
11 êëàññ. Ðåøåíèå çàäà÷.

B 1. Äâà îäèíàêîâûõ êóáà ñ ðåáðîì a èìåþò äèàãîíàëè íà îäíîé è òîé æå
ïðÿìîé, âåðøèíà âòîðîãî êóáà ëåæèò â öåíòðå ïåðâîãî, è âòîðîé êóá ïîâåðíóò
âîêðóã äèàãîíàëè íà 60◦ ïî îòíîøåíèþ ê ïåðâîìó. Íàéòè îáúåì èõ îáùåé ÷àñòè
è ðàäèóñ âïèñàííîãî øàðà.

Ðåøåíèå.

Îáùàÿ ÷àñòü ýòèõ äâóõ êóáîâ ïðåäñòàâëÿåò ñîáîé ïàðó ïðàâèëüíûõ òðå-
óãîëüíûõ ïèðàìèä, ñëîæåííûõ âìåñòå îñíîâàíèÿìè, ïðè÷åì ïëîñêèå óãëû ïðè
âåðøèíàõ ýòèõ ïèðàìèä âñå ïðÿìûå, òàê ÷òî êàæäàÿ èç íèõ ïðåäñòàâëÿåò ñî-
áîé 1

6 êóáà ñ ðåáðîì b = AB. Èñêîìûé îáúåì V îáùåé ÷àñòè êóáîâ ðàâåí,
ñëåäîâàòåëüíî,
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Îñòàåòñÿ íàéòè ðåáðî b. Äëÿ ýòîãî çàìåòèì, ÷òî âûñîòà êàæäîé èç ïèðà-

ìèä ðàâíà b
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3 , êàê òðåòü äèàãîíàëè êóáà ñ ðåáðîì b. Íî óäâîåííàÿ âûñîòà
ïèðàìèäû ðàâíà ïîëîâèíå OB äèàãîíàëè çàäàííîãî êóáà ñ ðåáðîì a, ò. å.
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B 2. Íàéòè ñóììó äåéñòâèòåëüíûõ êîðíåé óðàâíåíèÿ

|x3 − 3x2 + 5x+ 3| = 14.

Ðåøåíèå.

Äàííîå óðàâíåíèå ðàâíîñèëüíî ñîâîêóïíîñòè óðàâíåíèé

x3 − 3x2 + 5x− 11 = 0, x3 − 3x2 + 5x+ 17 = 0,

êîòîðûå ïîñëå ïîäñòàíîâêè x = y + 1 ïðåîáðàçóþòñÿ â óðàâíåíèÿ

y3 + 2y − 8 = 0, y3 + 2y + 20 = 0.

Ëåãêî óâèäåòü, ÷òî â ëåâûõ ÷àñòÿõ ñòîÿò ìîíîòîííî âîçðàñòàþùèå ôóíê-
öèè, ïðèíèìàþùèå êàê ïîëîæèòåëüíûå, òàê è îòðèöàòåëüíûå çíà÷åíèÿ.

y = x3 − 3x2 + 5x ↑ y(x) = const � åäèíñòâåííîå ðåøåíèå.
y′ = 3x2 − 6x+ 5 , D < 0, ñëåäîâàòåëüíî, y′ > 0 äëÿ ëþáîãî x.
x3 − 3x2 + 5x− c = 0, x = y + 1, c1 = 11, c2 = −17.
y3 = 2Y = 3− c = 0
y = u+ v;
u3 + 3uv(u+ v) + v3 + 2(u+ v) + 3− c = 0;{

uv = − 2
3 ;

u3 + v3 = −q;

{
u3v3 = − 8

27 ;

u3 + v3 = −q;

t2 + qt− 8
27 = 0, ∆ = q2

4 + 8
27 = (3−c)2

4 + 8
27 > 0
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Óðàâíåíèÿ èìåþò, ñëåäîâàòåëüíî, ðîâíî ïî îäíîìó äåéñòâèòåëüíîìó êîðíþ,
êîòîðûå, ñîãëàñíî ôîðìóëå Êàðäàíî, ðàâíû
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ñîîòâåòñòâåííî. Èñêîìàÿ ñóììà ïîýòîìó ðàâíà
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B 3. Â êðóã âïèñàí ïðàâèëüíûé øåñòèóãîëüíèê. Ïîëüçóÿñü òîëüêî ëèíåé-
êîé, ïîñòðîèòü 1

n ÷àñòü ðàäèóñà, ãäå n = 2, 3, 4, 5 . . . .
Ðåøåíèå.

Äëÿ ïðàâèëüíîãî øåñòèóãîëüíèêà ABCDEF
1. Ïðîâîäèì AD.
2. Ïðîâîäèì CF .
3. Ïðîâîäèì AE. Îòðåçîê O1 = 1

2R.
4. Ïðîâîäèì B1. Îòðåçîê O2 = 1

3R; ýòî ñëåäóåò èç ïîäîáèÿ òðåóãîëüíèêîâ
B1C è 21O

O2

R
=
O1

C1
=

1

3
.

5. Ïðîâîäèì BO.



6. Ïðîâîäèì C2. Îòðåçîê O3 = 1
4R.

Èç ïîäîáèÿ òðåóãîëüíèêîâ 23O è 2CD :

O3

R
=
O2

D2
=

1

4

7. Ïðîâîäèì D3. Îòðåçîê O4 = 1
5R.

8. Ïðîâîäèì E4. Îòðåçîê O5 = 1
6R; è ò. ä.

B 4. Ïóñòü P(N) � ïðîèçâåäåíèå öèôð íàòóðàëüíîãî ÷èñëà N . Ñêîëüêî
ñóùåñòâóåò ïîñëåäîâàòåëüíûõ íàòóðàëüíûõ òðåõçíà÷íûõ ÷èñåë N1, N2, N3,
N4 . . .N7, â çàïèñè êîòîðûõ íåò íóëåé,òàêèõ,÷òî P(N1) + P(N2)+ . . .+ P(N7)=
= 2016 ?

Ðåøåíèå.

x = 1, 9, y = 0, 9, z 6= 0, z + 6 6= 0.
P(N1) = xyz
P(N2) = xy(z + 1)
. . .
P(N7) = xy(z + 6)
P(N1)+P(N2)+· · ·+P(N7) = xy(z+z+1+· · ·+z+6) = xy(7z+21) = 7xy(z+3).
xy(z + 3) = 32 · 9
1) z = 1, xy = 8 · 9
(8,9,1); (9, 8, 1)
2) z = 2, xy · 5 = 32 · 9,
(x, y) /∈ ∅
3) z = 3, xy = 48
(6,8,3); (8,6,3)
Îòâåò : 4.
B 5. Ðåøèòü ñèñòåìó{√

2 arccosx− arccos y · (|x|+ |y| − 1) = 0;
√

2 arccos y − arccosx · (|x+ y|+ |x− y| − 1) = 0

Ðåøåíèå.

Ïîñòðîèâ ãðàôèêè ôóíêöèé, íàõîäèì òî÷êè ïåðåñå÷åíèÿ, êîòîðûå ÿâëÿþò-
ñÿ ðåøåíèÿìè ñèñòåìû : (− 1

2 ; 1
2 )(1), (−1; 0)(2), (− 1

2 ;− 1
2 )(3), (0;−1)(4),

( 1
2 ;− 1

2 )(5), ( 1
2 ; 1

2 )(6), (1; 1)(7).
Ñîñòàâèì ñèñòåìó : {

x = 2y2 − 1;

x = 1− y

Ïîëó÷àåì, 2y2 + y − 2 = 0

y =
−1 +

√
17

4
;

x =
5−
√

17

4
;

Îòâåò : (± 1
2 ;± 1

2 ), (−1; 0), (0;−1), (1; 1), ( 5−
√
17

4 ; −1+
√
17

4 ).

B 6. Íàéäèòå äâå ïîñëåäíèå öèôðû ÷èñëà

[(
√

29 +
√

21)2016],

ãäå [x] � öåëàÿ ÷àñòü ÷èñëà x.
Ðåøåíèå.

α =
√

29 +
√

21, β =
√

29−
√

21 ∈ (0; 1), βn ∈ (0; 1).
Êîðíè:
a = α2 = 50 + 2

√
609

b = β2 = 50− 2
√

609
x2 − 100x+ 64 = 0
Sn : Sn = an + bn : Sn − 100Sn−1 + 64Sn = 0, S0 = 2.
an + bn = (a+ b)︸ ︷︷ ︸

100

(an−1 + bn−1)− ab︸︷︷︸
64

(an−2 + bn−2).

Sn − 100(Sn−1 − Sn−2) = 36Sn−2
Sn = 36Sn−2(mod100) = 62Sn−2 = 64Sn−466Sn−6 = 6100Sn−1008,
S1008 = 61008S0 = 61008 · 2 = 2253(mod100)
64 = 1296 ≡ −4(mod100), 222 ≡ 22(mod100), 212 ≡ −4(mod100)
2253(222)11 · 211 ≡ 222 · 211 = 233 = (212)2 · 29 ≡ 24 · 29 = 212 · 2 = −8 ≡ 92
[α2016] = [a1008] = [S1008 − b1008] = S1008 − 1 ≡ 92− 1 = 91(mod100).
B 7. Ïîñòðîèòü òàêîé òðåóãîëüíèê ABC ñ öåëî÷èñëåííûìè ñòîðîíàìè,

óãëû êîòîðîãî óäîâëåòâîðÿþò ñîîòíîøåíèþ:

3 sin
A

2
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2
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C

2
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2
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2
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2
= 0.

Ðåøåíèå.

Èìååì:

sin
A

2
· sin B

2
=

1

2

(
cos

A−B
2
− cos

A+B

2

)
=

1

2

(
cos

A−B
2
− sin

C

2

)
è
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2
=

1

2

(
cos
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2
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3

2
(A+B)

)
=

1

2

(
cos

3

2
(A−B)− sin

3

2
C

)
Áóäåì òåïåðü ïðåîáðàçîâûâàòü ëåâóþ ÷àñòü äàííîãî â óñëîâèè çàäà÷è ðà-

âåíñòâà :
3 sin A

2 ·sin
B
2 ·cos C

2 +sin 3A
2 ·sin

3B
2 ·cos 3C

2 = 3
2 cos A−B

2 ·cos C
2 −

3
2 ·sin

C
2 ·cos C

2 +

+ 1
2 · cos 3

2 (A− B) · cos 3C
2 + 1

2 sin 3
2C · cos 3

2C = 3
2 cos A−B

2 · sin (A+B)
2 − 3

4 sinC −
1
2 cos 3

2 (A−B) · sin 3
2 (A+B) + 1

4 sin 3C = 3
4 (sinA+ sinB)− 3

4 sinC − 1
4 (sin 3A+

sin 3B) + 1
4 sin 3C.

Èòàê, óãëû òðåóãîëüíèêà ñâÿçàíû çàâèñèìîñòüþ

3 sinA+ 3 sinB − 3 sinC − sin 3A− sin 3B + sin 3C = 0.

Ïðåîáðàçóåì ýòî ðàâåíñòâî ñëåäóþùèì îáðàçîì :

3(sinA+ sinB − sinC) + (sinA− sin 3A) + (sinB − sin 3B)− (sinC − sin 3C).

Äàëåå:

2(sinA+ sinB − sinC)− 2 cos 2A · sinA− 2cos2B · sinB + 2 cos 2C · sinC = 0

è
sinA(1− cos 2A) + sinB(1− cos 2B) = sinC(1− cos 2C).

Ýòî äàåò íàì:

sin3A+ sin3B = sin3 C.

Òàê êàê
a

sinA
=

b

sinB
=

c

sinC
= 2R,

òî èñêîìîå ñîîòíîøåíèå ìåæäó ñòîðîíàìè òðåóãîëüíèêà èìååò âèä :

a3 + b3 = c3,

ò. å. ïî òåîðåìå Ôåðìà òàêèõ òðåóãîëüíèêîâ íå ñóùåñòâóåò.
B 8. Ñêîëüêî ñóùåñòâóåò íàòóðàëüíûõ ïàð ÷èñåë (m; k), òàêèõ, ÷òî ïî-

ñëåäîâàòåëüíîñòü ÷èñåë, çàäàííûõ ðåêóðñèâíûì ñîîòíîøåíèåì

xn+2 +
1

xn+1
= xn, x1 = m,x2 = k

ñîñòîèò ðîâíî èç 100 ÷èñåë.
Ðåøåíèå.

xn+1 6= 0
xn+2xn+1 − xn+1xn = −1, ãäå xn+2xn+1 = an+1 è xn+1xn = an
a1 = x1 · x2 = m · k;
an+1 = a1 + dn = mk − n
an+1 = xn+2 · xn+1 = 0⇒ xn+2 = 0

n = mk ⇒ xn+2 = 0 è ∃xk : ∀k > n+ 2
x1, x2, x3, . . . , xmk+2.
m · k + 2 = 100, ò.å. m · k = 98.
m 1 2 7 14 49 98
k 98 49 14 7 2 1

Îòâåò : 6 ïàð.
B 9. Ñóùåñòâóåò ëè ïðÿìîóãîëüíèê, êîòîðûé ìîæíî ðàçðåçàòü íà êîíå÷íîå

÷èñëî ïîïàðíî íåðàâíûõ êâàäðàòîâ?
Ðåøåíèå.

B 10. Íàéäèòå âñå íàòóðàëüíûå a, ïðè êîòîðûõ íåðàâåíñòâî

(x2 − x+ 1)3

x2(x− 1)2
≤ (a2 − a+ 1)3

a2(a− 1)2

èìååò ðîâíî à) 2016 öåëûõ ðåøåíèé, á) 2017 öåëûõ ðåøåíèé.
Ðåøåíèå.

a 6= 1, a ≥ 2, a ∈ N . Ìíîãî÷ëåí 6 ñòåïåíè. ñëåäîâàòåëüíî, 6 êîðíåé.
Åñëè x = a �êîðåíü, òî êîðíè x2 = 1− a, x3 = 1

a , , x5 = 1
1−a , x6 = a

a−1 .
1) a = 2.
x1 = 2, x2 = −1, x3 = 1

2 , x4 = 1
2 , x5 = −1, x6 = 2.

(x− x1)2(x− x2)2(x− x3)2 ≤ 0
3 ðåøåíèÿ {-1 ; 1

2 2}.
2) a ≥ 3
a

a−1 = x6 ≤ x ≤ x1 = a,
1
a = x3 ≤ x ≤ x4 = 1− 1

a ,
1− a = x2 ≤ x ≤ x5 = 1

1−a ,

a ≥ 3, 1a ≤
1
3

−a ≤ −3, 1− a ≤ −2
0 > − 1

a ≥ −
1
3 , 1 > x4 ≥ 2

3
− 1

2 ≤
1

1−a < 0
a

a−1 = 1 + 1
a−1 = 1− 1

1−a
x1 ≥ 3, x2 ≤ −2, x3 ∈ (0; 1

3 ]



x4 ∈ [ 23 ; 1)
x5 ∈ [− 1

2 ; 0)
x6 ∈ (1; 3

2 ]
{2, 3, . . . , a} (a− 1) ðåøåíèå
{−1− 2 . . . a− (a− 1)} (a− 1) ðåøåíèå
Âñåãî öåëûõ ðåøåíèé 2a− 2:
a)2a− 2 = 2016, a = 1009.
á)2a− 2 = 2017, a /∈ ∅.


