¨ª (¨ ãç áâ­¨æ ) âãà­¨à  ­ ¡à « à®¢­® ¯®«®¢¨­ã á¢®¨å ®çª®¢ ¢

¯ àâ¨ïå á ¤¥¢®çª ¬¨. �ª®«ìª® ¬ «ìç¨ª®¢ ãç áâ¢®¢ «® ¢ âãà­¨à¥? (�  ¯®¡¥¤ã ¢ è å¬ â å ¤ îâ 1

®çª®, §  ­¨çìî | ¯®«-®çª , §  ¯®à �¥­¨¥ | 0).

�â¢¥â: 6 ¨«¨ 15.

�¥è¥­¨¥. Ǳãáâì ¬ «ìç¨ª®¢ ¡ë«® n ç¥«®¢¥ª. Ǳ®áç¨â ¥¬ ¤¢ã¬ï á¯®á®¡ ¬¨, áª®«ìª® ¢á¥£® ¡ë«® ­ ¡à ­®

®çª®¢ ¢ âãà­¨à¥. � ®¤­®© áâ®à®­ë, ¢ ­¥¬ ¡ë«® áë£à ­®

1

2

(n + 10)(n + 9) ¯ àâ¨© ¨, §­ ç¨â, à §ë£à ­®

1

2

(n+ 10)(n+ 9) ®çª®¢.

�¥¯¥àì ­ ©¤¥¬ íâã áã¬¬ã ¤àã£¨¬ á¯®á®¡®¬. �¥¢®çª¨ ¬¥�¤ã á®¡®© áë£à «¨

10·9
2

= 45 ¯ àâ¨©. � ­¨å

¡ë«® à §ë£à ­® 45 ®çª®¢. Ǳ®áª®«ìªã ª �¤ ï ¤¥¢®çª  ¢ ¨£à å á ¤¥¢®çª ¬¨ ­ ¡à «  à®¢­® ¯®«®¢¨­ã á¢®¨å

®çª®¢, ¢á¥ ¤¥¢®çª¨ ¢¬¥áâ¥ ­ ¡à «¨ à®¢­® ¯®«®¢¨­ã á¢®¨å ®çª®¢ ¢ ¨£à å á ¤¥¢®çª ¬¨. �«¥¤®¢ â¥«ì­®, ¢

®¡é¥© á«®�­®áâ¨ ®­¨ ­ ¡à «¨ 90 ®çª®¢. Ǳ®áª®«ìªã ª �¤ë© ¬ «ìç¨ª ¢ ¨£à å á ¤¥¢®çª ¬¨ ­ ¡à « à®¢­®

¯®«®¢¨­ã á¢®¨å ®çª®¢, ¢â®àãî ¯®«®¢¨­ã ®­ ­ ¡à « ¢ ¨£à å á ¬ «ìç¨ª ¬¨. Ǳ®íâ®¬ã ¨ ¢á¥ ¬ «ìç¨ª¨ ¢¬¥áâ¥

­ ¡à «¨ à®¢­® ¯®«®¢¨­ã á¢®¨å ®çª®¢ ¢ ¨£à å á ¬ «ìç¨ª ¬¨. � «ìç¨ª¨ ¬¥�¤ã á®¡®© áë£à «¨

1

2

n(n − 1)

¯ àâ¨© ¨ ¢ ¯ àâ¨ïå ¤àã£ á ¤àã£®¬ ­ ¡à «¨ ¢ áã¬¬¥

1

2

n(n− 1) ®çª®¢. �«¥¤®¢ â¥«ì­®, ¢ ®¡é¥© á«®�­®áâ¨

®­¨ ­ ¡à «¨ n(n− 1) ®çª®¢. �­ ç¨â, ¢á¥£® ¡ë«® à §ë£à ­® n(n− 1) + 90 ®çª®¢.

� ª¨¬ ®¡à §®¬, ¬ë ¯®«ãç ¥¬ à ¢¥­áâ¢®

(n+ 10)(n+ 9)

2

= n(n− 1) + 90,

ª®â®à®¥ ¯®á«¥ ¯à¥®¡à §®¢ ­¨© á¢®¤¨âáï ª ª¢ ¤à â­®¬ã ãà ¢­¥­¨î n2−21n+90 = 0. �â® ãà ¢­¥­¨¥ ¨¬¥¥â

à¥è¥­¨ï n = 6 ¨ n = 15. Ǳ®ª �¥¬, çâ® ®¡  à¥è¥­¨ï ¯®¤å®¤ïâ.

�¥©áâ¢¨â¥«ì­®, ¯ãáâì n = 6. � ­ã¬¥àã¥¬ ¬ «ìç¨ª®¢ ç¨á« ¬¨ ®â 1 ¤® 6,   ¤¥¢®ç¥ª | ç¨á« ¬¨ ®â 1 ¤® 10.

Ǳãáâì ¢á¥ ¬ «ìç¨ª¨ áë£à «¨ ¬¥�¤ã á®¡®© ¢­¨çìî ¨ ¢á¥ ¤¥¢®çª¨ áë£à «¨ ¬¥�¤ã á®¡®© ¢­¨çìî. �à®¬¥

â®£®, ¯ãáâì ¢­¨çìî § ¢¥àè âáï ¢á¥ ¯ àâ¨¨ ¬¥�¤ã ¬ «ìç¨ª ¬¨ ¨ ¤¥¢®çª ¬¨ á ­®¬¥à ¬¨ ®¤­®© ç¥â­®áâ¨,

  ¢® ¢á¥å ®áâ «ì­ëå ¯ àâ¨ïå ¢ë¨£à îâ ¤¥¢®çª¨. �¥á«®�­® ¯à®¢¥à¨âì, çâ® â ª®© ¯à¨¬¥à ã¤®¢«¥â¢®àï¥â

ãá«®¢¨î.

Ǳãáâì â¥¯¥àì n = 15. � ­ã¬¥àã¥¬ ¬ «ìç¨ª®¢ ç¨á« ¬¨ ®â 1 ¤® 15,   ¤¥¢®ç¥ª | ç¨á« ¬¨ ®â 1 ¤® 10. Ǳãáâì

¢á¥ ¬ «ìç¨ª¨ áë£à «¨ ¬¥�¤ã á®¡®© ¢­¨çìî ¨ ¢á¥ ¤¥¢®çª¨ áë£à «¨ ¬¥�¤ã á®¡®© ¢­¨çìî. �à®¬¥ â®£®, ¯ãáâì

i-ï ¤¥¢®çª  ¢ë¨£à ¥â ã j-£® ¬ «ìç¨ª , ¥á«¨ i − j ¤¥«¨âáï ­  5 ¨«¨ ¤ ¥â ®áâ â®ª 1 ¯à¨ ¤¥«¥­¨¨ ­  5,  

¢á¥ ®áâ «ì­ë¥ ¯ àâ¨¨ § ¢¥àè âáï ¢­¨çìî. �¥á«®�­® ¯à®¢¥à¨âì, çâ® â ª®© ¯à¨¬¥à â ª�¥ ã¤®¢«¥â¢®àï¥â

ãá«®¢¨î. �

3. � ©¤¨â¥ ­ ¨¬¥­ìè¥¥ §­ ç¥­¨¥ ¢ëà �¥­¨ï

(

√

4 + x8 − 2y2 + 1

)

2

+

(

√

4 + y8 − 2x2 + 1

)

2

.

�â¢¥â: 2.



�¥è¥­¨¥. Ǳ®«®�¨¬ f(t) =
√
4 + t8, g(t) = 2t2 − 1, A =

(

f(x), g(x)
)

, B =

(

g(y), f(y)
)

. � ¬ ­¥®¡å®¤¨¬®

¬¨­¨¬¨§¨à®¢ âì AB2

. � á¨«ã ­¥à ¢¥­áâ¢  �®è¨ ® áà¥¤­¨å

f(t)− g(t) =
√

4 + t8 − 2t2 + 1 >

√

2

√
4t8 − 2t2 + 1 = 1,

¯à¨ç¥¬ ¢ á«ãç ¥ t4 = 2 à¥ «¨§ã¥âáï à ¢¥­áâ¢®. �âáî¤  ¢ëâ¥ª ¥â ¤¢  á«¥¤áâ¢¨ï.

1) �®çª¨ A ¨ B «¥� â ¯® à §­ë¥ áâ®à®­ë ®â ¡¨áá¥ªâà¨áë ℓ ¯¥à¢®£® ¨ âà¥âì¥£® ª¢ ¤à ­â®¢. �®£¤  AB

­¥ ¬¥­ìè¥ áã¬¬ë à ááâ®ï­¨© ®â A ¨ B ¤® ℓ,   ¯à¨ y = x à¥ «¨§ã¥âáï à ¢¥­áâ¢® ¢¢¨¤ã á¨¬¬¥âà¨¨ A ¨ B

®â­®á¨â¥«ì­® ℓ.

2) Ǳ®áª®«ìªã à ááâ®ï­¨¥ ®â A ¤® ℓ ¥áâì
f(x)−g(x)

√
2

, ¥£® ¬¨­¨¬ «ì­®¥ §­ ç¥­¨¥ à ¢­®

1√
2

, ª ª ¨ à ááâ®ï­¨ï

®â B ¤® ℓ. Ǳ®íâ®¬ã ¬¨­¨¬ã¬ AB2

à ¢¥­

(

2√
2

)

2

= 2. �

4. � â ¡«¨æ¥ 50 × 50 à ááâ ¢«¥­ë æ¥«ë¥ ç¨á«  â ª, çâ® ¢ ª �¤®© áâà®ª¥ ¨ ¢ ª �¤®¬ áâ®«¡æ¥ ç¨á« 

¨¤ãâ ¢ áâà®£® ¢®§à áâ îé¥¬ ¯®àï¤ª¥. �§¢¥áâ­®, çâ® ¢ «î¡®© £®à¨§®­â «ì­®© ¨«¨ ¢¥àâ¨ª «ì­®©

¯®«®áª¥ 1 × 3 áã¬¬  ç¨á¥« ç¥â­ . � ª®¢  ­ ¨¬¥­ìè ï à §­®áâì ç¨á¥«, áâ®ïé¨å ¢ ¯à ¢®¬ ­¨�­¥¬

ã£«ã ¨ «¥¢®¬ ¢¥àå­¥¬ ã£«ã?

�â¢¥â: 130.

�¥è¥­¨¥. � ¬¥â¨¬, çâ® ¢ â ¡«¨æ¥ ç¨á«  k, k + 1, k + 2, k + 3 ­¥ ¬®£ãâ ¨¤â¨ ¯®¤àï¤. �¥©áâ¢¨â¥«ì­®,

áã¬¬  ¯¥à¢ëå âà¥å ¨§ ­¨å à ¢­  3k+3,   ¯®á«¥¤­¨å âà¥å | 3k+6. �â¨ áã¬¬ë à §­®© ç¥â­®áâ¨, ¯®íâ®¬ã

®¤­  ¨§ ­¨å ­¥ç¥â­ , ç¥£® ¯® ãá«®¢¨î ¡ëâì ­¥ ¬®�¥â. �«¥¤®¢ â¥«ì­®, ¥á«¨ ç¨á«  a, b, c, d ¨¤ãâ ¢ áâà®ª¥

¨«¨ áâ®«¡æ¥ ¯®¤àï¤, â® d− a > 4.

Ǳãáâì ¢ «¥¢®¬ ¢¥àå­¥¬ ã£«ã áâ®¨â 1. �®£¤  ¢â®à®¥ ç¨á«® ¯¥à¢®© áâà®ª¨ ­¥ ¬¥­ìè¥ 2,   50-¥ ®â«¨ç ¥âáï

®â ­¥£® ¯® ªà ©­¥© ¬¥à¥ ­  4·16 = 64 ¨, §­ ç¨â, ®­® ­¥ ¬¥­ìè¥ 66 (¨ á®¢¯ ¤ ¥â á ¯¥à¢ë¬ ç¨á«®¬ ¯®á«¥¤­¥£®

áâ®«¡æ ). Ǳ®íâ®¬ã ¢â®à®¥ ç¨á«® ¯®á«¥¤­¥£® áâ®«¡æ  ­¥ ¬¥­ìè¥ 67,   50-¥ | ¯® ªà ©­¥© ¬¥à¥ 67+64 = 131.

� ª¨¬ ®¡à §®¬, ¨­â¥à¥áãîé ï ­ á à §­®áâì ­¥ ¬¥­ìè¥ 130.

Ǳ®ª �¥¬, çâ® à §­®áâì 130 ¢®§¬®�­ . � ááâ ¢¨¬ ¢ è ¡«®­¥ ç¨á«  á«¥¤ãîé¨¬ ®¡à §®¬:

1 2 3 5 6 7 9 1011

. . .

� ¯¥à¢®© áâà®ª¥ â ¡«¨æë à §¬¥áâ¨¬ ¯¥à¢ë¥ 50 ç¨á¥« è ¡«®­ , ¢® ¢â®à®© | ç¨á«  á® ¢â®à®£® ¯® 51-¥,

¢ âà¥âì¥© | á âà¥âì¥£® ¯® 52-¥, ¨ â ª ¤ «¥¥. � ¬¥â¨¬, çâ® ª �¤ ï á«¥¤ãîé ï áâà®ª  â ¡«¨æë | á¤¢¨£

¯à¥¤ë¤ãé¥© ¢«¥¢® ­  ®¤­ã ¯®§¨æ¨î. Ǳ®íâ®¬ã ãª § ­­ ï â ¡«¨æ  ã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨,   ®â¢¥-

â®¬ ï¢«ï¥âáï à §­®áâì ¬¥�¤ã 99-¬ ¨ ¯¥à¢ë¬ ç¨á« ¬¨ è ¡«®­ , ª®â®à ï à ¢­  2 +

4

3

· (99− 3) = 130. �

5. � ­ ¢ë¯ãª«ë© ç¥âëà¥åã£®«ì­¨ª ABCD, ¢ ª®â®à®¬ AB = AD ¨ CB = CD. �¨áá¥ªâà¨á  ã£«  BDC

¯¥à¥á¥ª ¥â áâ®à®­ã BC ¢ â®çª¥ L,   ®âà¥§®ª AL ¯¥à¥á¥ª ¥â ¤¨ £®­ «ì BD ¢ â®çª¥ M . �ª § «®áì,

çâ® BL = BM . �¥¬ã à ¢­® ¢ëà �¥­¨¥ 2∠BAD + 3∠BCD?

�â¢¥â: 540

◦
.

O

A

B

C

D

L

M

�¥è¥­¨¥. Ǳãáâì α = ∠BAD, β = ∠BCD, O | â®çª  ¯¥à¥á¥ç¥­¨ï AC ¨ DL. �à¥ã£®«ì­¨ª¨ ABC ¨

ADC à ¢­ë, ®âªã¤  ∠BCA = ∠DCA. �®£¤  CA | ¡¨áá¥ªâà¨á  âà¥ã£®«ì­¨ª  BCD ¨, §­ ç¨â, O | â®çª 



¯¥à¥á¥ç¥­¨ï ¡¨áá¥ªâà¨á âà¥ã£®«ì­¨ª  BCD. Ǳ®íâ®¬ã BO | ¡¨áá¥ªâà¨á  ã£«  DBC, ¨ ¨§ à ¢­®¡¥¤à¥­-

­®áâ¨ âà¥ã£®«ì­¨ª  BCD ¢ëâ¥ª ¥â à ¢¥­áâ¢® ∠DBO = ∠OBC = ∠CDO = ∠BDO. � ª ª ª âà¥ã£®«ì­¨ª

LBM à ¢­®¡¥¤à¥­­ë©, ¬ë ¯®«ãç ¥¬ BO ⊥ AL, ®âªã¤ 

∠CAL = 90

◦ − ∠AOB = ∠OBD = ∠CDL.

Ǳ®íâ®¬ã ç¥âëà¥åã£®«ì­¨ª ALCD | ¢¯¨á ­­ë©. � ¬¥â¨¬, çâ® ∠ADB = 90

◦ − α
2

¨ ∠BDL =

1

2

(

90

◦ − β
2

)

.

�®£¤ 

∠ACL = ∠ADL = ∠ADB + ∠BDL ⇐⇒ β
2

= 135

◦ − α
2

− β
4

⇐⇒ α
2

+

3β
4

= 135

◦ ⇐⇒ 2α+ 3β = 540

◦. �

6. �®«®¢ª  è¢¥©æ àáª®£® áëà  áä¥à¨ç¥áª®© ä®à¬ë ¨¬¥¥â ¤ëàª¨ ¢ ¢¨¤¥ ­¥ ­ «¥£ îé¨å ¤àã£ ­  ¤àã£  è à®¢

à ¤¨ãá®¢ 1; 2,7; . . . ; 2,7n ¬¬. � ©¤¨â¥ ¬¨­¨¬ «ì­® ¢®§¬®�­ë© à ¤¨ãá £®«®¢ª¨.

�â¢¥â: 3,7 · 2,7n−1

¬¬.

O1O2

O3
A

B
C

r2
r1

�¥è¥­¨¥. Ǳãáâì è àë á æ¥­âà ¬¨ O
1

, O
2

, O
3

¨ à ¤¨ãá ¬¨ r
1

, r
2

, r
3

ª á îâáï ¤àã£ ¤àã£  ¨ ª®­ãá  (­ 

à¨áã­ª¥ ¯®ª § ­® á¥ç¥­¨¥, ¯à®å®¤ïé¥¥ ç¥à¥§ æ¥­âàë è à®¢). � ¬¥â¨¬, çâ®

AC2

+ (r
1

− r
2

)

2

= (r
1

+ r
2

)

2 ⇐⇒ AC = 2

√
r
1

r
2

.

�­ «®£¨ç­® AB = 2

√
r
2

r
3

¨ BC = 2

√
r
1

r
3

. � ª ª ª â®çª¨ A,B,C «¥� â ­  ®¤­®© ¯àï¬®©, ¬ë ¯®«ãç ¥¬

AC = AB +BC ⇐⇒ 2

√
r
1

r
2

= 2

√
r
2

r
3

+ 2

√
r
1

r
3

⇐⇒ 1√
r
3

=

1√
r
1

+

1√
r
2

.

� á«ãç ¥ r
1

= 2,7k+2

¨ r
2

= 2,7k+1

1√
r
1

+

1√
r
2

=

1

(√
2,7
)k+2

(
√

2,7 + 1

)

<
2,7

(√
2,7
)k+2

=

1

(√
2,7
)k

.

Ǳãáâì è àë à ¤¨ãá®¢ r
1

¨ r
2

á®¤¥à� âáï ¢ £®«®¢ª¥. �®£¤  è à à ¤¨ãá  2,7k ¬®�­® ¯®¬¥áâ¨âì ¬¥�¤ã íâ¨¬¨

è à ¬¨ ¢­ãâà¨ ª®­ãá  ¨, â¥¬ ¡®«¥¥, ¢­ãâà¨ £®«®¢ª¨ ¢¢¨¤ã ¥¥ ¢ë¯ãª«®áâ¨. Ǳ® ¨­¤ãªæ¨¨ ¯®«ãç ¥âáï, çâ®

¥á«¨ ¤¢  á ¬ëå ¡®«ìè¨å è à  «¥� â ¢­ãâà¨ £®«®¢ª¨, â® âã¤  ¬®�­® ¯®¬¥áâ¨âì ¨ ¢á¥ ®áâ «ì­ë¥. Ǳ®íâ®¬ã

¬¨­¨¬ «ì­ë© à ¤¨ãá £®«®¢ª¨ ­ ¤® ¢ë¡à âì à ¢­ë¬ 2,7n + 2,7n−1

. �



� à¨ ­â 4

1. Ǳãáâì ¢¥à­® à ¢¥­áâ¢® ����� = 55 · ����, £¤¥ an . . . a1 ®§­ ç ¥â ¤¥áïâ¨ç­ãî § ¯¨áì n-§­ ç­®£®

ç¨á«  á æ¨äà ¬¨ an, . . . , a1,   à §­ë¬ ¡ãª¢ ¬ á®®â¢¥âáâ¢ãîâ à §­ë¥ æ¨äàë. � ©¤¨â¥ ����� ¨

����.

�â¢¥â: 58 190 = 55 · 1058.
�¥è¥­¨¥. �á­®, çâ® � = 1, ¨­ ç¥ ç¨á«® 55 · ���� ®ª �¥âáï è¥áâ¨§­ ç­ë¬. �à®¬¥ â®£®, ®áâ âª¨ ®â

¤¥«¥­¨ï ­  9 ç¨á¥« �+�+�+� ¨ �+�+�+�+� ®¤¨­ ª®¢ë, ®âªã¤  � ªà â­® 9. � áá¬®âà¨¬ ¤¢ 

á«ãç ï.

1) � = 0. � ª ª ª ¯¥à¥­®á ¨§ ¬« ¤è¥£® à §àï¤  ¬¥­ìè¥ 5, ®­ ¡ã¤¥â à ¢¥­ ­ã«î. �® ¢ íâ®¬ á«ãç ¥

æ¨äà  � à ¢­  0 ¨«¨ 1, â® ¥áâì ®­  á®¢¯ ¤ ¥â á � ¨«¨ �, çâ® ­¥¢®§¬®�­®.

2) � = 9. �®£¤  æ¨äà  � ­¥ç¥â­ ,   ¯¥à¥­®á ¨§ ¬« ¤è¥£® à §àï¤  à ¢¥­ 4, ®âªã¤  æ¨äà  � à ¢­  8,  

æ¨äà  � à ¢­  0. � ª ª ª æ¨äà  � ­¥ ¬¥­ìè¥ 5, ¤®¯ãáâ¨¬ë¥ ¢ à¨ ­âë ¤«ï ­¥¥ | 5 ¨ 7. �¥¯®áà¥¤áâ¢¥­­®

¯à®¢¥àï¥âáï, çâ® ¯®¤å®¤¨â â®«ìª® � = 5. �

2. � ¤¢ãåªàã£®¢®¬ âãà­¨à¥ ¯® ¡ ¤¬¨­â®­ã ãç áâ¢®¢ «® 25 èª®«ì­¨ª®¢. Ǳ® ®ª®­ç ­¨¨ âãà­¨à  ¢ëïá-

­¨«®áì, çâ® ª �¤ë© ¬ «ìç¨ª ­ ¡à « à®¢­® ¯®«®¢¨­ã á¢®¨å ®çª®¢ ¢ ¯ àâ¨ïå á ¤¥¢®çª ¬¨,   ¤¥¢®çª¨ ¢

áã¬¬¥ ­ ¡à «¨ 360 ®çª®¢. �ª®«ìª® ¤¥¢®ç¥ª ãç áâ¢®¢ «® ¢ âãà­¨à¥? (�  ¯®¡¥¤ã ¢ ¡ ¤¬¨­â®­¥ ¤ ¥âáï

¤¢  ®çª , §  ¯®à �¥­¨¥ | ­®«ì,   ­¨çì¨å ­¥ ¡ë¢ ¥â).

�â¢¥â: 10.

�¥è¥­¨¥. Ǳãáâì ¬ «ìç¨ª®¢ ¡ë«® k. Ǳ®áç¨â ¥¬ ¤¢ã¬ï á¯®á®¡ ¬¨, áª®«ìª® ¢á¥£® ¡ë«® ­ ¡à ­® ®çª®¢

¢ âãà­¨à¥. � ®¤­®© áâ®à®­ë, ¢ ­¥¬ ¡ë«® áë£à ­® 25 · 24 = 600 ¯ àâ¨© ¨, §­ ç¨â, à §ë£à ­® 1 200 ®çª®¢.

Ǳ®áª®«ìªã ª �¤ë© ¬ «ìç¨ª ¢ ¨£à å á ¤¥¢®çª ¬¨ ­ ¡à « à®¢­® ¯®«®¢¨­ã á¢®¨å ®çª®¢, â® ¢â®àãî ¯®-

«®¢¨­ã ®­ ­ ¡à « ¢ ¨£à å á ¬ «ìç¨ª ¬¨. Ǳ®íâ®¬ã ¨ ¢á¥ ¬ «ìç¨ª¨ ¢¬¥áâ¥ ­ ¡à «¨ à®¢­® ¯®«®¢¨­ã á¢®¨å

®çª®¢ ¢ ¨£à å á ¬ «ìç¨ª ¬¨. �¥�¤ã á®¡®© ®­¨ áë£à «¨ k(k−1) ¯ àâ¨© ¨ ¢ ¯ àâ¨ïå ¤àã£ á ¤àã£®¬ ­ ¡à «¨

¢ áã¬¬¥ 2k(k − 1) ®çª®¢. �«¥¤®¢ â¥«ì­®, ¢ ®¡é¥© á«®�­®áâ¨ ®­¨ ­ ¡à «¨ 4k(k − 1) ®çª®¢. �­ ç¨â ¢á¥

ãç áâ­¨ª¨ ¢¬¥áâ¥ ­ ¡à «¨ 4n(n− 1) + 360 ®çª®¢. � ª¨¬ ®¡à §®¬, ¬ë ¯®«ãç ¥¬ à ¢¥­áâ¢®

1 200 = 4n(n− 1) + 360,

ª®â®à®¥ ¯®á«¥ ¯à¥®¡à §®¢ ­¨© á¢®¤¨âáï ª ª¢ ¤à â­®¬ã ãà ¢­¥­¨î n2 −n− 210 = 0. �â® ãà ¢­¥­¨¥ ¨¬¥¥â

à¥è¥­¨ï n = 15 ¨ n = −14. �â®à®¥ à¥è¥­¨¥, ®ç¥¢¨¤­®, ­¥ ¯®¤å®¤¨â. �«¥¤®¢ â¥«ì­®, ¬ «ìç¨ª®¢ ¡ë«® 15,
  ¤¥¢®ç¥ª | 10. �

3. � ©¤¨â¥ ­ ¨¬¥­ìè¥¥ §­ ç¥­¨¥ ¢ëà �¥­¨ï

(

√

1 + 4x8 − 2y2 + 3

)

2

+

(

√

1 + 4y8 − 2x2 + 3

)

2

.

�â¢¥â: 18.

�¥è¥­¨¥. Ǳ®«®�¨¬ f(t) =
√
1 + 4t8, g(t) = 2t2−3, A =

(

f(x), g(x)
)

, B =

(

g(y), f(y)
)

. � ¬ ­¥®¡å®¤¨¬®

¬¨­¨¬¨§¨à®¢ âì AB2

. � á¨«ã ­¥à ¢¥­áâ¢  �®è¨ ® áà¥¤­¨å

f(t)− g(t) =
√

1 + 4t8 − 2t2 + 3 >

√

2

√
4t8 − 2t2 + 3 = 3,

¯à¨ç¥¬ ¢ á«ãç ¥ t4 = 1

2

à¥ «¨§ã¥âáï à ¢¥­áâ¢®. �âáî¤  ¢ëâ¥ª ¥â ¤¢  á«¥¤áâ¢¨ï.

1) �®çª¨ A ¨ B «¥� â ¯® à §­ë¥ áâ®à®­ë ®â ¡¨áá¥ªâà¨áë ℓ ¯¥à¢®£® ¨ âà¥âì¥£® ª¢ ¤à ­â®¢. �®£¤  AB

­¥ ¬¥­ìè¥ áã¬¬ë à ááâ®ï­¨© ®â A ¨ B ¤® ℓ,   ¯à¨ y = x à¥ «¨§ã¥âáï à ¢¥­áâ¢® ¢¢¨¤ã á¨¬¬¥âà¨¨ A ¨ B

®â­®á¨â¥«ì­® ℓ.

2) Ǳ®áª®«ìªã à ááâ®ï­¨¥ ®â A ¤® ℓ ¥áâì
f(x)−g(x)

√
2

, ¥£® ¬¨­¨¬ «ì­®¥ §­ ç¥­¨¥ à ¢­®

3√
2

, ª ª ¨ à ááâ®ï­¨ï

®â B ¤® ℓ. Ǳ®íâ®¬ã ¬¨­¨¬ã¬ AB2

à ¢¥­

(

6√
2

)

2

= 18. �

4. � â ¡«¨æ¥ 60 × 60 à ááâ ¢«¥­ë æ¥«ë¥ ç¨á«  â ª, çâ® ¢ ª �¤®© áâà®ª¥ ¨ ¢ ª �¤®¬ áâ®«¡æ¥ ç¨á« 

¨¤ãâ ¢ áâà®£® ¢®§à áâ îé¥¬ ¯®àï¤ª¥. �§¢¥áâ­®, çâ® ¢ «î¡®© £®à¨§®­â «ì­®© ¨«¨ ¢¥àâ¨ª «ì­®©



¯®«®áª¥ 1× 3 áã¬¬  ç¨á¥« ­¥ç¥â­ . � ª®¢  ­ ¨¬¥­ìè ï à §­®áâì ç¨á¥«, áâ®ïé¨å ¢ ¯à ¢®¬ ­¨�­¥¬

ã£«ã ¨ «¥¢®¬ ¢¥àå­¥¬ ã£«ã?

�â¢¥â: 157.

�¥è¥­¨¥. � ¬¥â¨¬, çâ® ¢ â ¡«¨æ¥ ç¨á«  k, k + 1, k + 2, k + 3 ­¥ ¬®£ãâ ¨¤â¨ ¯®¤àï¤. �¥©áâ¢¨â¥«ì­®,

áã¬¬  ¯¥à¢ëå âà¥å ¨§ ­¨å à ¢­  3k+3,   ¯®á«¥¤­¨å âà¥å | 3k+6. �â¨ áã¬¬ë à §­®© ç¥â­®áâ¨, ¯®íâ®¬ã

®¤­  ¨§ ­¨å ç¥â­ , ç¥£® ¯® ãá«®¢¨î ¡ëâì ­¥ ¬®�¥â. �«¥¤®¢ â¥«ì­®, ¥á«¨ ç¨á«  a, b, c, d ¨¤ãâ ¢ áâà®ª¥

¨«¨ áâ®«¡æ¥ ¯®¤àï¤, â® d− a > 4.

Ǳãáâì ¢ «¥¢®¬ ¢¥àå­¥¬ ã£«ã áâ®¨â 0. � ¬¥â¨¬, çâ® âà¥âì¥ ç¨á«® ¢® ¢â®à®© áâà®ª¥ ­¥ ¬¥­ìè¥ 4. �¥©áâ¢¨-

â¥«ì­®, ®­® ­¥ ¬¥­ìè¥ 3, ¯®áª®«ìªã ¯¥à¢®¥ ç¨á«® ¢â®à®© áâà®ª¨ ª ª ¬¨­¨¬ã¬ 1. �á«¨ ¡ë ®­® à ¢­ï«®áì 3,

¢â®à ï áâà®ª  ­ ç¨­ « áì ¡ë æ¨äà ¬¨ 1, 2, 3, çâ® ­¥¢®§¬®�­® ¢¢¨¤ã ç¥â­®áâ¨ ¨å áã¬¬ë. �®£¤  ¯®á«¥¤­¥¥

ç¨á«® ¢â®à®© áâà®ª¨ (¨ ®­® �¥ | ¢â®à®¥ ç¨á«® ¯®á«¥¤­¥£® áâ®«¡æ ) ­¥ ¬¥­ìè¥, ç¥¬ 4+

4

3

·57 = 80. �âáî¤ 

âà¥âì¥ ç¨á«® ¯®á«¥¤­¥£® áâ®«¡æ  ­¥ ¬¥­ìè¥ 81,   ¯®á«¥¤­¥¥ | ¯® ªà ©­¥© ¬¥à¥ 81 + 4 · 19 = 157. �â «®

¡ëâì, ¨­â¥à¥áãîé ï ­ á à §­®áâì ­¥ ¬¥­ìè¥ 157.

Ǳ®ª �¥¬, çâ® à §­®áâì 157 ¢®§¬®�­ . � ááâ ¢¨¬ ¢ è ¡«®­¥ ç¨á«  á«¥¤ãîé¥¬ ®¡à §®¬:

0 1 2 4 5 6 8 9 10

. . .

� ¯¥à¢®© áâà®ª¥ â ¡«¨æë à §¬¥áâ¨¬ ¯¥à¢ë¥ 60 ç¨á¥« è ¡«®­ , ¢® ¢â®à®© | ç¨á«  á® ¢â®à®£® ¯® 61-¥,

¢ âà¥âì¥© | á âà¥âì¥£® ¯® 62-¥, ¨ â ª ¤ «¥¥. � ¬¥â¨¬, çâ® ª �¤ ï á«¥¤ãîé ï áâà®ª  â ¡«¨æë | á¤¢¨£

¯à¥¤ë¤ãé¥© ¢«¥¢® ­  ®¤­ã ¯®§¨æ¨î. Ǳ®íâ®¬ã ãª § ­­ ï â ¡«¨æ  ã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨,   ®â¢¥-

â®¬ ï¢«ï¥âáï à §­®áâì ¬¥�¤ã 119-¬ ¨ ¯¥à¢ë¬ ç¨á« ¬¨ è ¡«®­ , ª®â®à ï à ¢­  1+

4

3

· (119− 2) = 157. �

5. � ¢ë¯ãª«®¬ ç¥âëà¥åã£®«ì­¨ª¥ ABCD áâ®à®­ë CB ¨ CD à ¢­ë. �¨áá¥ªâà¨á  ã£«  BDC ¯¥à¥á¥ª -

¥â áâ®à®­ã BC ¢ â®çª¥ L,   ®âà¥§®ª AL ¯¥à¥á¥ª ¥â ¤¨ £®­ «ì BD ¢ â®çª¥ M . �ª § «®áì, çâ®

BM = ML ¨ ∠CML = ∠BAL. �¥¬ã à ¢­® ¢ëà �¥­¨¥ 4∠BAD + 3∠BCD?

�â¢¥â: 540

◦
.

ϕ 2ϕ
M

A

B

C

D

L

�¥è¥­¨¥. Ǳ®«®�¨¬ α = ∠BAD, β = ∠BCD ¨ ϕ = ∠LDC. �®£¤  ∠MLB = ∠CBD = ∠CDB = 2ϕ ¨

β = ∠BCD = 180

◦ − 4ϕ. � ¬¥â¨¬, çâ®

∠DCL+ ∠DML = (180

◦ − 4ϕ) + 4ϕ = 180

◦,

â® ¥áâì ç¥âëà¥åã£®«ì­¨ª CLMD ¢¯¨á ­­ë©. �âáî¤ , á ãç¥â®¬ ãá«®¢¨ï § ¤ ç¨,

∠BDL = ∠LDC = ∠CML = ∠BAL,

¯®íâ®¬ã ç¥âëà¥åã£®«ì­¨ª ABLD â®�¥ ¢¯¨á ­­ë©. �®£¤ 

∠DBL = ∠DAL ⇐⇒ 2ϕ = α− ∠BAL = α− ϕ ⇐⇒ α = 3ϕ,

¨ ¬ë ¯®«ãç ¥¬ 4α+ 3β = 12ϕ+ 3 (180

◦ − 4ϕ) = 540

◦
. �

6. �®«®¢ª  è¢¥©æ àáª®£® áëà  áä¥à¨ç¥áª®© ä®à¬ë ¨¬¥¥â ¤ëàª¨ ¢ ¢¨¤¥ ­¥ ­ «¥£ îé¨å ¤àã£ ­  ¤àã£  è à®¢

à ¤¨ãá®¢ 2; 0,6; . . . ; 2 · 0,3n á¬. � ©¤¨â¥ ¬¨­¨¬ «ì­® ¢®§¬®�­ë© ®¡ê¥¬ £®«®¢ª¨.



�â¢¥â:

70,304π
3

á¬

3

.

O1O2

O3
A

B
C

r2
r1

�¥è¥­¨¥. Ǳãáâì è àë á æ¥­âà ¬¨ O
1

, O
2

, O
3

¨ à ¤¨ãá ¬¨ r
1

, r
2

, r
3

ª á îâáï ¤àã£ ¤àã£  ¨ ª®­ãá  (­ 

à¨áã­ª¥ ¯®ª § ­® á¥ç¥­¨¥, ¯à®å®¤ïé¥¥ ç¥à¥§ æ¥­âàë è à®¢). � ¬¥â¨¬, çâ®

AC2

+ (r
1

− r
2

)

2

= (r
1

+ r
2

)

2 ⇐⇒ AC = 2

√
r
1

r
2

.

�­ «®£¨ç­® AB = 2

√
r
2

r
3

¨ BC = 2

√
r
1

r
3

. � ª ª ª â®çª¨ A,B,C «¥� â ­  ®¤­®© ¯àï¬®©, ¬ë ¯®«ãç ¥¬

AC = AB +BC ⇐⇒ 2

√
r
1

r
2

= 2

√
r
2

r
3

+ 2

√
r
1

r
3

⇐⇒ 1√
r
3

=

1√
r
1

+

1√
r
2

.

� á«ãç ¥ r
1

= 2 · 0,3k ¨ r
2

= 2 · 0,3k+1

1√
r
1

+

1√
r
2

=

1

√
2 ·
(√

0,3
)k+2

(

0,3 +
√

0,3
)

<
1

√

2 · 0,3k+2

.

Ǳãáâì è àë à ¤¨ãá®¢ r
1

¨ r
2

á®¤¥à� âáï ¢ £®«®¢ª¥. �®£¤  è à à ¤¨ãá  2 · 0,3k+2

¬®�­® ¯®¬¥áâ¨âì

¬¥�¤ã íâ¨¬¨ è à ¬¨ ¢­ãâà¨ ª®­ãá  ¨, â¥¬ ¡®«¥¥, ¢­ãâà¨ £®«®¢ª¨ ¢¢¨¤ã ¥¥ ¢ë¯ãª«®áâ¨. Ǳ® ¨­¤ãªæ¨¨

¯®«ãç ¥âáï, çâ® ¥á«¨ ¤¢  á ¬ëå ¡®«ìè¨å è à  «¥� â ¢­ãâà¨ £®«®¢ª¨, â® âã¤  ¬®�­® ¯®¬¥áâ¨âì ¨ ¢á¥

®áâ «ì­ë¥. Ǳ®íâ®¬ã ¬¨­¨¬ «ì­® ¢®§¬®�­ë© à ¤¨ãá £®«®¢ª¨ à ¢¥­ 2 + 0,6 = 2,6 á¬,   ¥¥ ®¡ê¥¬ ¡ã¤¥â

4π
3

· 2,63 = 70,304π
3

á¬

3

. �



� à¨ ­â 5

1. � ©¤¨â¥ ¢á¥ á¥¬¨§­ ç­ë¥ ª¢ ¤à âë ­ âãà «ì­ëå ç¨á¥«, á®¤¥à� é¨¥ ¢ ¤¥áïâ¨ç­®© § ¯¨á¨ â®«ìª®

æ¨äàë 0 ¨ 1.

�â¢¥â: 1 000 000.

�¥è¥­¨¥ 1. Ǳãáâì ¨áª®¬®¥ ç¨á«® à ¢­® n2. � ª ª ª

1000

2

= 1000 000 6 n2 6 1 111 111< 1 210 000 = 1100

2,

ç¨á«® n «¥�¨â ¬¥�¤ã 1000 ¨ 1099. Ǳ®íâ®¬ã ¤¥áïâ¨ç­ ï § ¯¨áì n ¨¬¥¥â ¢¨¤ 10a0, 10a1 ¨«¨ 10a9, £¤¥

a ∈ {0, 1, . . . , 9}. � áá¬®âà¨¬ íâ¨ á«ãç ¨.

1) Ǳãáâì 10a0. �®£¤  a ¬®�¥â ¯à¨­¨¬ âì §­ ç¥­¨ï 0, 1 ¨«¨ 9. Ǳ¥à¢ë© á«ãç © ¯®¤å®¤¨â,   ¤¢  ¤àã£¨å |

­¥â, ¯®áª®«ìªã 1010

2

= 1020 100 ¨ 1090

2

= 1188 100.

2) �á«¨ 10a1, â® n2 = (1001 + 10a)2 = 1002 001 + 20 020a+ 100a2. �â®à ï á¯à ¢  æ¨äà  (ª®«¨ç¥áâ¢®

¤¥áïâª®¢) ¥áâì ®áâ â®ª ®â ¤¥«¥­¨ï 2a ­  10, ª®â®àë© ç¥â¥­. Ǳ®íâ®¬ã íâ  æ¨äà  à ¢­  0, ®âªã¤  a = 0 ¨«¨

a = 5. �¡  á«ãç ï ­¥ ¯®¤å®¤ïâ, ¯®áª®«ìªã 1001

2

= 1002 001,   1051

2

= 1104 601.

3) �á«¨ 10a9, â® n2 = (1009 + 10a)2 = 1018 081 + 20 180a+ 100a2. �â®à ï á¯à ¢  æ¨äà  (ª®«¨ç¥áâ¢®

¤¥áïâª®¢) ¥áâì ®áâ â®ª ®â ¤¥«¥­¨ï 8a + 8 ­  10, ª®â®àë© ç¥â¥­. Ǳ®íâ®¬ã íâ  æ¨äà  à ¢­  0, ®âªã¤ 

a + 1 ªà â­® 5, â® ¥áâì a à ¢­® 4 ¨«¨ 9. �â¨ á«ãç ¨ â ª�¥ ­¥ ¯®¤å®¤ïâ, ¯®áª®«ìªã 1049

2

= 1100 401,  

1099

2

= 1207 801. �

�¥è¥­¨¥ 2. �áª®¬®¥ ç¨á«® ¨¬¥¥â ¢¨¤ 10

2l · n2, £¤¥ l | ­¥®âà¨æ â¥«ì­®¥ æ¥«®¥ ç¨á«®,   n2 ­ ç¨­ ¥âáï

¨ § ª ­ç¨¢ ¥âáï ­  1. �á­®, çâ® ¯®¤å®¤ïâ l = 3 ¨ n = 1. Ǳ®ª �¥¬, çâ® á«ãç © n > 1 ­¥¢®§¬®�¥­. � ª

ª ª n2 − 1 ªà â­® 10, ç¨á«  n± 1 ç¥â­ë ¨ à®¢­® ®¤­® ¨§ ­¨å ¤¥«¨âáï ­  5. Ǳ®íâ®¬ã

n = 10 · 5m k ± 1 ¨ n2 = 100 · 52m k2 ± 20 · 5m k + 1,

£¤¥ m | ­¥®âà¨æ â¥«ì­®¥ æ¥«®¥ ç¨á«®, k | ­ âãà «ì­®¥ ç¨á«®, ­¥ ªà â­®¥ 5. � áá¬®âà¨¬ ­¥áª®«ìª®

á«ãç ¥¢.

1) m = 0. �®£¤  ¢â®à ï æ¨äà  n2 à ¢­  ®áâ âªã ®â ¤¥«¥­¨ï 2k ­  10, ª®â®àë© ç¥â¥­. Ǳ®íâ®¬ã 2k

ªà â­® 10, â® ¥áâì k ¤¥«¨âáï ­  5, çâ® ­¥¢®§¬®�­®.

2) m = 1. �®£¤  n2 = 100 (25k2 ± k) + 1, ¨ âà¥âìï æ¨äà  n2 à ¢­  ®áâ âªã ®â ¤¥«¥­¨ï 25k2 ± k ­  10,

ª®â®àë© ç¥â¥­ ¯à¨ «î¡®¬ k. Ǳ®íâ®¬ã 25k2 ± k ªà â­® 10, ®âªã¤  k ¤¥«¨âáï ­  5, çâ® ­¥¢®§¬®�­®.

3) m > 2. �®£¤  n2 = 500k (125k ± 1) + 1, £¤¥ k | ­ âãà «ì­®¥ ç¨á«®. � ¬¥â¨¬, çâ® ç¨á«® 10

2l · n2
«¥�¨â ¢ ¨­â¥à¢ «¥ ®â 1 000 000 ¤® 1 200 000, ¯®áª®«ìªã ®­® á¥¬¨§­ ç­®¥ ¨ á®¤¥à�¨â â®«ìª® æ¨äàë 0 ¨ 1.

�âáî¤ 

1 200 000> 10

2l · n2 > 10

2l
(500 · 124 + 1) = 10

2l · 62 001 > 10

2l · 12 000,
â® ¥áâì 10

2l < 100 ¨ l = 0. Ǳ®íâ®¬ã ç¨á«® n2 ¤®«�­® «¥� âì ¬¥�¤ã 1 000 000 ¨ 1 200 000. �â® ¢®§¬®�-

­® «¨èì ¢ á«ãç ¥, ª®£¤  k = 4,   ¢ ¢ëà �¥­¨¨ ¤«ï n2 | ¯«îá. �ë ¯®«ãç¨¬ n2 = 1002 001, çâ® ­¥

ã¤®¢«¥â¢®àï¥â ãá«®¢¨î. �

�¥è¥­¨¥ 3. �áª®¬®¥ ç¨á«® ¨¬¥¥â ¢¨¤ 10

2m n2, £¤¥ n | ­¥ç¥â­®¥ ­ âãà «ì­®¥ ç¨á«®,   ¢á¥ æ¨äàë n2

à ¢­ë 0 ¨«¨ 1. � ¬¥â¨¬ á«¥¤ãîé¥¥.

1) n2 ®ª ­ç¨¢ ¥âáï ­  001. �¥©áâ¢¨â¥«ì­®, ¥á«¨ n = 2k−1, â® n2 = 4k(k−1)+1 ≡ 1 (mod 8). � ¤àã£®©

áâ®à®­ë, ¯ãáâì n2 ®ª ­ç¨¢ ¥âáï ­  ab1. �®£¤  n2 ≡ ab1 ≡ 4a+ 2b+ 1 (mod 8). � ª ª ª a ¨ b ¯à¨­¨¬ îâ

§­ ç¥­¨ï 0 ¨«¨ 1, íâ® ¢®§¬®�­® «¨èì ¢ á«ãç ¥ a = b = 0.

2) �¨á«® ¥¤¨­¨æ ¢ ¤¥áïâ¨ç­®© § ¯¨á¨ n2 à ¢­® 1 ¨«¨ 4. �¥©áâ¢¨â¥«ì­®, ¯ãáâì r | ®áâ â®ª ®â ¤¥«¥­¨ï

n2 ­  9. �®«¨ç¥áâ¢® ¥¤¨­¨æ ç¨á«  n2 à ¢­® áã¬¬¥ ¥£® æ¨äà ¨, ¯®áª®«ìªã ®­  ­¥ ¡®«ìè¥ 7, ®áâ âªã ®â

¤¥«¥­¨ï n2 ­  9,   §­ ç¨â, ¨ ®áâ âªã ®â ¤¥«¥­¨ï r2 ­  9. �áâ âª¨ ¯à¨ ¤¥«¥­¨¨ ­  9 ª¢ ¤à â®¢ ç¨á¥« ®â 0

¤® 8 ¬®£ãâ à ¢­ïâìáï â®«ìª® 0, 1, 4, 7. �® å®âï ¡ë ®¤­  ¥¤¨­¨æ  ¢ § ¯¨á¨ n2 ¯à¨áãâáâ¢ã¥â,   ¢ á¨«ã 1) ¨å

ª®«¨ç¥áâ¢® ­¥ ¯à¥¢®áå®¤¨â 5.

3) �¨á«® m à ¢­® 0 ¨«¨ 3. �¥©áâ¢¨â¥«ì­®, ¥á«¨ m = 3, â® n = 1, çâ® ã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨.

� ¯à®â¨¢­®¬ á«ãç ¥ ç¨á«® n2 á®¤¥à�¨â ¯® ªà ©­¥© ¬¥à¥ ¤¢¥ ¥¤¨­¨æë, ¨ á¨«ã 2) ¨å ª®«¨ç¥áâ¢® à ¢­® 4.

�® ¨§ 1) ¢ëâ¥ª ¥â, çâ® n2 á®¤¥à�¨â â ª�¥ å®âï ¡ë ¤¢  ­ã«ï. �­ ç¨â, ¢ ¤¥áïâ¨ç­®© § ¯¨á¨ n2 ­¥ ¬¥­¥¥ 6

æ¨äà, çâ® ¢®§¬®�­® «¨èì ¯à¨ m = 0.



�§ ¤®ª § ­­®£® á«¥¤ã¥â, çâ® ¨áª®¬®¥ ç¨á«® «¨¡® à ¢­® 1 000 000, «¨¡® ­¥ç¥â­® ¨ á®¤¥à�¨â 4 ¥¤¨­¨æë. �®

¢â®à®¬ á«ãç ¥ ¢ á¨«ã 1) ¤«ï n2 ¥áâì â®«ìª® âà¨ ¢®§¬®�­®áâ¨: 1 101 001, 1 011 001 ¨ 1 110 001. Ǳ¥à¢®¥ ç¨á«®

­¥ ï¢«ï¥âáï â®ç­ë¬ ª¢ ¤à â®¬, ¯®áª®«ìªã ®­® ¤¥«¨âáï ­  11, ­® ­¥ ¤¥«¨âáï ­  121. �¢  ¤àã£¨å ç¨á« 

¤ îâ ¯à¨ ¤¥«¥­¨¨ ­  11 ®áâ â®ª 2. �­¨ â ª�¥ ­¥ ¯®¤å®¤ïâ, ¯®áª®«ìªã ®áâ âª¨ ª¢ ¤à â®¢ ­ âãà «ì­ëå

ç¨á¥« ®â ¤¥«¥­¨ï ­  11 «¥� â ¢ ¬­®�¥áâ¢¥ {0, 1, 3, 4, 5, 9}. �

2. � ®¤­®ªàã£®¢®¬ è å¬ â­®¬ âãà­¨à¥ ãç áâ¢®¢ «® 16 ¨£à®ª®¢. � §®¢¥¬ è å¬ â¨áâ  ãá¯¥è­® ¢ëáâã-

¯¨¢è¨¬, ¥á«¨ ®­ ­ ¡à « ¡®«¥¥ 80% ®â ¬ ªá¨¬ «ì­® ¢®§¬®�­®£® ª®«¨ç¥áâ¢  ®çª®¢. � ª®¥ ­ ¨¡®«ìè¥¥

ç¨á«® ãá¯¥è­® ¢ëáâã¯¨¢è¨å ãç áâ­¨ª®¢ ¬®£«® ¡ëâì ¢ âãà­¨à¥? (�  ¯®¡¥¤ã ¢ è å¬ â å ¤ îâ 1

®çª®, §  ­¨çìî | ¯®«-®çª , §  ¯®à �¥­¨¥ | 0).

�â¢¥â: 6.

�¥è¥­¨¥. Ǳãáâì ¢ âãà­¨à¥ ¡ë«® k ãá¯¥è­® ¢ëáâã¯¨¢è¨å ãç áâ­¨ª®¢. �®£¤  ª �¤ë© ¨§ ­¨å ­ ¡à «

¡®«¥¥

4

5

· 15 = 12 ®çª®¢, â® ¥áâì ­¥ ¬¥­¥¥

25

2

®çª®¢,   ¢á¥ ®­¨ ¢¬¥áâ¥ ­ ¡à «¨ ª ª ¬¨­¨¬ã¬

25

2

k ®çª®¢.

�áâ ¢è¨¥áï 16− k è å¬ â¨áâ®¢ áë£à «¨ ¬¥�¤ã á®¡®© 1

2

(16− k)(15− k) ¯ àâ¨© ¨, §­ ç¨â, ¢¬¥áâ¥ ­ ¡à «¨

­¥ ¬¥­¥¥

1

2

(16− k)(15− k) ®çª®¢. � ª¨¬ ®¡à §®¬, ¢¬¥áâ¥ ¢á¥ 16 ãç áâ­¨ª®¢ âãà­¨à  ­ ¡à «¨ ¯® ªà ©­¥©

¬¥à¥

25k
2

+

1

2

(16−k)(15−k) ®çª®¢. �® íâ® ¢ëà �¥­¨¥ ­¥ ¬®�¥â ¡ëâì ¡®«ìè¥, ç¥¬ ®¡é¥¥ ª®«¨ç¥áâ¢® ®çª®¢,

à §ë£àë¢ ¥¬ëå ¢ âãà­¨à¥. �«¥¤®¢ â¥«ì­®,

25k

2

+

(16− k)(15− k)

2

6
1

2

· 16 · 15 = 120.

Ǳ®á«¥ ¯à¥®¡à §®¢ ­¨© ¯®«ãç ¥¬ ª¢ ¤à â­®¥ ­¥à ¢¥­áâ¢® k2 − 6k 6 0, ®âªã¤  k 6 6, â® ¥áâì ¡ë«® ­¥ ¡®«¥¥

è¥áâ¨ ãá¯¥è­® ¢ëáâã¯¨¢è¨å ãç áâ­¨ª®¢.

Ǳ®ª �¥¬, çâ® è¥áâì ãá¯¥è­® ¢ëáâã¯¨¢è¨å è å¬ â¨áâ®¢ ¬®£«® ¡ëâì. �á«¨ 6 ãç áâ­¨ª®¢ áë£à «¨

¬¥�¤ã á®¡®© ¢á¥ ¯ àâ¨¨ ¢­¨çìî,   ã ¢á¥å ®áâ «ì­ëå ¢ë¨£à «¨, â® ã ª �¤®£® ¨§ ­¨å ®ª �¥âáï ¯® 12

1

2

®çª®¢. �®£¤  ¢á¥ ®­¨ ¨ ¡ã¤ãâ ãá¯¥è­® ¢ëáâã¯¨¢è¨¬¨. �

3. � ©¤¨â¥ ­ ¨¬¥­ìè¥¥ §­ ç¥­¨¥ ¯à¨ ¯®«®�¨â¥«ì­ëå a, b, c ¢ëà �¥­¨ï

f(a, b, c) =

√

6a+ 3

b
+

√

12b+ 2

c
+

√

18c+ 6

a
.

�â¢¥â: 6

√
3 ¯à¨ a = 1, b = 1

2

, c = 1

3

.

�¥è¥­¨¥. Ǳ®«®�¨¬ x = a, y = 2b, z = 3c. �á¯®«ì§ãï ­¥à ¢¥­áâ¢  �®è¨, ¬ë ¯®«ãç¨¬

f(a, b, c) =
√
6

(

√

x+ 1

y
+

√

y + 1

z
+

√

z + 1

x

)

>

>
√
12

(

4

√

x
y
+

4

√

y
z
+

4

√

z
x

)

> 3

√
12

12

√

x
y
· y
z
· z
x
= 6

√
3.

�á¥ ­¥à ¢¥­áâ¢  ®¡à é îâáï ¢ à ¢¥­áâ¢  ¯à¨ x = y = z = 1. �

4. � «¥¢®¬ ­¨�­¥¬ ã£«ã ¤®áª¨ 80× 80 áâ®¨â ª®­ì, ª®â®àë© å®¤¨â ¯® è å¬ â­ë¬ ¯à ¢¨« ¬. �  ª ª®¥

­ ¨¬¥­ìè¥¥ ª®«¨ç¥áâ¢® å®¤®¢ ®­ á¬®�¥â ¯¥à¥¬¥áâ¨âìáï ¢ ¯à ¢ë© ¢¥àå­¨© ã£®« ¤®áª¨?

�â¢¥â: 54.

0

1

2

3

4

�¥è¥­¨¥. � áªà á¨¬ ª«¥âª¨ ¤®áª¨ ¢ è å¬ â­®¬ ¯®àï¤ª¥. � ¬¥â¨¬, çâ® §  ª �¤ë© å®¤ áã¬¬  ª®-

®à¤¨­ â ª«¥â®ª ã¢¥«¨ç¨¢ ¥âáï ­¥ ¡®«¥¥ ç¥¬ ­  3. �â®¡ë ¨§ «¥¢®£® ­¨�­¥£® ã£«  ¤®áª¨ ¯¥à¥¬¥áâ¨âìáï ¢

¯à ¢ë© ¢¥àå­¨© ã£®«, ­ã�­® ã¢¥«¨ç¨âì íâã áã¬¬ã ­  2 · 79 = 158. �«¥¤®¢ â¥«ì­®, ¤«ï íâ®£® ¯®âà¥¡ã¥âáï

­¥ ¬¥­¥¥

158

3

= 52

2

3

å®¤®¢. � ¬¥â¨¬, çâ® ¯®á«¥ ª �¤®£® å®¤  æ¢¥â ª«¥âª¨, ­  ª®â®à®© áâ®¨â ª®­ì, ¬¥­ï¥âáï

­  ¯à®â¨¢®¯®«®�­ë©. � ª ª ª ¯à ¢ë© ¢¥àå­¨© ã£®« ¤®áª¨ ¨¬¥¥â â®â �¥ æ¢¥â, çâ® ¨ «¥¢ë© ­¨�­¨©, ­ ¬



¯®âà¥¡ã¥âáï ç¥â­®¥ ç¨á«® å®¤®¢. �¨­¨¬ «ì­®¥ ç¥â­®¥ ç¨á«®, ­¥ ¬¥­ìè¥¥ 52

2

3

, à ¢­® 54. �â «® ¡ëâì,

­ã�­® á¤¥« âì ­¥ ¬¥­ìè¥ 54 å®¤®¢.

Ǳ®ª �¥¬, çâ® §  54 å®¤  ¯à®¤¥« âì ¨áª®¬ë© ¯ãâì ¬®�­®. �  à¨áã­ª¥ ¯®ª § ­®, ª ª §  4 å®¤  ¯®¯ áâì

¨§ «¥¢®£® ­¨�­¥£® ¢ ¯à ¢ë© ¢¥àå­¨© ã£®« ¤®áª¨ 5 × 5. � «¥¥ ­ã�­® á¤¥« âì 25 \£®à¨§®­â «ì­ëå" (â®

¥áâì ¤¢  è £  ¢¯à ¢® ¨ ®¤¨­ ¢¢¥àå) å®¤®¢ ¨ 25 \¢¥àâ¨ª «ì­ëå" (¤¢  è £  ¢¢¥àå ¨ ®¤¨­ ¢¯à ¢®) å®¤®¢.

5. �®çª  H | ®á­®¢ ­¨¥ ¢ëá®âë, ®¯ãé¥­­®© ¨§ ¢¥àè¨­ë A ®áâà®ã£®«ì­®£® âà¥ã£®«ì­¨ª  ABC. � 

®âà¥§ª¥ AH ¢§ïâ  â ª ï â®çª  K, çâ®

AK
CH

=

KH
HB

. �®çª  L ï¢«ï¥âáï ®á­®¢ ­¨¥¬ ¯¥à¯¥­¤¨ªã«ïà ,

®¯ãé¥­­®£® ¨§ â®çª¨ H ­  BK. � ©¤¨â¥ ã£®« ALC.

�â¢¥â: 90

◦
.

A D

CHB

K
L

�¥è¥­¨¥. �®áâà®¨¬ âà¥ã£®«ì­¨ª AHC ¤® ¯àï¬®ã£®«ì­¨ª  AHCD (á¬. à¨áã­®ª). � á¨«ã ãá«®¢¨ï

tg∠ADK =

AK

AD
=

AK

CH
=

KH

HB
= tg∠KBH.

�®£¤  ∠ADK = ∠KBH , ¨ â®çª  K «¥�¨â ­  ®âà¥§ª¥ BD. �¯¨è¥¬ ¢®ªàã£ ¯àï¬®ã£®«ì­¨ª  ABCD

®ªàã�­®áâì. �£®« DLH ¯àï¬®© ¨ ®¯¨à ¥âáï ­  ¤¨ ¬¥âà DH , ¯®íâ®¬ã â®çª  L «¥�¨â ­  ®ªàã�­®áâ¨.

�£®« ALC ®¯¨à ¥âáï ­  ¤¨ ¬¥âà AC íâ®© ®ªàã�­®áâ¨, ¯®íâ®¬ã ®­ â ª�¥ à ¢¥­ 90

◦
. �

6. � ­  æ¨«¨­¤à¨ç¥áª ï ª®à®¡ª  á ¯«®áª®© ªàëèª®©. Ǳ«®é ¤ì ¡®ª®¢®© ¯®¢¥àå­®áâ¨ ª®à®¡ª¨ à ¢­  98π.

�®§¬®�­® «¨ à §¬¥áâ¨âì ¢ â ª®© ª®à®¡ª¥ ¬¥â ««¨ç¥áª¨¥ è àë à ¤¨ãá®¢ 4,

9

4

¨ 1?

�â¢¥â: � .

A B

C D

O1

O2

O3 N

�¥è¥­¨¥. Ǳãáâì è àë á æ¥­âà ¬¨ O
1

, O
2

, O
3

¨ à ¤¨ãá ¬¨ r
1

, r
2

, r
3

¯®¬¥é¥­ë ¢ æ¨«¨­¤à â ª, çâ®¡ë

¥£® ®á¥¢®¥ á¥ç¥­¨¥ ¢ë£«ï¤¥«® ª ª ­  à¨áã­ª¥. �®áâà®¨¬ ®âà¥§®ª O
2

O
3

¤® ¯àï¬®ã£®«ì­®£® âà¥ã£®«ì­¨ª 

O
2

O
3

N á® áâ®à®­ ¬¨, ¯ à ««¥«ì­ë¬¨ áâ®à®­ ¬ ¯àï¬®ã£®«ì­¨ª  ¢ á¥ç¥­¨¨. Ǳ® â¥®à¥¬¥ Ǳ¨ä £®à 

CD2

= O
1

O2

2

− (r
1

− r
2

)

2

= (r
1

+ r
2

)

2 − (r
1

− r
2

)

2

= 4r
1

r
2

,

â® ¥áâì CD = 2

√
r
1

r
2

. �­ «®£¨ç­® ¯®«ãç ¥¬ AB = 2

√
r
1

r
3

. �®£¤ 

O
2

O
3

= r
2

+ r
3

, O
2

N = 2r
1

− (r
2

+ r
3

), O
3

N = CD −AB = 2

√
r
1

r
2

− 2

√
r
1

r
3

= 2

√
r
1

(√
r
2

−√
r
3

)

.



Ǳ® â¥®à¥¬¥ Ǳ¨ä £®à  O
2

O
3

2

= O
2

N2

+O
3

N2

, ®âªã¤ 

(r
2

+ r
3

)

2

= 4r2
1

+ (r
2

+ r
3

)

2 − 4r
1

(r
2

+ r
3

) + 4r
1

(

r
2

+ r
3

− 2

√
r
2

r
3

)

⇐⇒

⇐⇒ 0 = 4r
1

(

r
1

− 2

√
r
2

r
3

)

⇐⇒ r
1

= 2

√
r
2

r
3

⇐⇒ r
3

=

r2
1

4r
2

.

�á«¨ r
1

= 4 ¨ r
2

=

9

4

, â® r
3

=

16

9

> 1, ¯®íâ®¬ã è àë ¨§ ãá«®¢¨ï ¢ â ª®© æ¨«¨­¤à ¯®¬¥áâïâáï. � ¬¥â¨¬, çâ®

íâ®â æ¨«¨­¤à ¨¬¥¥â ¢ëá®âã 8 ¨ à ¤¨ãá

1

2

(

r
1

+ r
2

+ 2

√
r
1

r
2

)

=

49

8

. �­ ç¨â, ¯«®é ¤ì ¡®ª®¢®© ¯®¢¥àå­®áâ¨

æ¨«¨­¤à  à ¢­  2π · 49
8

· 8 = 98π. �



� à¨ ­â 6

1. � ©¤¨â¥ ¢á¥ á¥¬¨§­ ç­ë¥ ª¢ ¤à âë ­ âãà «ì­ëå ç¨á¥«, á®¤¥à� é¨¥ ¢ ¤¥áïâ¨ç­®© § ¯¨á¨ â®«ìª®

æ¨äàë 0 ¨ 4.

�â¢¥â: 4 000 000.

�¥è¥­¨¥ 1. �áª®¬®¥ ç¨á«® ¨¬¥¥â ¢¨¤ 4n2, £¤¥ n | ­ âãà «ì­®¥ ç¨á«®, ¯à¨ç¥¬ ¢á¥ æ¨äàë n2 à ¢­ë

0 ¨«¨ 1. � ¬¥â¨¬, çâ® 4 000 0006 4n2 6 4 444 444, ®âªã¤ 

1000

2

= 1000 000 6 n2 6 1 111 111< 1 210 000 = 1100

2.

�­ ç¨â, ç¨á«® n «¥�¨â ¬¥�¤ã 1000 ¨ 1099. Ǳ®íâ®¬ã ¤¥áïâ¨ç­ ï § ¯¨áì n ¨¬¥¥â ¢¨¤ 10a0, 10a1 ¨«¨ 10a9,

£¤¥ a ∈ {0, 1, . . . , 9}. � áá¬®âà¨¬ íâ¨ á«ãç ¨.

1) Ǳãáâì 10a0. �®£¤  a ¬®�¥â ¯à¨­¨¬ âì §­ ç¥­¨ï 0, 1 ¨«¨ 9. Ǳ¥à¢ë© á«ãç © ¯®¤å®¤¨â,   ¤¢  ¤àã£¨å |

­¥â, ¯®áª®«ìªã 4 · 10102 = 4080 400 ¨ 4 · 10902 = 4752 400.

2) �á«¨ 10a1, â® n2 = (1001 + 10a)2 = 1002 001 + 20 020a+ 100a2. �â®à ï á¯à ¢  æ¨äà  (ª®«¨ç¥áâ¢®

¤¥áïâª®¢) ¥áâì ®áâ â®ª ®â ¤¥«¥­¨ï 2a ­  10, ª®â®àë© ç¥â¥­. Ǳ®íâ®¬ã íâ  æ¨äà  à ¢­  0, ®âªã¤  a = 0 ¨«¨

a = 5. �¡  á«ãç ï ­¥ ¯®¤å®¤ïâ, ¯®áª®«ìªã 4 · 10012 = 4008 004,   4 · 10512 = 4418 404.

3) �á«¨ 10a9, â® n2 = (1009 + 10a)2 = 1018 081 + 20 180a+ 100a2. �â®à ï á¯à ¢  æ¨äà  (ª®«¨ç¥áâ¢®

¤¥áïâª®¢) ¥áâì ®áâ â®ª ®â ¤¥«¥­¨ï 8a+ 8 ­  10, ª®â®àë© ç¥â¥­. Ǳ®íâ®¬ã íâ  æ¨äà  à ¢­  0, ®âªã¤  a+1

ªà â­® 5, â® ¥áâì a à ¢­® 4 ¨«¨ 9. �â¨ á«ãç ¨ â ª�¥ ­¥ ¯®¤å®¤ïâ, ¯®áª®«ìªã 4 · 10492 = 4401 604,  

4 · 10992 = 4831 204. �

�¥è¥­¨¥ 2. �áª®¬®¥ ç¨á«® ¨¬¥¥â ¢¨¤ 4 · 102l ·n2, £¤¥ l | ­¥®âà¨æ â¥«ì­®¥ æ¥«®¥ ç¨á«®,   n2 á®¤¥à�¨â

â®«ìª® æ¨äàë 0 ¨ 1, ¯à¨ç¥¬ ­ ç¨­ ¥âáï ¨ § ª ­ç¨¢ ¥âáï ­  1. �á­®, çâ® ¯®¤å®¤ïâ l = 3 ¨ n = 1. Ǳ®ª �¥¬,

çâ® á«ãç © n > 1 ­¥¢®§¬®�¥­. � ª ª ª n2 − 1 ªà â­® 10, ç¨á«  n± 1 ç¥â­ë ¨ à®¢­® ®¤­® ¨§ ­¨å ¤¥«¨âáï

­  5. Ǳ®íâ®¬ã

n = 10 · 5m k ± 1 ¨ n2 = 100 · 52m k2 ± 20 · 5m k + 1,

£¤¥ m | ­¥®âà¨æ â¥«ì­®¥ æ¥«®¥ ç¨á«®, k | ­ âãà «ì­®¥ ç¨á«®, ­¥ ªà â­®¥ 5. � áá¬®âà¨¬ ­¥áª®«ìª®

á«ãç ¥¢.

1) m = 0. �®£¤  ¢â®à ï æ¨äà  n2 à ¢­  ®áâ âªã ®â ¤¥«¥­¨ï 2k ­  10, ª®â®àë© ç¥â¥­. Ǳ®íâ®¬ã 2k

ªà â­® 10, â® ¥áâì k ¤¥«¨âáï ­  5, çâ® ­¥¢®§¬®�­®.

2) m = 1. �®£¤  n2 = 100 (25k2 ± k) + 1, ¨ âà¥âìï æ¨äà  n2 à ¢­  ®áâ âªã ®â ¤¥«¥­¨ï 25k2 ± k ­  10,

ª®â®àë© ç¥â¥­ ¯à¨ «î¡®¬ k. Ǳ®íâ®¬ã 25k2 ± k ªà â­® 10, ®âªã¤  k ¤¥«¨âáï ­  5, çâ® ­¥¢®§¬®�­®.

3) m > 2. �®£¤  n2 = 500k (125k ± 1) + 1, £¤¥ k | ­ âãà «ì­®¥ ç¨á«®. � ¬¥â¨¬, çâ® ç¨á«® 4 · 102l · n2
«¥�¨â ¢ ¨­â¥à¢ «¥ ®â 4 000 000 ¤® 4 500 000, ¯®áª®«ìªã ®­® á¥¬¨§­ ç­®¥ ¨ á®¤¥à�¨â â®«ìª® æ¨äàë 0 ¨ 4.

�âáî¤ 

4 500 000 > 4 · 102l · n2 > 4 · 102l (500 · 124 + 1) = 4 · 102l · 62 001 > 10

2l · 45 000,
â® ¥áâì 10

2l < 100 ¨ l = 0. Ǳ®íâ®¬ã ç¨á«® n2 ¤®«�­® «¥� âì ¬¥�¤ã 1 000 000 ¨ 1 125 000. �â® ¢®§¬®�­®

«¨èì ¢ á«ãç ¥, ª®£¤  k = 4,   ¢ ¢ëà �¥­¨¨ ¤«ï n2 | ¯«îá. �ë ¯®«ãç¨¬ 4n2 = 4008 004, çâ® ­¥

ã¤®¢«¥â¢®àï¥â ãá«®¢¨î. �

2. � ®¤­®ªàã£®¢®¬ è å¬ â­®¬ âãà­¨à¥ ãç áâ¢®¢ «® 14 ¨£à®ª®¢. Ǳ® ®ª®­ç ­¨¨ âãà­¨à  ®ª § «®áì, çâ®

è å¬ â¨áâë, § ­ï¢è¨¥ âà¨ ¯¥à¢ëå ¬¥áâ , ­ ¡à «¨ ¢ áã¬¬¥ áâ®«ìª® �¥ ®çª®¢, áª®«ìª® ¨ è å-

¬ â¨áâë, § ­ï¢è¨¥ 9 ¯®á«¥¤­¨å ¬¥áâ. � ª®¥ ­ ¨¡®«ìè¥¥ ª®«¨ç¥áâ¢® ¯ àâ¨© ¬®£«® § ¢¥àè¨âìáï

¢­¨çìî? � á«ãç ¥ à ¢¥­áâ¢  ®çª®¢ ¬¥áâ  ®¯à¥¤¥«ï«¨áì �à¥¡¨¥¬. (�  ¯®¡¥¤ã ¢ è å¬ â å ¤ îâ 1

®çª®, §  ­¨çìî | ¯®«-®çª , §  ¯®à �¥­¨¥ | 0).

�â¢¥â: 40.

�¥è¥­¨¥. � å¬ â¨áâë, § ­ï¢è¨¥ ¯¥à¢ë¥ âà¨ ¬¥áâ , ¢ ¨£à å ¬¥�¤ã á®¡®© ­ ¡à «¨ à®¢­® 3 ®çª ,   ¢

®áâ «ì­ëå ¨£à å ­¥ ¡®«¥¥ ç¥¬ 3 · 11. �­ ç¨â, ¢ áã¬¬¥ ã ­¨å ­¥ ¡®«¥¥ 36 ®çª®¢. � å¬ â¨áâë, § ­ï¢è¨¥

¯®á«¥¤­¨¥ 9 ¬¥áâ, áë£à «¨ ¬¥�¤ã á®¡®©

1

2

· 9 · 8 = 36 ¯ àâ¨© ¨, §­ ç¨â, ¢¬¥áâ¥ ­ ¡à «¨ ­¥ ¬¥­¥¥ 36 ®çª®¢.

�â «® ¡ëâì, ®­¨ ­ ¡à «¨ ¢ â®ç­®áâ¨ 36 ®çª®¢ ¨ ¯à®¨£à «¨ ¢á¥¬ è å¬ â¨áâ ¬, § ­ï¢è¨¬ ¬¥áâ  á ¯¥à¢®£®

¯® ¯ïâ®¥,   ¯¥à¢ë¥ âà¨ è å¬ â¨áâ  ¢ë¨£à «¨ ã ¢á¥å è å¬ â¨áâ®¢, ­ ç¨­ ï á ç¥â¢¥àâ®£®. �«¥¤®¢ â¥«ì­®,

à¥§ã«ìâ â¨¢­ëå ¯ àâ¨© ¡ë«® ­¥ ¬¥­¥¥ 5 · 9 + 3 · 2 = 51. �á¥£® �¥ ¡ë«  áë£à ­ 

1

2

· 14 · 13 = 91 ¯ àâ¨ï.



�®«¨ç¥áâ¢® ­¨çì¨å ­¥ ¯à¥¢®áå®¤¨â ç¨á«  ®áâ ¢è¨åáï ¯ àâ¨©, â® ¥áâì 40. Ǳà¥¤¯®«®�¨¬, çâ® ¢á¥ íâ¨

¯ àâ¨¨ § ª®­ç¨«¨áì ¢­¨çìî. �®£¤  ¯¥à¢ë¥ âà¨ è å¬ â¨áâ  ­ ¡à «¨ ¯® 2 · 1
2

+ 11 = 12 ®çª®¢, á«¥¤ãîé¨¥

¤¢  è å¬ â¨áâ  ­ ¡à «¨ ¯®

1

2

+ 9 = 9

1

2

®çª®¢,   ¯®á«¥¤­¨¥ 9 è å¬ â¨áâ®¢ ­ ¡à «¨ ¯® 8 · 1
2

= 4 ®çª , çâ®

ã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨. �

3. � ©¤¨â¥ ­ ¨¬¥­ìè¥¥ §­ ç¥­¨¥ ¯à¨ ¯®«®�¨â¥«ì­ëå a, b, c ¢ëà �¥­¨ï

f(a, b, c) = 3

√

9a+ 27

b
+

3

√

3b+ 81

c
+

3

√

c+ 9

a
.

�â¢¥â: 3

3

√
18 ¯à¨ a = 1, b = 3, c = 9.

�¥è¥­¨¥. Ǳ®«®�¨¬ a = x, b = 3y, c = 9z. �á¯®«ì§ãï ­¥à ¢¥­áâ¢  �®è¨, ¬ë ¯®«ãç¨¬

f(a, b, c) =
3

√
9

(

3

√

x+ 1

y
+

3

√

y + 1

z
+

3

√

z + 1

x

)

>

>
3

√
18

(

6

√

x
y
+

6

√

y
z
+

6

√

z
x

)

> 3

3

√
18

18

√

x
y
· y
z
· z
x
= 3

3

√
18.

�á¥ ­¥à ¢¥­áâ¢  ®¡à é îâáï ¢ à ¢¥­áâ¢  ¯à¨ x = y = z = 1. �

4. � «¥¢®¬ ¢¥àå­¥¬ ã£«ã ¤®áª¨ 75× 75 áâ®¨â ä¨èª . �  ®¤¨­ å®¤ à §à¥è ¥âáï ¯¥à¥¤¢¨­ãâì ä¨èªã ­ 

âà¨ ª«¥âª¨ ¯® £®à¨§®­â «¨ ¨ ­  ®¤­ã ª«¥âªã ¯® ¢¥àâ¨ª «¨ ¨«¨ ­  ®¤­ã ª«¥âªã ¯® £®à¨§®­â «¨ ¨

­  âà¨ ª«¥âª¨ ¯® ¢¥àâ¨ª «¨. �  ª ª®¥ ­ ¨¬¥­ìè¥¥ ª®«¨ç¥áâ¢® å®¤®¢ ä¨èªã ¬®�­® ¯¥à¥¬¥áâ¨âì ¢

¯à ¢ë© ­¨�­¨© ã£®« ¤®áª¨?

�â¢¥â: 38.

�¥è¥­¨¥. Ǳ®¢¥à­¥¬ ¤®áªã ­  90

◦
¨ ¡ã¤¥¬ ¯®¯ ¤ âì ¨§ «¥¢®£® ­¨�­¥£® ã£«  ¢ ¯à ¢ë© ¢¥àå­¨©. � 

ª �¤ë© å®¤ áã¬¬  ª®®à¤¨­ â ª«¥â®ª ã¢¥«¨ç¨¢ ¥âáï ­¥ ¡®«¥¥ ç¥¬ ­  4. �â®¡ë ¨§ «¥¢®£® ­¨�­¥£® ã£« 

¤®áª¨ ¯¥à¥¬¥áâ¨âìáï ¢ ¯à ¢ë© ¢¥àå­¨© ã£®«, ­ã�­® ã¢¥«¨ç¨âì íâã áã¬¬ã ­  2 · 74 = 148. �«ï íâ®£®

¯®âà¥¡ã¥âáï ­¥ ¬¥­¥¥

148

4

= 37 å®¤®¢. � ¬¥â¨¬, çâ® ä¨èª  ¯¥à¥¬¥é ¥âáï â®«ìª® ¯® ª«¥âª ¬, áã¬¬ 

ª®®à¤¨­ â ª®â®àëå ç¥â­ , ¯à¨ç¥¬ ª«¥âª¨, ã ª®â®àëå ®¡¥ ª®®à¤¨­ âë ­¥ç¥â­ë¥, ç¥à¥¤ãîâáï á ª«¥âª ¬¨,

ã ª®â®àëå ®¡¥ ª®®à¤¨­ âë ç¥â­ë¥. Ǳ®áª®«ìªã ®¡¥ ª®®à¤¨­ âë «¥¢®£® ­¨�­¥£® ã£«  ¨ ®¡¥ ª®®à¤¨­ âë

¯à ¢®£® ¢¥àå­¥£® ã£«  ­¥ç¥â­ë, ­ ¬ ¯®âà¥¡ã¥âáï ç¥â­®¥ ç¨á«® å®¤®¢. �­ ç¨â, ­ã�­® á¤¥« âì ­¥ ¬¥­¥¥ 38

å®¤®¢. Ǳ®ª �¥¬, çâ® §  38 å®¤®¢ ¯à®¤¥« âì ¨áª®¬ë© ¯ãâì ¬®�­®. �  à¨áã­ª¥ ¯®ª § ­®, ª ª §  4 å®¤ 

¯®¯ áâì ¨§ «¥¢®£® ­¨�­¥£® ¢ ¯à ¢ë© ¢¥àå­¨© ã£®« ¤®áª¨ 7×7. � «¥¥ ­ã�­® á¤¥« âì 17 \£®à¨§®­â «ì­ëå"

(â® ¥áâì âà¨ è £  ¢¯à ¢® ¨ ®¤¨­ ¢¢¥àå) å®¤®¢ ¨ 17 \¢¥àâ¨ª «ì­ëå" (âà¨ è £  ¢¢¥àå ¨ ®¤¨­ ¢¯à ¢®) å®¤®¢.

0

1

2

3

4

5. �®çª  M | á¥à¥¤¨­  ®á­®¢ ­¨ï BC à ¢­®¡¥¤à¥­­®£® âà¥ã£®«ì­¨ª  ABC,   â®çª  L | á¥à¥¤¨­  ®â-

à¥§ª  AM . � âà¥ã£®«ì­¨ª¥ BLM ®¯ãé¥­  ¢ëá®â  MH. � ©¤¨â¥ ã£®« AHC.

�â¢¥â: 90

◦
.

A D

CMB

L

H



�¥è¥­¨¥. Ǳãáâì â®çª  D «¥�¨â ­  ¯àï¬®© BL, ¯à¨ç¥¬ AD ‖ BC. � ª ª ª ∠ADL = ∠LBM ¨

AL = LM , âà¥ã£®«ì­¨ª¨ ALD ¨ BLM à ¢­ë. Ǳ®íâ®¬ã AD = BM = MC, â® ¥áâì ç¥âëà¥åã£®«ì­¨ª

ABCD ï¢«ï¥âáï ¯àï¬®ã£®«ì­¨ª®¬. �¯¨è¥¬ ¢®ªàã£ ­¥£® ®ªàã�­®áâì. �£®« MHD ¯àï¬®© ¨ ®¯¨à ¥âáï

­  ¤¨ ¬¥âà DM , ¯®íâ®¬ã â®çª  H «¥�¨â ­  ®ªàã�­®áâ¨. �£®« AHC ®¯¨à ¥âáï ­  ¤¨ ¬¥âà AC íâ®©

®ªàã�­®áâ¨, ¯®íâ®¬ã ®­ â ª�¥ à ¢¥­ 90

◦
. �

6. � ­  æ¨«¨­¤à¨ç¥áª ï ª®à®¡ª  á ¯«®áª®© ªàëèª®©. �¡ê¥¬ ª®à®¡ª¨ à ¢¥­ 38π. �®§¬®�­® «¨ à §¬¥á-

â¨âì ¢ â ª®© ª®à®¡ª¥ ¬¥â ««¨ç¥áª¨¥ è àë à ¤¨ãá®¢ 2,

9

8

¨

8

9

?

�â¢¥â: � .

A B

C D

O1

O2

O3 N

�¥è¥­¨¥. Ǳãáâì è àë á æ¥­âà ¬¨ O
1

, O
2

, O
3

¨ à ¤¨ãá ¬¨ r
1

, r
2

, r
3

¯®¬¥é¥­ë ¢ æ¨«¨­¤à â ª, çâ®¡ë

¥£® ®á¥¢®¥ á¥ç¥­¨¥ ¢ë£«ï¤¥«® ª ª ­  à¨áã­ª¥. �®áâà®¨¬ ®âà¥§®ª O
2

O
3

¤® ¯àï¬®ã£®«ì­®£® âà¥ã£®«ì­¨ª 

O
2

O
3

N á® áâ®à®­ ¬¨, ¯ à ««¥«ì­ë¬¨ áâ®à®­ ¬ ¯àï¬®ã£®«ì­¨ª  ¢ á¥ç¥­¨¨. Ǳ® â¥®à¥¬¥ Ǳ¨ä £®à 

CD2

= O
1

O2

2

− (r
1

− r
2

)

2

= (r
1

+ r
2

)

2 − (r
1

− r
2

)

2

= 4r
1

r
2

,

â® ¥áâì CD = 2

√
r
1

r
2

. �­ «®£¨ç­® ¯®«ãç ¥¬ AB = 2

√
r
1

r
3

. �®£¤ 

O
2

O
3

= r
2

+ r
3

, O
2

N = 2r
1

− (r
2

+ r
3

), O
3

N = CD −AB = 2

√
r
1

r
2

− 2

√
r
1

r
3

= 2

√
r
1

(√
r
2

−√
r
3

)

.

Ǳ® â¥®à¥¬¥ Ǳ¨ä £®à  O
2

O
3

2

= O
2

N2

+O
3

N2

, ®âªã¤ 

(r
2

+r
3

)

2

= 4r2
1

+(r
2

+r
3

)

2−4r
1

(r
2

+r
3

)+4r
1

(

r
2

+r
3

−2

√
r
2

r
3

)

⇐⇒ 0 = 4r
1

(

r
1

−2

√
r
2

r
3

)

⇐⇒ r
1

= 2

√
r
2

r
3

.

� ª ª ª à ¤¨ãáë r
1

= 4, r
2

=

9

8

¨ r
3

=

8

9

ã¤®¢«¥â¢®àïîâ íâ®¬ã á®®â­®è¥­¨î, è àë ¨§ ãá«®¢¨ï ¢ â ª®©

æ¨«¨­¤à ¯®¬¥áâïâáï. � ¬¥â¨¬, çâ® æ¨«¨­¤à ¨¬¥¥â ¢ëá®âã 4 ¨ à ¤¨ãá

1

2

(

r
1

+ r
2

+ 2

√
r
1

r
2

)

=

49

16

. Ǳ®íâ®¬ã

®¡ê¥¬ æ¨«¨­¤à  à ¢¥­ π ·
(

49

16

)

2 · 4 < 38π. �



� à¨ ­â 7

1. � âãà «ì­ë¥ ç¨á«  x ¨ y à ¢­ë 2014 á®®â¢¥âáâ¢¥­­® ¢ ¤¥áïâ¨ç­®© ¨ ¢®áì¬¥à¨ç­®© á¨áâ¥¬¥. �ã¤¥â

«¨ ç¨á«® x2000 − y1000 â®ç­ë¬ ª¢ ¤à â®¬?

�â¢¥â: �¥â.

�¥è¥­¨¥ 1. � ¬¥â¨¬, çâ® x = 2 · 19 · 53 ¨ y = 1036 = 4 · 7 · 37. �®£¤ 

x2000 − y1000 = 2

2000

(

19

2n · 532n − 7

n · 37n
)

, £¤¥ n = 1000.

Ǳ®«®�¨¬ m = 19

2n · 532n − 7

n · 37n. �¨á«  192, 532 ¨ 37 ¤ îâ ¯à¨ ¤¥«¥­¨¨ ­  3 ¨ 9 ®áâ â®ª 1, ¨ íâ® �¥

¢¥à­® ¤«ï ¨å áâ¥¯¥­¥©. �à®¬¥ â®£®, ®áâ â®ª ®â ¤¥«¥­¨ï 7

n
­  3 à ¢¥­ 1,   ®áâ âª¨ ®â ¤¥«¥­¨ï 7

k
­  9

à ¢­ë 7, 4, 1 ¨ ¤ «¥¥ æ¨ª«¨ç¥áª¨ ¯®¢â®àïîâáï. � ª ª ª 1000 ­¥ ªà â­® 3, ç¨á«® m ¤¥«¨âáï ­  3, ­® ­¥

­  9, ¯®íâ®¬ã x2000 − y1000 ­¥ ¬®�¥â ¡ëâì â®ç­ë¬ ª¢ ¤à â®¬. �

�¥è¥­¨¥ 2. � ¬¥â¨¬, çâ® x = 2014 = 3k + 1 ¨ y = 1036 = 9m + 1. �®£¤  «î¡ ï áâ¥¯¥­ì y ¤ ¥â

®áâ â®ª 1 ¯à¨ ¤¥«¥­¨¨ ­  9. � ç áâ­®áâ¨, y1000 ¤ ¥â ®áâ â®ª 1 ¯à¨ ¤¥«¥­¨¨ ­  9. � ¤àã£®© áâ®à®­ë,

x3 = 27k3 + 27k2 + 9k + 1 ¤ ¥â ®áâ â®ª 1 ¯à¨ ¤¥«¥­¨¨ ­  9 ¨, §­ ç¨â, «î¡ ï ªà â­ ï âà¥¬ áâ¥¯¥­ì x ¤ ¥â

®áâ â®ª 1 ¯à¨ ¤¥«¥­¨¨ ­  9. �®£¤  x2000 = x1998x2 ¤ ¥â â®â �¥ ®áâ â®ª ¯à¨ ¤¥«¥­¨¨ ­  9, çâ® ¨ x2. �®

x2 = 2014

2

= (9n − 2)

2

= 81n2 − 36n+ 4 ¤ ¥â ®áâ â®ª 4 ¯à¨ ¤¥«¥­¨¨ ­  9. � ª¨¬ ®¡à §®¬, x2000 − y1000

¤ ¥â ®áâ â®ª 3 ¯à¨ ¤¥«¥­¨¨ ­  9. �â «® ¡ëâì, x2000 − y1000 ¤¥«¨âáï ­  3, ­® ­¥ ¤¥«¨âáï ­  9 ¨, §­ ç¨â, ­¥

¬®�¥â ¡ëâì â®ç­ë¬ ª¢ ¤à â®¬. �

�¥è¥­¨¥ 3. � ¬¥â¨¬, çâ® x = 2014 = 13k + 1 ¨ y = 1036 = 13m + 9. �®£¤  «î¡ ï áâ¥¯¥­ì x ¤ ¥â

®áâ â®ª 1 ¯à¨ ¤¥«¥­¨¨ ­  13. � ç áâ­®áâ¨, x2000 ¤ ¥â ®áâ â®ª 1 ¯à¨ ¤¥«¥­¨¨ ­  13. � ¤àã£®© áâ®à®­ë y3

¤ ¥â â®â �¥ ®áâ â®ª ¯à¨ ¤¥«¥­¨¨ ­  13, çâ® ¨ 9

3

= 729 = 13 ·56+1, â® ¥áâì 1. �­ ç¨â, «î¡ ï ªà â­ ï âà¥¬

áâ¥¯¥­ì y ¤ ¥â ®áâ â®ª 1 ¯à¨ ¤¥«¥­¨¨ ­  13. �«¥¤®¢ â¥«ì­®, y1000 = y999 · y ¤ ¥â ®áâ â®ª 9 ¯à¨ ¤¥«¥­¨¨

­  13. � ª¨¬ ®¡à §®¬, x2000 − y1000 ¤ ¥â ®áâ â®ª 5 ¯à¨ ¤¥«¥­¨¨ ­  13. Ǳ¥à¥¡à ¢ ®áâ âª¨, ª®â®àë¥ ¤ îâ

ª¢ ¤à âë ¯à¨ ¤¥«¥­¨¨ ­  13, ¬ë ã¡¥¤¨¬áï, çâ® ®áâ âª  5 áà¥¤¨ ­¨å ­¥â. �â «® ¡ëâì, x2000 − y1000 ­¥

¬®�¥â ¡ëâì â®ç­ë¬ ª¢ ¤à â®¬. �

� ¬¥ç ­¨¥. �®®¡é¥-â® §­ îé¨© ª¢ ¤à â¨ç­ë¥ ¢ëç¥âë èª®«ì­¨ª ¤®«�¥­ à¥è âì § ¤ çã â ª. � á-

á¬®âà¨¬ ¢ëà �¥­¨¥ a = x2000 − y1000 ¯® ¬®¤ã«î 19. Ǳ®áª®«ìªã x = 2014 ¤¥«¨âáï ­  19, a ≡ −y1000

(mod 19). �¨á«® y = 1036 ­¥ ¤¥«¨âáï ­  19 ¨ y1000 ï¢«ï¥âáï ¯®«­ë¬ ª¢ ¤à â®¬, ¯®íâ®¬ã a ¥áâì ª¢ ¤-

à â¨ç­ë© ¢ëç¥â, ã¬­®�¥­­ë© ­  −1. �® 19 ¤ ¥â ®áâ â®ª 3 ¯à¨ ¤¥«¥­¨¨ ­  4, ¯®íâ®¬ã −1 ­¥ ï¢«ï¥âáï

ª¢ ¤à â¨ç­ë¬ ¢ëç¥â®¬ ¨, §­ ç¨â, ª¢ ¤à â¨ç­ë© ¢ëç¥â, ã¬­®�¥­­ë© ­  −1, â ª�¥ ­¥ ï¢«ï¥âáï ª¢ ¤à -

â¨ç­ë¬ ¢ëç¥â®¬. � ª¨¬ ®¡à §®¬, a ­¥ ¬®�¥â ¡ëâì â®ç­ë¬ ª¢ ¤à â®¬.

2. 144 â¥­­¨á¨áâ  ¨£à îâ ¢ âãà­¨à¥ ¨§ 143 âãà®¢ ¯® á«¥¤ãîé¥© ä®à¬ã«¥: ¢ ª �¤®¬ âãà¥ ¢áâà¥ç îâáï

(¯® �à¥¡¨î) ¤¢  á¯®àâá¬¥­ , ª®«¨ç¥áâ¢® ¯®¡¥¤ ª®â®àëå ­  ¤ ­­ë© ¬®¬¥­â ®â«¨ç ¥âáï ­¥ ¡®«¥¥

ç¥¬ ­  ¥¤¨­¨æã, ¨ ¯à®¨£à ¢è¨© ¢ë¡ë¢ ¥â ¨§ âãà­¨à . � ª®¥ ­ ¨¡®«ìè¥¥ ª®«¨ç¥áâ¢® ¯®¡¥¤ ¬®�¥â

®¤¥à� âì ¯®¡¥¤¨â¥«ì âãà­¨à ?

�â¢¥â: 10.

�¥è¥­¨¥. � ©¤¥¬, ª ª®¥ ­ ¨¬¥­ìè¥¥ ª®«¨ç¥áâ¢® â¥­­¨á¨áâ®¢ ¬®£«® ¨£à âì ¢ âãà­¨à¥, ¢ ª®â®à®¬

¯®¡¥¤¨â¥«ì ¢ë¨£à « n ¬ âç¥©. �¡®§­ ç¨¬ íâ® ª®«¨ç¥áâ¢® ç¥à¥§ kn. �á­®, çâ® kn−1

< kn,   â ª�¥ çâ®

k
1

= 2 ¨ k
2

= 3. � áá¬®âà¨¬ â¥¯¥àì âãà­¨à á ­ ¨¬¥­ìè¨¬ ª®«¨ç¥áâ¢®¬ ãç áâ­¨ª®¢, ¢ ª®â®à®¬ ¯®¡¥¤¨â¥«ì

¢ë¨£à « n ¬ âç¥©. � ¯®á«¥¤­¥¬ âãà¥ ¢áâà¥â¨«¨áì ¤¢  â¥­­¨á¨áâ : ¡ã¤ãé¨© ¯®¡¥¤¨â¥«ì A ¨ ¯à®¨£à ¢è¨©

¥¬ã B. � íâ®¬ã ¬®¬¥­âã A ®¤¥à� « n − 1 ¯®¡¥¤ã,   B ®¤¥à� « n − 2, n − 1 ¨«¨ n ¯®¡¥¤. Ǳ®á«¥¤­¨©

á«ãç © ­¥¢®§¬®�¥­, ¯®áª®«ìªã ¢ â®© ç áâ¨ âãà­¨à , ¢ ª®â®à®© ¨£à « B, â¥, ã ª®£® ®­ ¢ë¨£à «, â¥, ã ª®£®

¢ë¨£à «¨ ¯à®¨£à ¢è¨¥ ¥¬ã ¨ â ª ¤ «¥¥ ¡ã¤¥â ¬¥­ìè¥ ãç áâ­¨ª®¢,   ã ¯®¡¥¤¨â¥«ï ¢ â®ç­®áâ¨ n ¯®¡¥¤.

�á«¨ B ®¤¥à� « n− 2 ¯®¡¥¤ë, â® ¢ âãà­¨à¥ ¡ã¤¥â kn−1

+ kn−2

ãç áâ­¨ª ,  , ¥á«¨ n− 1 ¯®¡¥¤ã, â® 2kn−1

ãç áâ­¨ª®¢. Ǳ®áª®«ìªã kn−1

+kn−2

< 2kn−1

, ¬ë ¯®«ãç ¥¬, çâ® kn = kn−2

+kn−1

. �¥§ã«ìâ âë ¢ëç¨á«¥­¨ï

¯® íâ®© à¥ªãàà¥­â­®© ä®à¬ã«¥ ¯à¨¢¥¤¥­ë ¢ â ¡«¨æ¥. �

n 1 2 3 4 5 6 7 8 9 10

kn 2 3 5 8 13 21 34 55 89 144



3. � ©¤¨â¥ ­ ¨¬¥­ìè¥¥ §­ ç¥­¨¥ ¯à¨ ¯®«®�¨â¥«ì­ëå x, y, z ¢ëà �¥­¨ï

f(x, y, z) =

√

x2

8

+

4

yz
+

√

y2

2

+

8

xz
+

√

2z2 +
1

6

xy.

�â¢¥â: 6 ¯à¨ x = 4, y = 2, z = 1.

�¥è¥­¨¥. Ǳ®«®�¨¬ x = 4a, y = 2b, z = c. �á¯®«ì§ãï ­¥à ¢¥­áâ¢  �®è¨, ¬ë ¯®«ãç¨¬

f(x, y, z) = 2

√

1

2

(

a2 +
1

bc

)

+ 2

√

1

2

(

b2 +
1

ac

)

+ 2

√

1

2

(

c2 +
1

ab

)

>

> 2

(

4

√

a2

bc
+

4

√

b2

ac
+

4

√

c2

ab

)

> 6

12

√

a2

bc
· b

2

ac
· c

2

ab
= 6.

�á¥ ­¥à ¢¥­áâ¢  ®¡à é îâáï ¢ à ¢¥­áâ¢  ¯à¨ a = b = c = 1. �

4. �®áª  n × n ª«¥â®ª à §à¥§ ­  ¯® ª«¥â®çª ¬ ­  ª¢ ¤à âë 2 × 2 ¨ 3 × 3 ª«¥âª¨. Ǳà¨ ª ª¨å n â ª®¥

¢®§¬®�­®?

�â¢¥â: n ªà â­® 2 ¨«¨ 3.

�¥è¥­¨¥. �á«¨ n ªà â­® 2 ¨«¨ 3, â® à §à¥§ âì, ®ç¥¢¨¤­®, ¬®�­®. �®ª �¥¬, çâ® ¢ ®áâ «ì­ëå á«ãç ïå

à §à¥§ âì ¤®áªã ­¥«ì§ï. Ǳãáâì n ­¥ç¥â­®. Ǳà¥¤¯®«®�¨¬, çâ® ¬®�­® à §à¥§ âì ¤®áªã ¢ á®®â¢¥âáâ¢¨¨

á ãá«®¢¨¥¬ § ¤ ç¨. Ǳ®ªà á¨¬ áâ®«¡æë á ­¥ç¥â­ë¬¨ ­®¬¥à ¬¨ ¢ ç¥à­ë© æ¢¥â,   áâ®«¡æë á ç¥â­ë¬¨

­®¬¥à ¬¨ | ¢ ¡¥«ë© æ¢¥â. �®£¤  ­  ¤®áª¥ ç¥à­ëå ª«¥â®ª ­  n ¡®«ìè¥, ç¥¬ ¡¥«ëå. � ¬¥â¨¬, çâ® ¢ «î¡®¬

ª¢ ¤à â¥ 2× 2 ç¥à­ëå ¨ ¡¥«ëå ª«¥â®ª ¯®à®¢­ã,   ¢ ª¢ ¤à â¥ 3× 3 à §­®áâì ª®«¨ç¥áâ¢  ç¥à­ëå ¨ ¡¥«ëå

ª«¥â®ª à ¢­  ±3. �­ ç¨â, ¢ «î¡®¬ ª¢ ¤à â¥ à §­®áâì ª®«¨ç¥áâ¢  ç¥à­ëå ¨ ¡¥«ëå ª«¥â®ª ¤¥«¨âáï ­  3.

� ª ª ª ª¢ ¤à âë ­¥ ¯¥à¥á¥ª îâáï, ®­  ¤¥«¨âáï ­  3 ¨ ¤«ï ¢á¥© ¤®áª¨. �® ¯®á«¥¤­¥¥ ®§­ ç ¥â, çâ® n

¤¥«¨âáï ­  3. �

5. �  áâ®à®­¥ AC âà¥ã£®«ì­¨ª  ABC ¢ë¡à ­ë â®çª¨ P ¨ Q â ª, çâ® AP = QC < AC
2

. �ª § «®áì, çâ®

AB2

+BC2

= AQ2

+QC2

. � ©¤¨â¥ ã£®« PBQ.

�â¢¥â: 90

◦
.

A

B

CP Q
α

A

B

CP Q

~a~c

~v

�¥è¥­¨¥ 1. Ǳ®«®�¨¬ α = ∠PQB ¨ ¯à¨¬¥­¨¬ â¥®à¥¬ã ª®á¨­ãá®¢ ª âà¥ã£®«ì­¨ª ¬ AQB ¨ BQC:

{

AB2

= AQ2

+BQ2 − 2AQ · BQ · 
osα,
BC2

= QC2

+BQ2

+ 2QC · BQ · 
osα.

�ª« ¤ë¢ ï íâ¨ ãà ¢­¥­¨ï ¨ ¯®«ì§ãïáì á®®â­®è¥­¨¥¬ ¨§ ãá«®¢¨ï, ¬ë ¯®«ãç¨¬

2BQ2 − 2BQ · (AQ−QC) · 
osα = 0⇐⇒ BQ = (AQ −QC) · 
osα.

� ¬¥â¨¬, çâ®

AQ −QC = AQ −AP = PQ, ®âªã¤  BQ = PQ · 
osα.

Ǳà ¢ ï ç áâì ¯®á«¥¤­¥£® à ¢¥­áâ¢  ¥áâì à ááâ®ï­¨¥ ¬¥�¤ã Q ¨ ¯à®¥ªæ¨¥© â®çª¨ P ­  ¯àï¬ãî BQ. � ª¨¬

®¡à §®¬, P ¯à®¥ªâ¨àã¥âáï ¢ â®çªã B, ®âªã¤  PB ⊥ BQ ¨ ∠PBQ = 90

◦
. �



�¥è¥­¨¥ 2. Ǳ®«®�¨¬ ¤«ï ªà âª®áâ¨ ~a =

−→
BC, ~c =

−→
BA ¨ ~v =

−→
AP =

−→
QC. �®£¤ 

−→
AC = ~a − ~c ¨−→

AQ = ~a− ~c− ~v. Ǳ® ãá«®¢¨î

|~c|2 + |~a|2 = |~a− ~c− ~v|2 + |~v|2 = |~a|2 + |~c|2 + 2|~v|2 − 2(~a,~c)− 2(~a,~v) + 2(~c, ~v).

�«¥¤®¢ â¥«ì­®,

(~c+ ~v,~v) = |~v|2 + (~c, ~v) = (~a,~c) + (~a,~v) = (~a,~c+ ~v)

¨, §­ ç¨â, (~c+~v,~a−~v) = 0. � ª¨¬ ®¡à §®¬, ¢¥ªâ®à 

−→
BP = ~c+~v ¨

−→
BQ = ~a−~v ®àâ®£®­ «ì­ë. �â «® ¡ëâì,

∠PBQ = 90

◦
. �

6. �  ¯«®áª®áâ¨ áâ®¨â è â¥à ¢ ä®à¬¥ ¯®«ãáä¥àë. �­ãâàì è âà  ¯®¬¥é¥­ë âà¨ è à . Ǳ¥à¢ë¥ ¤¢ 

¨¬¥îâ à ¤¨ãá 1, ª á îâáï ¤àã£ ¤àã£ ,   â ª�¥ ªàëè¨ ¨ ¤¨ ¬¥âà  ®á­®¢ ­¨ï è âà . �à¥â¨© è à

à ¤¨ãá  r ª á ¥âáï ¤¢ãå ¤àã£¨å, ªàëè¨ ¨ ®á­®¢ ­¨ï è âà . � ©¤¨â¥ r.

�â¢¥â:

√
2+4

7

.

O

O1 O2OA

O

O3

A

B

C

�¥è¥­¨¥. Ǳãáâì O | æ¥­âà ®á­®¢ ­¨ï è âà , R | ¥£® à ¤¨ãá, O
1

, O
2

, O
3

| æ¥­âàë è à®¢ à ¤¨ãá®¢

1, 1, r, A | â®çª  ª á ­¨ï ¥¤¨­¨ç­ëå è à®¢. �  «¥¢®¬ à¨áã­ª¥ ¯®ª § ­® á¥ç¥­¨¥ è âà  ¯«®áª®áâìî

OO
1

O
2

, ­  ¯à ¢®¬ | ¯®«®¢¨­  á¥ç¥­¨ï è âà  ¯«®áª®áâìî AOO
3

. �à¥ã£®«ì­¨ª O
1

AO ¯àï¬®ã£®«ì­ë© ¨

à ¢­®¡¥¤à¥­­ë©, ®âªã¤  OO
1

=

√
2 ¨ R =

√
2 + 1. � à ¢­®¡¥¤à¥­­®¬ âà¥ã£®«ì­¨ª¥ O

1

O
2

O
3

®âà¥§®ª AO
3

ï¢«ï¥âáï ¬¥¤¨ ­®© ¨, §­ ç¨â, ¢ëá®â®©. �®£¤  ¯® â¥®à¥¬¥ Ǳ¨ä £®à 

AO2

3

= O
1

O2

3

−O
1

A2

= (1 + r)2 − 1 = r2 + 2r.

� ¬¥â¨¬ â ª�¥, çâ®

CO2

3

= OB2

= OO2

3

−BO2

3

= (R − r)2 − r2 = R2 − 2rR ¨ AC = |1− r|.

Ǳ® â¥®à¥¬¥ Ǳ¨ä £®à  AO2

3

= CO2

3

+AC2

, â® ¥áâì

r2 + 2r = R2 − 2rR+ r2 − 2r + 1 ⇐⇒ 2r(R + 2) = R2

+ 1⇐⇒ r =
R2

+ 1

2(R+ 2)

=

2 +

√
2

3 +

√
2

=

√
2 + 4

7

. �



� à¨ ­â 8

1. � âãà «ì­ë¥ ç¨á«  x ¨ y à ¢­ë 2014 á®®â¢¥âáâ¢¥­­® ¢ ¤¥áïâ¨ç­®© ¨ ¢®áì¬¥à¨ç­®© á¨áâ¥¬¥. �ã¤¥â

«¨ ç¨á«® x2600 − y1300 â®ç­ë¬ ªã¡®¬?

�â¢¥â: �¥â.

�¥è¥­¨¥. � ¬¥â¨¬, çâ® x = 2 · 19 · 53 ¨ y = 1036 = 4 · 7 · 37. �®£¤ 

x2600 − y1300 = 2

2600

(

19

2n · 532n − 7

n · 37n
)

, £¤¥ n = 1300.

Ǳ®«®�¨¬ m = 19

2n · 532n − 7

n · 37n. �¨á«  192, 532 ¨ 37 ¤ îâ ¯à¨ ¤¥«¥­¨¨ ­  3 ¨ 9 ®áâ â®ª 1, ¨ íâ® �¥

¢¥à­® ¤«ï ¨å áâ¥¯¥­¥©. �à®¬¥ â®£®, ®áâ â®ª ®â ¤¥«¥­¨ï 7

n
­  3 à ¢¥­ 1,   ®áâ âª¨ ®â ¤¥«¥­¨ï 7

k
­  9

à ¢­ë 7, 4, 1 ¨ ¤ «¥¥ æ¨ª«¨ç¥áª¨ ¯®¢â®àïîâáï. � ª ª ª 1300 ­¥ ªà â­® 3, ç¨á«® m ¤¥«¨âáï ­  3, ­® ­¥ ­ 

9, ¯®íâ®¬ã x2600 − y1300 ­¥ ¬®�¥â ¡ëâì â®ç­ë¬ ªã¡®¬. �

2. �¥áª®«ìª® ãç¥­¨ª®¢ ãç áâ¢ãîâ ¢ ç¥¬¯¨®­ â¥ èª®«ë ¯® ¨£à¥ ý¢ � ¯ ¥¢ þ. �¥¬¯¨®­ â ¯à®¢®¤¨âáï

¯® á«¥¤ãîé¥© áå¥¬¥. � ª �¤®¬ âãà¥ ¢ë¡¨à îâ ¯® �à¥¡¨î ¤¢ãå ¨£à®ª®¢. Ǳà®¨£à ¢è¨© ¢ë¡ë¢ ¥â,  

¯®¡¥¤¨â¥«ì ¯®«ãç ¥â ¤¢  ®çª , ¥á«¨ ã á®¯¥à­¨ª  ¡ë«® ¡®«ìè¥ ®çª®¢, ®¤­®, ¥á«¨ áâ®«ìª® �¥, ¨ ­®«ì,

¥á«¨ ¬¥­ìè¥. Ǳ® ®ª®­ç ­¨¨ âãà­¨à  ®ª § «®áì, çâ® ¯®¡¥¤¨â¥«ì ­ ¡à « 12 ®çª®¢. � ª®¥ ­ ¨¬¥­ìè¥¥

ª®«¨ç¥áâ¢® èª®«ì­¨ª®¢ ¬®£«® ãç áâ¢®¢ âì ¢ âãà­¨à¥?

�â¢¥â: 377.

�¥è¥­¨¥. � ¬¥â¨¬, çâ® §  ®¤¨­ âãà ª®«¨ç¥áâ¢® ®çª®¢ «¨¤¥à  ­¥ ¬®�¥â ã¢¥«¨ç¨âìáï ¡®«¥¥ ç¥¬ ­  1.

�¥©áâ¢¨â¥«ì­®, ®­® ¢®§à áâ¥â, ¥á«¨ «¨¡® ¤¢  «¨¤¥à  áë£à îâ ¤àã£ á ¤àã£®¬, «¨¡® «¨¤¥à ¯à®¨£à ¥â á®¯¥à-

­¨ªã, ¨¬¥îé¥¬ã ­  ®çª® ¬¥­ìè¥ ¥£®. �à®¬¥ â®£®, ¥á«¨  ­­ã«¨à®¢ âì à¥§ã«ìâ âë ®¤­®£® ¨§ ¤¥©áâ¢ãîé¨å

¨£à®ª®¢, íâ® ­¨ª ª ­¥ áª �¥âáï ­  à¥§ã«ìâ â å ¤àã£¨å ¤¥©áâ¢ãîé¨å ¨£à®ª®¢.

Ǳãáâì n > 2. � áá¬®âà¨¬ âãà­¨à á ¬¨­¨¬ «ì­ë¬ ç¨á«®¬ ãç áâ­¨ª®¢, ¢ ª®â®à®¬ ¯®¡¥¤¨â¥«ì ­ ¡à «

n+ 1 ®çª®. �®ª �¥¬ ¢­ ç «¥ ¤¢  ãâ¢¥à�¤¥­¨ï.

1) Ǳ¥à¥¤ ¯®á«¥¤­¨¬ âãà®¬ (­ §®¢¥¬ ¥£® ä¨­ «®¬) ¢á¥ ãç áâ­¨ª¨ ¨¬¥«¨ ­¥ ¡®«¥¥ n ®çª®¢. �¥©áâ¢¨â¥«ì-

­®, ¯ãáâì ªâ®-â® ­ ¡à « n+1 ®çª® ¤® ä¨­ « . �®£¤  ¬®�­®  ­­ã«¨à®¢ âì à¥§ã«ìâ âë ¢á¥å ¯®á«¥¤ãîé¨å

¬ âç¥© ¨ ã¤ «¨âì ¨§ âãà­¨à  ¨å ãç áâ­¨ª®¢, çâ® ¯à®â¨¢®à¥ç¨â ¬¨­¨¬ «ì­®áâ¨ ç¨á«  ¨£à®ª®¢.

2) �ç áâ­¨ª¨ ä¨­ «  ¨¬¥îâ n ¨ n − 1 ®çª®¢. � ª ª ª §  âãà ç¨á«® ®çª®¢ «¨¤¥à  ã¢¥«¨ç¨¢ ¥âáï

­¥ ¡®«¥¥ ç¥¬ ­  1, ®¤¨­ ¨§ ä¨­ «¨áâ®¢ (áª �¥¬, A) ¤®«�¥­ ¨¬¥âì n ®çª®¢. �®£¤  ¤àã£®© ä¨­ «¨áâ

(­ ¯à¨¬¥à, B) ¤®«�¥­ ¨¬¥âì n ¨«¨ n−1 ®çª®¢. Ǳ®ª �¥¬, çâ® n ®çª®¢ B ¨¬¥âì ­¥ ¬®�¥â. �¥©áâ¢¨â¥«ì­®,

¢ íâ®¬ á«ãç ¥ á¢®¥ n-¥ ®çª® B ­ ¡à « ¢® ¢áâà¥ç¥ á ­¥ª¨¬ ¨£à®ª®¬ C, ¨¬¥¢è¥¬ ­¥ ¬¥­¥¥ n− 1 ®çª . �®£¤ 

¬ë ¬®£«¨ ¡ë ®â¯à ¢¨âì C áà §ã ¢ ä¨­ «,   ¨£à®ª  B ã¤ «¨âì ¨§ âãà­¨à ,  ­­ã«¨à®¢ ¢ à¥§ã«ìâ âë B. �®

íâ® ¯à®â¨¢®à¥ç¨â ¬¨­¨¬ «ì­®áâ¨ ª®«¨ç¥áâ¢  ãç áâ­¨ª®¢.

�¡®§­ ç¨¬ ç¥à¥§ an ¬¨­¨¬ «ì­®¥ ç¨á«® ãç áâ­¨ª®¢ âãà­¨à , ¢ ª®â®à®¬ ¯®¡¥¤¨â¥«ì ­ ¡à « n ®çª®¢.

�ç¥¢¨¤­®, a
1

= 2, a
2

= 3 (®¤¨­ ãç áâ­¨ª ¯®¡¥¤¨« ¤àã£®£® ¨ ¯à®¨£à « âà¥âì¥¬ã). Ǳãáâì n > 2. �ë¢¥¤¥¬

ä®à¬ã«ã ¤«ï an+1

. �â®¡ë ¯®¡¥¤¨â¥«ì âãà­¨à  ­ ¡à « n + 1 ®çª® ¯à¨ ¬¨­¨¬ «ì­®¬ ç¨á«¥ ãç áâ­¨ª®¢,

ä¨­ «¨áâë ¢ á¨«ã 2) ¤®«�­ë ¨¬¥âì n ¨ n− 1 ®çª®¢. � �¤ë© ¨§ ­¨å ï¢«ï¥âáï ¯®¡¥¤¨â¥«¥¬ á¢®¥£® ¬¨­¨-

âãà­¨à  á ­ ¨¬¥­ìè¨¬ ç¨á«®¬ ãç áâ­¨ª®¢. �­®�¥áâ¢  ãç áâ­¨ª®¢ íâ¨å ¬¨­¨-âãà­¨à®¢ ­¥ ¯¥à¥á¥ª îâáï.

�¥©áâ¢¨â¥«ì­®, ¥á«¨ ¨£à®ª ãç áâ¢ã¥â ¢ ¤¢ãå ¬¨­¨-âãà­¨à å, â® ®­ ­¥ ä¨­ «¨áâ ¨ ®¡ï§ â¥«ì­® ª®¬ã-

â® ¢ ®¡®¨å ¬¨­¨-âãà­¨à å ¯à®¨£à ¥â (â ¬, £¤¥ ®­ ­¥ ¯à®¨£à «, ¥£® à¥§ã«ìâ âë ¬®�­®  ­­ã«¨à®¢ âì,

­ àãè ï ãá«®¢¨¥ ¬¨­¨¬ «ì­®áâ¨ ç¨á«  ãç áâ­¨ª®¢). �® ¯à®¨£à âì ¬®�­® â®«ìª® ¢ ®¤­®¬ ¬¨­¨-âãà­¨à¥.

� ª¨¬ ®¡à §®¬, an+1

= an + an−1

. �¥§ã«ìâ âë ¢ëç¨á«¥­¨ï ¯® íâ®© à¥ªãàà¥­â­®© ä®à¬ã«¥ ¯à¨¢¥¤¥­ë ¢

â ¡«¨æ¥. �

n 1 2 3 4 5 6 7 8 9 10 11 12

an 2 3 5 8 13 21 34 55 89 144 233 377

3. � ©¤¨â¥ ­ ¨¬¥­ìè¥¥ §­ ç¥­¨¥ ¯à¨ ¯®«®�¨â¥«ì­ëå x, y, z ¢ëà �¥­¨ï

f(x, y, z) =
3

√

32xy +
4

z2
+

3

√

16xz +
1

y2
+

3

√

8yz +
1

4x2
.



�â¢¥â: 6 ¯à¨ x = 1

4

, y = 1

2

, z = 1.

�¥è¥­¨¥. Ǳ®«®�¨¬ a = 4x, b = 2y, c = z. �á¯®«ì§ãï ­¥à ¢¥­áâ¢  �®è¨, ¬ë ¯®«ãç¨¬

f(x, y, z) = 2

3

√

1

2

(

ab+
1

c2

)

+ 2

3

√

1

2

(

ac+
1

b2

)

+ 2

3

√

1

2

(

bc+
1

a2

)

>

> 2

(

6

√

ab

c2
+

6

√

ac

b2
+

6

√

bc

a2

)

> 6

18

√

ab

c2
· ac
b2

· bc
a2

= 6.

�á¥ ­¥à ¢¥­áâ¢  ®¡à é îâáï ¢ à ¢¥­áâ¢  ¯à¨ a = b = c = 1. �

4. �®áª  n × n ª«¥â®ª à §à¥§ ­  ¯® ª«¥â®çª ¬ ­  ª¢ ¤à âë 2 × 2 ¨ 5 × 5 ª«¥âª¨. Ǳà¨ ª ª¨å n â ª®¥

¢®§¬®�­®?

�â¢¥â: n ªà â­® 2 ¨«¨ 5.

�¥è¥­¨¥. �á«¨ n ªà â­® 2 ¨«¨ 5, â® à §à¥§ âì, ®ç¥¢¨¤­®, ¬®�­®. �®ª �¥¬, çâ® ¢ ®áâ «ì­ëå á«ãç ïå

à §à¥§ âì ¤®áªã ­¥«ì§ï. Ǳãáâì n ­¥ç¥â­®. Ǳà¥¤¯®«®�¨¬, çâ® ¬®�­® à §à¥§ âì ¤®áªã ¢ á®®â¢¥âáâ¢¨¨

á ãá«®¢¨¥¬ § ¤ ç¨. Ǳ®ªà á¨¬ áâ®«¡æë á ­¥ç¥â­ë¬¨ ­®¬¥à ¬¨ ¢ ç¥à­ë© æ¢¥â,   áâ®«¡æë á ç¥â­ë¬¨

­®¬¥à ¬¨ | ¢ ¡¥«ë© æ¢¥â. �®£¤  ­  ¤®áª¥ ç¥à­ëå ª«¥â®ª ­  n ¡®«ìè¥, ç¥¬ ¡¥«ëå. � ¬¥â¨¬, çâ® ¢ «î¡®¬

ª¢ ¤à â¥ 2× 2 ç¥à­ëå ¨ ¡¥«ëå ª«¥â®ª ¯®à®¢­ã,   ¢ ª¢ ¤à â¥ 5× 5 à §­®áâì ª®«¨ç¥áâ¢  ç¥à­ëå ¨ ¡¥«ëå

ª«¥â®ª à ¢­  ±5. �­ ç¨â, ¢ «î¡®¬ ª¢ ¤à â¥ à §­®áâì ª®«¨ç¥áâ¢  ç¥à­ëå ¨ ¡¥«ëå ª«¥â®ª ¤¥«¨âáï ­  5.

� ª ª ª ª¢ ¤à âë ­¥ ¯¥à¥á¥ª îâáï, ®­  ¤¥«¨âáï ­  5 ¨ ¤«ï ¢á¥© ¤®áª¨. �® ¯®á«¥¤­¥¥ ®§­ ç ¥â, çâ® n

¤¥«¨âáï ­  5. �

5. �  ¤¨ £®­ «¨ BD ª¢ ¤à â  ABCD ¢ë¡à ­  â®çª  P ,   ­  áâ®à®­¥ CD ¢ë¡à ­  â®çª  Q â ª, çâ®

ã£®« ∠APQ | ¯àï¬®©. Ǳàï¬ ï AP ¯¥à¥á¥ª ¥â áâ®à®­ã BC ¢ â®çª¥ R. �  ®âà¥§ª¥ PQ ¢ë¡à ­ 

â®çª  S â ª, çâ® AS = QR. � ©¤¨â¥ ã£®« QSR.

�â¢¥â: 135

◦
.

P

A

B C

D

M N

Q

R

S

�¥è¥­¨¥ 1. Ǳà®¢¥¤¥¬ ç¥à¥§ â®çªã P ¯ à ««¥«ì­® AD ®âà¥§®ª MN (á¬. à¨áã­®ª). �®£¤  BM = PM ,

®âªã¤  AM = PN . �à®¬¥ â®£®, ∠MAP = 90

◦ − ∠APM = ∠NPQ. Ǳ®íâ®¬ã âà¥ã£®«ì­¨ª¨ MAP ¨ NPQ

®¤¨­ ª®¢ë, çâ® ¤ ¥â AP = PQ. � ª ª ª ¯® ãá«®¢¨î AS = QR, ¬ë ¯®«ãç ¥¬ à ¢¥­áâ¢® âà¥ã£®«ì­¨ª®¢

APS ¨ QPR, ®âªã¤  RP = PS. �­ ç¨â, âà¥ã£®«ì­¨ª RPS à ¢­®¡¥¤à¥­­ë© ¨ ¯àï¬®ã£®«ì­ë©. �®£¤ 

∠PSR = 45

◦
¨ ∠QSR = 135

◦
. �

�¥è¥­¨¥ 2. � ç¥âëà¥åã£®«ì­¨ª¥ APQD ¤¢  ¯à®â¨¢®¯®«®�­ëå ã£«  ¯àï¬ë¥, á«¥¤®¢ â¥«ì­®, ®­ ¢¯¨-

á ­­ë©. �®£¤  ∠AQP = ∠ADP = 45

◦
. � ª¨¬ ®¡à §®¬, ¢ ¯àï¬®ã£®«ì­®¬ âà¥ã£®«ì­¨ª¥ APQ ®¤¨­ ¨§

ã£«®¢ à ¢¥­ 45

◦
. Ǳ®íâ®¬ã âà¥ã£®«ì­¨ª APQ à ¢­®¡¥¤à¥­­ë© ¨ AP = PQ. �¬¥áâ¥ á ãá«®¢¨¥¬ AS = QR

¬ë ¯®«ãç ¥¬ à ¢¥­áâ¢® âà¥ã£®«ì­¨ª®¢ APS ¨ QPR, ®âªã¤  RP = PS. �­ ç¨â, âà¥ã£®«ì­¨ª RPS à ¢­®-

¡¥¤à¥­­ë© ¨ ¯àï¬®ã£®«ì­ë©. �®£¤  ∠PSR = 45

◦
¨ ∠QSR = 135

◦
. �

6. �  ¯«®áª®áâ¨ áâ®¨â è â¥à ¢ ä®à¬¥ ¯®«ãáä¥àë. �­ãâàì è âà  ¯®¬¥é¥­ë âà¨ ®¤¨­ ª®¢ëå è à ,

ª®â®àë¥ ª á îâáï ¤àã£ ¤àã£ , ®á­®¢ ­¨ï è âà  ¨ ¥£® ªàëè¨. �à®¬¥ â®£®, ¢­ãâàì è âà  ¯®¬¥é¥­



ç¥â¢¥àâë© è à, ª®â®àë© ª á ¥âáï ªàëè¨ è âà  ¨ ª �¤®£® ¨§ âà¥å ¤àã£¨å è à®¢. � â¥à à áá¥ª -

¥âáï £®à¨§®­â «ì­®© ¯«®áª®áâìî, ª á îé¥©áï á¢¥àåã âà¥å ®¤¨­ ª®¢ëå è à®¢. � ª ª®¬ ®â­®è¥­¨¨

®­  ¯®¤¥«¨â ®¡ê¥¬ ç¥â¢¥àâ®£® è à ?

�â¢¥â: Ǳ®¯®« ¬.

O

O1

O2

A

B

C

�¥è¥­¨¥. Ǳãáâì r | à ¤¨ãá ®¤¨­ ª®¢ëå è à®¢, O
1

| æ¥­âà ®¤­®£® ¨§ ­¨å, R | à ¤¨ãá ç¥â¢¥àâ®£®

è à , O
2

| ¥£® æ¥­âà, O | æ¥­âà ®á­®¢ ­¨ï è âà . �  à¨áã­ª¥ ¯®ª § ­® á¥ç¥­¨¥ è âà  ¯«®áª®áâìî

OO
1

O
2

. Ǳà¨¬¥¬ à ¤¨ãá è âà  §  1 ¨ ¢®á¯®«ì§ã¥¬áï ¤¢ �¤ë â¥®à¥¬®© Ǳ¨ä £®à . � ª ª ª OB = 1, ¨§

âà¥ã£®«ì­¨ª  OO
1

A

OA2

= OO2

1

−AO2

1

= (1− r)2 − r2 = 1− 2r,

  ¨§ âà¥ã£®«ì­¨ª  O
1

O
2

C

OA2

= O
1

C2

= O
1

O2

2

− CO2

2

= (r +R)2 − (1− r −R)2 = 2(r +R)− 1.

�áª«îç ï ¨§ íâ¨å à ¢¥­áâ¢ OA2

, ¬ë ¯®«ãç¨¬ R = 1 − 2r, ®âªã¤  OO
2

= 1 − R = 2r. Ǳ®íâ®¬ã £®à¨§®­-

â «ì­ ï ¯«®áª®áâì, ª á îé ïáï á¢¥àåã âà¥å ®¤¨­ ª®¢ëå è à®¢, ¯à®©¤¥â ç¥à¥§ O
2

¨ à §¤¥«¨â ç¥â¢¥àâë©

è à ¯®¯®« ¬. �
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