Mempernonanbﬂaﬂ O0JIMMITHAA MIKOJLHUKOB Ha 0a3e BeJOMCTBEHHBIX 06pa30BaTeJI])H]>IX

yupexaeHui
Tabnuma A Tabnuma B [Tpumep
1{0({0]0]0 0[0]0]0]1 11016010
0(3(0(0]0 0({0]0(|2]0 0(3/0]01]0
0(0(3]010 0({0[3]0]0 0({0[3]01]0
0(0(0]6]0 0(6/0]0]0 0(0]0]6]0
0(0(0]0]|6 910(0(010 0(0]0]|0]|6
PEHIEHMA 3AJIAY
3agaua 1

Jis  Kaxaoro W3 BCEBO3MOXHBIX  paziuuHbix  HAOOpOB  KOIPPUIMEHTOB
(dysee. 'l.e{O;l} paccmorpum cymmy Bupa S=d,-a,+... . Takux HaGopos (a

3HaunT U cymm) 2'' =2048 mryk. IlosTomy mo kpaiineii mepe mBe cymmbl, S' u S", naror
OJIMHAKOBBIE OCTaTKu OT neneHus Ha 2047. CrnenoBarelibHO, UX Pa3HOCTh Aenutca Ha 2047:

' " [ n\ ' "
§'-8"= (d1 —d, )-al +... Hckomble 1enble yucina HauaeHsl: ¢, =d, —d, .

)
VYTBepKaeHue A0Ka3aHo.
3anaua 2
Ilycts  x,, x,, X;, X, ~KOPHM HaNIero YypaBHEHHs (BO3MOXHO, CpeId HHX €CTb

onuHakoBble). CrenoBaTelIbHO, MHOTOYIEH B JIEBOM YacTH YPAaBHEHMsI pacKiaJbplBacTcs Ha
MHOKUTEIHN:

4 3 2
X' =8x" +ax” +bx+16 = (x—x)(x —x,)(x —x;)(x —x,).
PackppiBas B mpaBoii yacTu CKOOKH U MpUpaBHUBAsA KOA((OULIMEHTHI TPU OAMHAKOBBIX CTEHEHSIX
X, TIOJIy4UM:
X +x,+x,+x, =8, xx,xx, =16.
W3BecTHO, 4YTO cpelHEe TIeOMETPUYECKOE HEOTPULIATENbHBIX YHMCET HE MPEBOCXOJIUT HX
cpenHero apudmernyeckoro (HepaBeHCTBO Komin), HO B HallleM ciiy4yae OHU PaBHBI:

X, +x +x +x
1 1 1 1 _ —
2 = 44/x1x2x3x4 =2.

CnenoBaTenbHO, X, =X, =X; =X, =2, U
xt—8x +ax’ +bx +16=(x—2)".
Otcroma a =24, b=-32.

OtBer: a=24,b=-32.
3agaua 3
Paccmotpum uncna Buga 10%, k=0,1,... aumenno: 1, 10, 100, 1000,... Cpenu >Tux uncen
BBIOGpPEM 7 YHCEJI, UMEIONIUX OJMHAKOBBIC OCTATKU OT JEJCHUS Ha n (3TO MOXHO CJlejaTh,

IMOCKOJIBKY YHUCCJII BHUJA 10" OCCKOHEUHO MHOTI'0, @ OCTAaTKOB OT JACJICHHA Ha #n POBHO I’l) B
KadecTBe UCKOMOTro N BO3bMEM CYMMY 3TUX 1 YHUCCIIL. YTBep)K,IIeHI/Ie JO0Ka3aHo.
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3anava 4
[Tycts mpobupok Buma A, B u C B3sau cooTrBeTcTBeHHO @b M ¢ mTyk. Ilo ycimoButo

0,1a+0,2b+0,9c=0,2017-(a+b+c)<:>1000-(a+2b+9c)=2017'(a+b+c). JleBag wuacth

nocieaHero paseHcrna aenutca Ha 1000, ciegoBarenbHo Ha 1000 gofkHA ETUTHCS W MpaBast
4acTh. 3HAYNUT, HAUMCHbIIIEE BO3MOXXHOE 3HaUeHUE CyMMBI @ +b+c¢ paBHo 1000. [Tokaxem, 4To
3Ta OIIEHKa JTOCTHXHMa. TO ecTh, JOKaXXeM, YTO CYIIECTBYIOT HEOTpHIIATENIbHbBIC 1IEIbIe Yncia
a,b u ¢ Takue, 4TO
a+b+c=1000
a+2b+9c=2017 (1)
a <500, b <500, c<500.

[Tocnenqnue Tpu HEpaBEHCTBA CIIY)KaT HEOOXOIMMBIM M JOCTATOYHBIM YCIOBHUSM TOTO, YTO
ynacTcs n30ekarTh HWCIHOIB30BAHUS MPOOHMPOK OJHOTO BHIA NPU ABYX IOCIEAOBATEIBHBIX
NEepPETUBAHUSAX.
W3 nepBbIX ABYX ypaBHeHHH cucTeMsl (1) Haxoaum
a=T7c—17,b=1017-8c. 2)
[ToncTaBuB 3TH BBIpaXKEHUST B MOCIIEAHNE TPH HEPABEHCTBA cucTeMbl (1), momydnm
7c¢<517,8¢c =518, ¢ <500.

Ortcrona Haubonbliiee 3HaUeHUE ¢ paBHO 73. EMy cOOTBETCTBYIOIINE 3HAYEHUS @ U b MOTYT OBIThH
Haiizensl u3 (2). OHU, OYEBUAHO, YIOBIETBOPAIOT HepaBeHCTBaM cucteMsl (1). Takum o6pazom,
pa3pemMOoCTh B HEOTPUIIATEIbHBIX 1IEJIBIX YUCIaxX cucTteMsl (1) mokasana.
OtBer: Haumenbuiee konuuectBo mnepenuBaHuii paBHo 1000. Ilpu sTtomM MoOryr ObITh
MCIIOJIH30BaHbl MakcuMyM 73 npobupku Buaa C.
3agauya S

Ilycte o(N)— cyMMa KBaJIpaTOB HATypaJbHBIX JEIUTEIEH HATYypallbHOro 4wucia N.
3ameTuM, 4TO AJ JHOOBIX JBYX B3aWMHO MPOCTHIX HATypalbHBIX YUCEN @ U b CHpaBeIUBO
paBeHCTBO: o(ab)=o(a)-o(b). [eiicTBuTenbHO, MOOOH IeNUTENh NMPOU3BENEHHUS ab ecTh
pou3BeeHue Aenutens a u genurens b. 1 Hao00poT: YMHOXKUB JI€IUTENb @ HA JEIUTEND b,
NOYYHM JEJHUTENb TPOU3BEACHUs ab. DTo e, OYEBHIHO, BEPHO M IS KBAJPATOB JEIHUTENCH
(kBagpaT neauTeNs IPOU3BEIECHUS PaBEH NPOU3BEICHUIO KBAIPAaTOB JEIUTENeH COMHOXKUTENEH
1 Ha000poT).

PaccMoTpuM pasnoxkenue uncia N Ha TIpocThle MHOKUTENH: N = pii ... ~ 3neck p,—

NONApHO pa3lIMuHbl MpOCThle uMciaa, U Bce k €N. Torma O'(N)=c7( plk‘)-... ) u

\

O'(pk):1+p2+p4+..- [ockomeky 1800 =2°-3"-5, To

o(1800) = (1+27 +2* +2°)-(1+3° +3*)-(1+5° +5*) =5035485.

OtBer: 5035485.

3agauya 6
Haiinem namMmeHblIMii HOMEp CTpaHMIBI N, Ha KOTOpOil OynyT 3amMcaHbl Bce dYHCIa
mHoxectBa {0,1,2, ... ,p—1}, tne p=2333 — npocroe umucno. [lokaxkeM, 4T0O Ha HOBOU
CTpaHMIIE PA3JIMYHBIX 4Yucesl OyAeT 3amucaHo Mo KpailHed Mmepe Ha OJHO OoJjblle, YeM Ha
npeasiaymen. Jlokaxem 3T0 yTBEPKIEHUE METOAOM OT IIPOTUBHOTO.
IIycTh A — MHOKECTBO Pa3JIMYHBIX YUCEN, IOJYyYEHHBIX Ha JAHHBII MOMEHT:
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A=A{aq..,a,} #{01,..,p— 1} (D

Janee /luma BBIOpan aBa pasmuYHBIX 4ucha by, b, W NpUOAaBHI MX KO BCEM YHCIIaM
MHOKECTBa 4, HO KOJMYECTBO CyMM B pe3yJIbTaTe HE YBEIHUYMIOCh. 1O eCTh, MpHOaBUB K
qUCllaM M3 MHOXKECTBA A CHadayia 4ucio b,,a 3aTreM 4uciao b,, OH HOIYy4YMI OJUH M TOT JKe

Habop CymMM:

{rp(a; +by), ..,rp(am + b} = {rp(as + by), ..., rp(am + b2)},
rae  r,(m) — OCTaToK OT AejeHUs 4ucna m Ha vucio p. CnepoBarensHo, s modoro a € A
CYIIECTBYET Takod ¢ € A, uro r,(a+ by) =r,(c+ by). lpyrumu cIoBamMu, BEPHO, YTO I
moboro a € Ar,(a+ (by —by)) =1,(c) = c € A. 3nauur, ana moboro a € Au s Bcex
k=0,1,2,... BepHO, uTO T,(a+ k(b, — b1)) € A. Ho s takux k 4ucna Buna 7,(a+
k(b, — b)) Mmexny coboi pasmuunbl. ([eiictBurensHo, nycte uwuena r,(a+ki(b, -

b1)) ury(a+ ko(b, — b1)) coenanator. 3uauur, pasocts (a+k (b,—b))—(a+k,(b,-b))
JeTUTCS HA p, a CHeNOBaTeNbHO Ha p jemutes npoussenenue (k —k,)(b,—b), uro

HEBO3MOXKHO, TaK KaK Ka)JbIii COMHOXHTEIb 110 a0COJIOTHOM BEIMYMHE HE TIPEBOCXOIUT p —1,

a uucino p — mnpocroe.) llomydaercs, 4To MHOXKECTBO A yXKe€ COIEPKHUT p YHCEN, YTO
npotuBopeuurt (1).

Wtak, moka3zaHo, YTO KaxAbld pa3 KOJMYECTBO DPA3IUYHBIX YHCEN YBEIMYMBACTCS IIO
KpaitHeil mepe Ha 1. 3HauuT, caMoe Mo3/IHee Ha CTPAHUIIE C HOMEpOM p —1 OyayT 3amucaHbl Bce

p YHCCIIL. Ota OLI€CHKa OJOCTHIXKHMaA. CCJIU Ka)KI[bIﬁ pas BBI6I/Ip8.TB yucaa 0 u 1, TO BCC 4YHCJIa
BIICPBBIC 6y,Z[YT 3alIMCaHbl UMCHHO Ha CTPpAHUIIC C HOMCPOM p —1 nuHe paHbLIC. CJ'ICI[OBB.TCJ'IBHO,

nckomoe N paBHO p—1.

UtoObI asis modydeHus BceX uucen J(uma 3amoyiHsul B TETpaaud MaKCHUMallbHOE (paBHOE
p—1) KOTUYECTBO CTpaHWI], €My CJIeAyeT BBIOMpaTh YHUCIA TaK, 4TOO KOJUYECTBO HOBBIX

pPasIMYHBIX CYMM YBEIMYMBAIOCh KaxIblii pa3 poBHO Ha 1. s »Toro HeoOXonumo u
JIOCTaTOYHO, 4YTOOBI TOJYYEHHblE HAa KaXJOM IlAre pasjiuyHble YHuclia 00pa30BBIBAIU
apupmeTnyecKyro mporpeccuo, To ecth A ={a,a;+d,..,a;+d(m—-1)}, e d -
IPOU3BOJIHOE 3apaHee BIOpaHHOE YncIIo oT 1 1o p—1, a HOBble umcna b u b, Hano BHIOUPATH
TaK, 4YToObI d = |b2 —b1|.

HocrarouHocth  oueBuAHA. HeoOXOaWMOCTh  JIeTKO  JIOKa3aTh 1O  WHAYKIIMH.
JlelicTBUTENBHO, MyCTh crepBa Jluma BeIOpan uucna a,u a,,a, > a,.Ilonoxum d =a, —a, > 0.

3arem oH BbIOpan uucna b u b, u, B pe3ynabTare, NOIy4uI CyMMsl a, +b,,a, +b,,a,+b,,a, +b,.
W3 5THX cyMM JBE NOJKHBI COBIAAaTh. 3HAUUT WM a, +b =a,+b,,umu a,+b =a,+b,. B
oboux ciyqasx d = |b2 —b1|. HetpyaHo 3aMeTHTh, YTO MONTYy4YHBIIMECS B Pe3ysbTaTe TPU HOBBIE

CyMMBI 00pa3yroT apudmerndeckyro nporpeccuto. IlycTe Temepp Ha m-TOM Iare MoJIy4eHb
CYMMSI {a,,...  o0Opa3symouue apupMEeTHUECKYIO IPOrPECCUI0 C Pa3HOCThIO d. [Ipubasiss k

Hell HoBble uKcna b u b,, Mbl "caBuraemM" BCIO MIPOrPECCHIO BIPABO HAa b U b, TO3ULUH, U €CIIH

d#|b, b

,TO KOJIMYECTBO HOBBIX Pa3JIWMYHBIX CYMM YBCIHWYUTCIA Oonee yeM Ha 1. 3Ha'-II/IT,
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d= |b2 —b,|,n HOBBIE CYyMMBI OISITH OO0pa3ylOT apu(pMETHUECKYI0 IPOTPECCHIO C TOH XKe
pasHocThI0. Heo0X0auMOoCTh JoKa3aHa.
OtBet: 1) N =2332;

2) JluMa BpIOMpAET MEpBbIE JBA YMCIA g, U a, NPOU3BOJIbHO. Ha KakaoM m1are HOBbIE

yucna b u b,oH BbIOMpAET TakK, 4To |a2 —a1| = |b2 —b1| >0.

3agaua 7

IIpoBenem otpesku BD u CE. Ilycte oHu mepecekarorcss B Touke O. 3aMeTUM, 4TO
TpeyroibHuku BCD u CDE paBHOOenpeHHble ¢ yriiom 108° mpu BeplMHE, a 3HAYUT, YIJIbl IIPU
OCHOBaHMHU PaBHBI 36° (OHM OTMEUEHBI Ha pUCYHKe oaHOM myroi). Torna £LBCE = ZBDE =172°.
VYron COD pasen 108° (1.x. B Tpeyronsauke COD nBa
yrnma mo 36°). Iloatomy ZCOB=180°-108°=72°.
VYrael o 72° OTMEUYEHbl Ha PUCYHKE JIBYMs JyraMu.

[lonmydyaem, wuto TpeyroapHuku CBO wu DEO
paBHOOEIpEHHbIE. 3HAYHUT,

AB=BO=BC=CD=DE=EO=x.

3ameru™m, uYto ZLOBA=96°-36°=60°. 3Hauur,
TpeyroibHUK OBA paBHOOeapeHHbIN ¢ yriiom 60° npu

BEpIUMHE, T.€. paBHOCTOpOHHUI. [ToaTtomy 4O = x. Beruucnum yron AOE
ZAOE = ZEOB-ZA0OB = 108°-60° = 48°.

Tpeyronpuuk  AOE  paBHOOenpeHHblidi ¢ yrimom  48° npu  Bepumue. [lostomy
ZOEA = (180°—48°)/2 = 66°. ITonmygaewm, 4yT0  yroad  E  TATUYrOJbHUKA  PaBeH
ZAED = ZAEO+Z0OED = 66°+36° = 102°.

Otser: 102°.
3amaua 8

a b
Jnsa Tabmuupl 2 Ha2 BHAA ( d} a,b,c,d e R uucno ad—bcOynem Ha3bIBaTh
c

onpedenumenem dTOU TaOIUIIBL.

[TycTh B COCTAaBICHHO U3 LENBIX YUCEl Ta0IHLE

3 Gy iy Oy g (1)

y II000H ITOATAOIHIIBI pa3mepa 2mHa?2 (t.e. ITOATA0THIBI BHIA
4a; ; ik | ... .
i, j,i+k,j+ke{l,.,5) omnpemenurens AETUTCS HaA 1EJIO€ YUCIO .
a[+k,j a[+k,j+k

[Tponenaem c Tabauueit (1) oqHO U3 yKa3aHHBIX B 3aaaye AeiictBuil. Toraa y moiayduBiieiics B
pe3yibTare TaOMUIBl ONpEeIeNuTeNs 00N ee MmoaATabmuibl pazMepa 2 Ha2 Takxke Oyzer

14 www.v-olymp.ru



http://www.v-olymp.ru/

Mempernonanbﬂaﬂ OJIMMIINAJAa IIKOJBbHUKOB HA 0a3e BeJOMCTBEHHBIX 06pa30BaTeJI])H]>IX

yupexaeHui

JACIIUTHCA HaA m. HCﬁCTBHTeHLHO, MMpOBCACM NOKA3ATCILCTBO AAHHOTO (paKTa JJISL I[eﬁCTBHﬂ 1 u3
yCcIIoBHS 3amavd (Il CTOJOIIOB JIOKa3aTeIbCTBO aHAIOTM4YHO). [lycTh, 0e3 orpaHuyeHus
OOIIHOCTH, K TEpPBOH CTpOKE NpuOaBiseTCs BTOpas, YMHOXKEHHAs Ha IeJI0O€ YHucio b:

a, +ba, a,+ba, a;+ba,, a,+ba, a+bay
ay Ay ay; N Qys
ay asy as; asy ass (2)
ay ay Ay Ay Ays
s dsy ds; dsy ss

B nonyunBmieiics tabnmile, Bce moaTa0MIbI 2 HAa 2, HE COJIEpKAIIUE DJIEMEHTHI IEPBOM CTPOKHU
Tabnuiel (2), ocranuch 0€3 U3MEHEHHs, U TIOTOMY HUX ONPEIEIUTENIb, €CTECTBEHHO, HA m T0-
npexkaemy aenutcs. [loatomy npoBepum, uto B Tabnuile (2) onpeaenuTenu noaradbnun 2 Ha 2,
BKITIOUAIOIIUE DJIEMEHTHI IEPBOM CTPOKH, ACITSATCS Ha m. DTO HY)KHO IMPOBEPUTH B JABYX CIIydasX:
1) moxrabnuia 2 Ha 2 coCTaBjiCHA W3 AJIEMEHTOB MEPBOM W BTOPOH CTPOKHU TaOmuibl (2) U 2)
Tabinua 2 Ha 2 cocTaBjeHa U3 3JEMEHTOB IEPBOM M elle Kakoi-To (OTJIIMYHOW OT BTOPOIl)
CTPOKH TaOsHUIIbI (2).

Ocraercss 3aMeTHTh, 4YTO OIpeAeNAMTeNN Bcex mnoxarabmuy 2Ha2 (| 0|0
Tabnuiel A nenarcs Ha 3, B TO BpeMs Kak Tabnuua B coxepxur nmoxrabmuny | | o | 0
(BBIIETIEHA CEPBIM), ONpPEAENUTENb KOTOpoM Ha 3 He gemurca. 3Ha4uMT || l3[0]0
MONy4uTh TabmuIy B u3 Tabnuibl A yKa3aHHBIMH JIEHCTBUSMHU HENb3SI. olelololo

910(0]0]0

15

. a, +ba,, a,+bay
Cayuaii 1. Onpenenurenb TaOIUIBI paBeH
a a
21 22

ay, (@, +bay ) —ay (a, +bay, ) =a,,a, —aya,, 4YTO CcOBIAZAET C  ONpPEICIATENEM
COOTBETCTBYIOLIEH OATA0 MBI Ta0IHIB! (1), @ 3HAUUT JETUTCS HA 7 IO YCIOBHIO.
Cayuaii 2. PaccmorpuM moaTaOiuily, COCTaBIICHHYIO M3 DJIEMEHTOB TIEPBOM W,
) al 1 + baZl a12 + ba22
HalpHuMep, TPEThEH CTPOKH: . Ee onpenenurens
a3 a3
a3 (an +ba21)_a31 (alz +ba22) (3)
paBeH  ayay, —aya, +b(ana, —aya,,).  Uuena  apa, —aya, W aya, —aya,,
NPEJCTaBIAOT co00il ompenenu moarabmun Tabmunsl (1), a 3HAUMT, AENATCA Ha M.
CrenoBatenbHO, Ha m IETUTCS U OTIpeaenuTens (3).
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